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TOPIC: EXPONENTS AND SURDS (Lesson 1) I Weighting

| 1243 |Grade |11

Term 1 | Week no.
Duration [ hour | Date ]
Sub-topics Revision of Laws of Exponents and Definitions (regative exponents

and exponent 0}

RELATED CONCEPTS/ | Base, exponent, power, Prime numbers, Factorisation

TERMS/VOCABULARY

PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

s Product with same bases, multiply exponents instead of adding them.
o Subtracting smaller exponent from the bigger one éven if the bigzer exponent is on the

denominator
e Writing x™ " "asx™ + X7
METHODOLOGY
Ji—t——® Ezponenr
Q\‘PM\'R
Bawe
PRODUCT RULE

To multiply when two bases are the same, write the base and ADD the exponents: x™ x x™ = x™™"

1. x% x% = x::-na = y11 2. 2% % 22 = 22 — 26

= y2-1y5=3 = yy?

4 (xzy)(x3y-'f) oty x2+3y1+‘§— = xsys

QUOTIENT RULE

To divide when two bases are the same, write the base and SUBTRACT the exponents; i;- =
5 s 34_ N x2ys

i.x—z—x =x 3.3—7—«347—-3 F—

POWER RULE:

To raise a power to another power, write the base and MULTIPLY the exponents: (x™)" = x™""

i {xS)Z = x3XZ LS x6 5 f32)‘1- = 32.4 i 33

EXPANDED POWER RULE: (xy)™ = x™y™ G)

L. (2a)® = 2%a® = Ba® 2. (6x*)? = 6%x¥* = 36x°

ZERO EXPONENT RULE

Any base (except 0) raised 1o the zero power is equal to one: x° = 1

Ly°=1 2.67=1

3. (¥325)2 = y3¥2z5%2 = 6510

3 (21‘)3 B b
“Nay FENE 2753

(7a’p™% =0

Simplify the following and leave the

1. —4x?. (—5)%x 2.
= 4, (—5)(—5). x*
= —100x°

answer in exponential Form:

57x3*x3%% 5"
37x5%0%3
= GT+B-20 3 33+6-7-1
— 5 1.3
=57 X3 =g

i

3

“G) =@ =%

| NEGATIVE EXPONENTS:

If 2 factor in the numerator or denominator is moved across the fraction bar, the sign of the exponent is
changed. x™™ = :: 1__1.,; = 2™ €

Lx S == 2.4 === 3. ~4xSy~ = ":fs

Examples:

Axdwday’
T 2xEiyxbaty
_1zx*y?

12xtye

= xa--4y7—z

_ssrgn P

Bases to the power of more than gne term can be expanded and written as a product.

1274 = 2% % 2 2,3%= 3% 3% 35 = BL. 5T
Examples:
PHHR gEH a2 g% 2942, 1842 3 9E+3* -2
12. 2% : 11 2043 L
7%, 22437, 2 (2% 2842, (297 32 +3¥-2 .
o e el = Tl es
12.9% EApAnd s 2l 3=y piyue b
(148 238, g0y giatesl EHDE"-) oo
= i = =S s factorise
12, 2% common factor 11262 (F4+2)(F-2) i
Frinomial on numerator
] 4t 2'"1_ 25 5
== S Difference of two squares
1z 28 112 3
On denominator
L 200EE 355 - @D
T T4 22 2 T (a2
ACTIVITIES/ ASSESSMENT
Simplify the following:
3 3 3
"5 T 7e2y5  36xdy (-2xy*y 3p~q2)
1. 2x* x (—=3x°y) 245 = e o o 4. ( pr
sty 2 oE+E_pE=1 3EH L gaHE a¥pa, ghrEl
= 12:") TogEepEHl T o3xRL 8 7. 2ex+d
12%+4¥, 3°H 2, 3%+3%2 9¥_3%-4
Gummleee—— 10, ————— Ei:
23kt 5. 3%y gard ¥

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.l. SHANGASE, P.T.C. ZUNGU & 5.M. MOADI
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M.B. MPISI, Z.I. SHANGASE, P.T.C. ZUNGU & S.M. MQADI




Downloaded from Stanmorephysics.com

[ 1243 |Grade |11

ACTIVITIES/ ASSESSMENT

TOPIC: EXPONENTS AND SURDS (Lesson 2) | Weighting

Term I Weck no.

‘Duration 1 hour Date ..,..
Sub-topics Simplify Expressions with Rational Exponents

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Rational numbers

RESOURCES

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Write x™ P asx™ + x™

METHODOLOGY

The laws of exponents can also be extended to include the rational numbers. A rationai number is any
number that can be written as a fraction with an integer in the numerator and in the denominator.

P i
Definition: x¢ = \/xP;x > 0;4 > 0
Examples:

Simplify without using a calculator:

Simplify without the use of a calculator
3

1. 32
ol

22775

2@

3

BaBbh %y 2z
5 ()
27 b

5 3{‘3“3?&
. Q 2729

5 f'axﬂ_zxw-z

-q 167

z 2 [ 52503
1.8 2,47 3. J(_]
.- . o 4 g3
= (2%)5 ... base as a prime number = (2572 = (-3_-;.)
&,
- . = 54
= 2% __multiply exponents =i E = (37)‘
=4 it d ]
- Ty g
) T
BLx 3y 4 5 ° [z'man‘ [ 15%3%
' (151)"") T4 s4ct 6. ]g!{qu—z
PR
eyt Petye e
L fElxTATRyARe Ty PFadphy (3%5)%.3%
—( — ) ... same bases = ( e ) = [
]
e : o _ 3ab? _ [ s®s%ax
_( - ... prime numbers = = [T
R multiply exponeats = f3x+x-2x-25x—x+2
e ply exp =) 5
__ Pt _ s
- 336 o v"3 5
= & zead -1 s
= = (3252 =35 =2

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, 2.i. SHANGASE, P.T.C. ZUNGU & 5.M. MOADI
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TOPIC: EXPONENTS AND SURDS (Lesson 3) { Weighting [ 1243 [Grade |11
Term 1 Week no.

Duration 1 hour Date

Sub-topics Simplifying Exponential Expressions Involving Rational Exponents
RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

| RESOURCES

ERRORS/MISCONCEPTIONS/PROBLEM AREAS
Write x™*"gsx™ + x™
METHODOLOGY
Expressions with ONE term.
« Exponential expressions that involve mulliplication and division
» Rewrite all bases in terms of prime numbers
e Apply Laws of Exponents

Examples:
2% 13%% 33X 241 g g1
1. g3x—1 " 12%% 3%

z’.[3xz~‘1"1.3’—f

[2x3)3x~1

- gax— 1_[32}"(213}?;:—:

... prime numbers RETSEED

b et o 24X—1 §2% 522~1 g20~1
[ L M. SO -
287 -1,33%=1 33X g6 3%

= 21+2x—2—3x+1_ 31—1+2x-3r+1 Claw ofcx;)onenls = 24xw11-2x-:-6x'32x72x—1--3x--x

I i =gt
1 1 1 1 1
==1== e W= = —
2 z 22 3 iz

Expressions with more than ¢ne terms.
e Expressions that involve addition and subtraction
s Separate exponents
s Take our a common factor

=

1 2 X2V ? .
3. 2 (EZ2 8 | quadratic expression
* 4mntl_ggn 21*2,‘:
2.5%.5+3,50.8% (2%+2)(2"-3)
= e ; = numerator
e - Separate exponents e factors of nume
5R(2.5+3.25 3
=2 02537) | take out common factor =23
5M{4.5-3)
=—==5
17
5§ 45T*_g 4.37m_5% o
_— L= difference of two squares
5546 8 2,3M_52P e N q
E¥5% 58 _ (23M-527){2.3" 4570
%46 - 237 -57P
= E D9 =2.3M 4 5%
S¥46
=551

ACTIVITIES/ ASSESSMENT

Simplify Fully:
eRél_gi-1
1. 2%+2% _ %=1 e B8 T
. = 3 En-i
malﬂz_gzvi_zx+2 4 22!_9
3. P Caves
5 9.4%—g¥t1 6 32-3%—¢
T axtl.z o ]
2 i
o PTG g XE+aE2
f T oxas A
xs-1

Examples:

Simptify Fully:

1,35 k=¥ gyl 2.2 427
=3% 3! — 3% + 3¥.37% ., separate exponents RS
=3* (3 -1 -!-%) ... take out common factor =2*(2F + 1))

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.I. SHANGASE, P.T.C. ZUNGU & 5.M. MQADI

COMPILED BY PINETOWRN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.I. SHANGASE, P.T.C. ZUNGU & 5.\, MOADI
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TOPIC: EXPONENTS AND SURDS (Lesson 4) | Weightin | 1243 | Grade | 11
Term 1 Week no.

Duration i 1 hour Date

Sub-topics Equations of Exponents

RELATED CONCEPTS/

TERMS/VOCABULARY

AREAS

Write x™ Pgsx™ 4+ x™

METHODOLOGY

Maost of the time, in an exponential equation, the variable is in the exponent.
Also take note that @* > Ofor all real values of x where g > Oand a + 1

Equations with ONE term on each side of the equation.
This type of equation is using the basic premise that if a* = «® thenx = b, fora = 0
« To solve, express both sides of the equation with the same base so that we can equate the

exponents
Examples: .
1 P g 2 4 = o
: — 2
(3%)**! = (3%)* ._. prime number bases 43 =87%"1 _ apply :fxp =x7 and x™™" = xi‘“

321’-{- 2 33x

(21)5 = (2 3) X1

2x+2=73x 2% — p—3%—3
=7 x=—3x—-3
4x = —3
3.35°=06 44,37 =927
x s : 37X g 32
= 0,2 ... divide by 3 both sides S ooz
2x7x4 22 m
Pl ot S nm o
5 BETIE (2} (2) v SPRLY ) Tym
§F= Bt Tx=2
z
x=ma=] X=;

Equations with more than one term on each side of the equation

Collect the terms with exponents on one side and the constants on the other side.
Separate exponents (exponents with two terms or more)

Take out a common factor

If one of the same bases has an exponent twice the other or the negative of the other, this

. s »

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
VLB, MPISI, Z.1. SHANGASE, P.T.C. ZUNGU & 5.M. MOADI

indicates a _qui;(_lratic equation.
Examples:

1.25%2 2% =12
2%.2% — 2% =12 ... separate exponents
2%(4 - 1) = 12 ... common factor

2% = 4 ... divide by 3 both sides
% = 22

x=72

3.3.3% -4.35=-1
3.3% —4.3* +1 = 0 _.. standard form
Let3* =k
3 —4k+1=0
Bk—Dk-1)=0
Jk=1ork=1
k =§ork el
3 =zor3*=1

3F=3"1or3*x =3

2.3% +6.3*-27=0
Let3* =k
K246k —27=0.. 3% = (3%)?
(k+93(k —3)=0...factors
k=-9ork=3
3* = 3 or 3* = —9... substitute &k = 3%
x=1 NA((3* >0 for all values of x)

4.45—324%4+4=0
4% —%§-+4= 0
Let4* =k
k=440
k% —32 + 4k = 0 ... multiply terms by LCD
k% + 4k —32 =0 ... standard form
(k—4&)(k+8) =0
k=4ork=—8
4* = 4 or 4° = 8

x=-lorx =10 x=1 N/A {4 cannot be negative}
ACTIVITIES/ ASSESSMENT
Solve for x
1.3.2F =24 2.451=2 3,931 = 27X, 35+2

4,165,271 = 34
7. 451 64 =0

10.2,.2*—8.27* - 15=0

5.9% - 327 = 24

$.5.27 4+ 3.2 = 58

6.3¥ —3% % =24

9.9% — 4.3 +27 =

COMPILED BY PINETOWN DIiSTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.1. SHANGASE, P.T.C. ZUNGU & 5.M. MQAD!
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TOPIC: EXPONENTS AND SURDS (Lesson 5) | Weighting [ 1243 [Grade |11

Term I Week no.

Duration 1 hour Date

Sub-topics Equations involving Rational Exponents

RELATED CONCEFPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESOURCES _ -
ATHEMATICH §

A,

LEM AREAS

ERRORS/MISCONCEPTIONS/PRO

Solving for B

METHODOLOGY

A rational exponent indicates a power in the numerator and a 100t in the denominator. There are
multiple ways of writing an expression, a variable, or 2 number with a rational exponent:
m 1 1, ™ —
an = (a”‘]; e (a;) = T‘fam
To solve equations with rational exponents:
+ isolate the variable that has a fractional exponent

e raise both sides fo the reciprocal power
» express the number to the product of its prime numbers
« ifthe exponent of the variable is even number divided by odd number, the answer will be " £ "
Examples:
Solve for x
3 2
1.x5 =27 2. 2x3 =32
3.5 3 Z
x5°5 = 373 .. raise both sides to reciprocal power %% = 16 ... divide by 2 both sides
2.3 3
x=3°=343 x3%% = +2*% ... raise to reciprocal power
x=42%=+64
=3 z
3.xT =64 4, x+ = —32, No Solution
=25 [t is not possible to have the even root of
e 278 % something equal to a negative value.
oy ¥ 1
5.-Bxz2=1 6.x3=2x3—8=10
-3 g 1.2 1 .
Xr=— xa) — 2x3 -~ 8 =0 ... quadratic equation

1 1
It is impossible te have the square root of (xi - 4) (x§ + 2) =0
1
Something equal to a negative value. x? =4orxi=-2
1 1.
NO SOLUTION xEXB = 43 OR xi"ﬁ = (—2)3

x=6dorx=-8

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z. SHANGASE, P.T.C. ZUNGU & 5.M. MQADI
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ACTIVITIES/ ASSESSMENT

Solve for x

~1

8.

9.

£
V2% 410 =7

2
xi=16

m

3
L3xs =24

2
~16x 2+ 4 =10

2 A
Lxa—2xi—-8=0

S =T

1
x—=3x2+4+2=0

10.x = 5yx+4 =0

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:

M.B. MPISI, Z.I. SHANGASE, P.T.C. ZUNGU & S.M. MGADI
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TOPIC: EXPONENTS AND SURDS (Lesson 6) [ Weightin [ 1243 |Grade [11
Term 1 Week no.

Duration 1 hour Date

Sub-topics Add, Subtract, Multiply and Divide Simple Surds

RELATED CONCEPTS/

TERMS/YOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

=442 — 1642 + 1542

= 3{'2 ... like surds

=2x2\!5—4x4ﬁ+3x5ﬁ

_ z23x26
Tz
_ %6

Z‘ﬂ:—
=.»:J~_;=2¢9=2x3:a

RESQURCES

o8 = ~
5,3{2_55 6.(2~-3) +(2+y3)
_ J16X5— 1653 B = Y = 3 3
= e =(2-3)(2—3)+ (2 +3)(2 +3)
4.f5-43 o oy oy - o
=%’5E =4 23-23+3+4+2/3+2/3+3
= M .. common factor =7 — 4\/—3 + 7+ 4-\8
2(\:5_\"3)
= =14

ACTIVITIES/ ASSESSMENT

AR g
ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Write x™ ' asx™ + x™

METHODOLOGY

A surd is the root of a whole number that produces an mﬂﬁamlmmbcr
An irrational number is a number that cannot be expressed as an integer or as a fraction

LAWS OF SURDS EXAMPLES
L. Yaxyb="/a.bforneN; nz salEde D — 83l 115
Z;abz0 o 20 =.,[4x.5=2//5
2_.:!’%=%§forn£h’;n22;a20;b>0 . J;—::%:-E
. S {.l— 1
E_NIU‘_-\JE
3. Y Ya=""Yafora=0:p,q22 . \st 5.—, iGim IS
_ _ < Y36= ,fez—sa—ﬁa 6
4_(vu)q=i[QQforpr;pzz;aZD . (Vrzx‘,.ffaxv's)
5 ’3 |
(V"Zx3>( ) (+ 0! =30 j
% (ﬁb‘.‘ = V3%h® =27* J

Examples:

Simplify the following without using a calculator:

1. /48 24248
=16 X3 ... =2+ /4x2
= J16 %3 =y2+242
= 4,/3 = 3./ ... like terms
oy ey — 12X4/24
3,28 — 432 + 350 . *’“ﬁv’z .
SIRIH ARG

=24 X2~ 416 X 2 +325 X 2 =

AfEHT

Simplify the following without using a calculator:
1./54

2. 27 -3

3. /18 — /50 - 32

4 B2

\"l

5/B+11E
IR

6. (ViZ+y27)

- J32x—j18%
—

8.34/18x2 + 2/32x% + 4/50x7

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
ML.B. MPISI, Z1. SHANGASE, P.T.C. ZUNGU & 5.M. MQADI

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
VE.B. MPISI, Z.1. SHANGASE, P.T.C. ZUNGU & S.M. MQADI
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TOPIC: EXPONENTS AND SURDS (Lesson 7} J Weighting | 1243 | Grade ] 11 ACTIVITIES/ ASSESSMENT
Term i Week no. Solve for x:

Duration [ hour Date =

Sub-topics Simple Surd Equations lyjx=3

RELATED CONCEPTS/ 2..jx—4=5
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE Lx+1=-2

RESOURCES 4.5x+6=x

5.48x=2—-x=0

! G 6.x+ J—4x—3 =0
ERRORS/MISCONCEPTIONS/PROBLEM AREAS

T fx—1=x-3

METHODOLOGY ]
» Ifx = 0, then the expression \/x will be a real number, S yx+5+x—-1=0
e Ifx <0, then the expression \fx will be non-real nomber.

To solve this equation:

« Isolate the square root

¢ Square both sides

s Check/test the solutions to ensure that the square root does not equal a negative number.

9. yx+14—x=2

. J/xt+8+4=x

Examples: 1.2x = 2x+3+9
Solve for x: 12.2x+4+5=x+3
Lyx—1=3 2x—4=-5
z
(vx—1) =(3)* Square root is equal to a negative number
x—1=9 NO SOLUTION
x=10
32x+2-7x=10 4 Jrx+3—x=1
V2 —7x = —2x ... isolate square root Vx+3=x+1
R e B
(V2 ~7x} = (=2%)* (vx+3) = (x+1)
2—7x = 4x* x+3=x"+2x+1
0 =4x? + 7x —~ 2 ... standard form O=x?+2x—x+1-3
422 +7x—-2=0 X +x—2=0
(4x — 1)(x + 2) =0 ... factorise (x+2)(x—13=0
xm:orx:—z x=—2orx=1
x = i is not a solution x = —2 x = —2 is notasolution x = 1
17
COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS: COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISCRS:

M.B. MPISI, Z.[. SHANGASE, P.T.C. ZUNGU & S.M. MQADI M.B. MPIS], Z,I. SHANGASE, P.T.C. ZUNGU & S.M. MQAD!
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TEST: EXPONENTS AND SURDS

EROM PAST PAPERS
MARKS: 25

Duration: 30 Min

INSTRUCTIONS

1. Answer ALL the questions

2. Round off correct to TWO decimal places, unless stated otherwise
3. Clearly show ALL Calculations

4. Write neatly and legibly

QUESTION 1 [10 Marks]

Simplify the following expressions (Write answer's with positive exponents)

2% pepuZ
1.1 prrver (4)
43%Fh g 3%-1
27m® —f48m*
jiyafermt edmt (3)
J12m®

QUESTION 2 [11 Marks]

Solve for x;

21xi=4 (2)
3

22x % =8 3
2.32%2 425 =20 3)
24 \2-x=x+4 (3)
QUESTION 3 {4 Marks]

2 | &
Show that v A 2 4)

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPIS!, Z.I. SHANGASE, P.T.C. ZUNGU & 5.M. MOADI
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TOPIC: EQUATIONS AND INEQUALITIES (Lesson 1) | Weighting

{ 18+3 | Grade | 11

Term

1 Week no.

Duration

I hour Date

Sub-topics

Solving Quadratic Equations by Factorisation

RELATED CONCEPTS/

Zero-factor law, standard form

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Facrorisation: common factor, difference of two squares, quadratic trinomiat

"ERRORS/MISCONCEPTIONS/PROBLEM AREAS

RESOURCES _

ig iR G

ATk

-

4

v+

g pem

METHODOLOGY

The first step of factorising an expression is fo 'take out' any common factors which the terms have,
Comumon Factor
Examples:

L. 5m® — 10m® + 15m = Sm(m* = 2m + 3)

2.3x(2a—1)—5(1—-2a) =3x(2a -1 +5@Ra-1) .. [(1-2a)= —(2a-1)]
= (2a—-1Bx+5)

Difference of two squares
To spot a difference of two squares, look for expressions:
= consisting of two terms; made of one square number minus another square number
e to factorise, open two brackets with same terms and different signs between the terms

Examples:

5.32a —98) = 2{iba® — 49} .. comnon factor
= 2(4a + 7)(4a —7)
A quadratic trinomial is an expression of the form ax® + bx + ¢, where x is a variable and &, b and ¢

are non-zero constants.
There is no simple method of factorising a quadratic expression, but with a [istle prachise it becomes

easier.

Lax® —25=(2x+5)(2x - 5)

Examples:
1Lx?+2x-8 2.3x% —21x — 24
={x+4Mx—2 = 3(x* — 7x — 8} ... commaon factor

=3(x—-8){x+1)

4 4x? —19x + 12
= 4x? —3x — 16x + 12 ... splitup 19x into two numbers whose multiple is 48, the product of
—3x X —1lé6x
= x(4x — 3} — 4(4x — 3) ... common factor first two terms and last two terms
= (4x — 3)(x — 4) ... common factor

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.I. SHANGASE, P.T.C. ZUNGU & 5.M. MQAD!
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A quadratic equation is an squation where the exponent of the variable is at most 2 with at most two
real solutions and has a standard form ax? + bx + ¢ = 0, where a,b and ¢ are constants and a % 0
There are some situations, however, in which a quadratic equation has either one solution or no
solutions.

The quadratic expression on the lefi-hand side has to be factorised.

Zero-factor law states thatif axb=0thena=0orb =0

Solutions of a quadratic equation are called roots. The roots of a quadratic equation are the values of x
that satisfy the equation, i.¢., that will make the equation true.

To solve a Quadratic Equation:
= Write the equation in a standard form
« Factorise the equation
o Apply Zer(-factor law

Examples:
Solve for x
1Lx*+2x~8=0 22l ex=3
(x+4)(x—2)=0 2x* + x~3 = 0 standard form
x+4=00rx—2=0 (Zx+3)(x—1) = 0 ... factors
x=—4orx=2 2x+3=0orx—1~=0
x= —E‘-_.:o_r' =1
ACTIVITIES/ ASSESSMENT ,
A. Factorise fully:
I.12x + 32y 2. 2xy? + xy?z + 3y
3.4(y—=3)+k(3~-v) 4, 4x% -1
5.49x% ~ 16 6. 16k* — (b — 5)*
T 1l.x*+8x+15 8.2x%*+4+5x—3
9. 4x?+10x—6 10. 2x* — 22x + 20
11. 6x* —15x — 9 12. 4p® + Tpg ~ 2p*
13, 10m*13mn — 3n? 14. &% — 6a®h + 9ab?
15. (a+b)" +8(a+b) — 32
B. Solve for x:
Lx%+8x+15 2.2x*+5x—3
3. 6x* — 152~ 9 4.12x* - 20x +3

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.1. SHANGASE, P.T.C. ZUNGU & 5.M, MQADI

TOPIC- EQUA TIONS AND INEQUALITIES (Lesson 2) | Weighting | 18+ 3 | Grade | 11

Term 1 Week no.

Duration 1 hour Date

Sub-topics Solve quadratic equations by completing the Square
RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESQURCES

"PTIONS/PROBLEM AREAS

ERRORS/MISCON

METHODOLOGY

Completing the square is a method used to
o rewrife a quadratic expression of the form ax? + bx + ¢ in the form a(x + Py +q
o easily determine the minimum or maximum value (g) of a quadratic expression
* Ifa>0thena(x+p)* + ¢ has a minimum value (g}
» Ifa <0, thena(x + p)* + q has a maximum value (g)

Minimum and Maximum value a Quadratic Expression

Example:
Write x% — 4x + 3 in the form a(x + p)? + ¢ and then write down the minimum or maximum value.
g s alE _

x? —4x + {f # (?1) + 3 ... add and subtract (half the coef ficient of x)*
x?—dx+ (-2 —4+3
{(x — 2){x — 2) — 1 ... factorise first three terms of the expression and simplify the next 2
(x—2)2—1

Minimum valug (a > 0). g = -1

When Solving by Completing the Square
s The coefficient of x% must be 1
Write the equation ax? + bx +¢ = 0as ax® + bx = —¢
Add (half the coefficient of x)? to both sides of the equation
Factorise the lefi-hand side and simplify the right-hand side
Find the square root of both sides

Examples:
Solve by completing the square
l.x?—4x~5=0
x% — 4x = 5 ... wrile equation in the as @x® + bx = —¢

z 2
X2 —4x + (—%) =5+ (—%) .. Add (half coefficient of x)? to both sides of the equation

( - ‘5-) (x - 5) =5+ 2—5- ... Factorise the left-hand side and simplify the right-hand side

21
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S, 45 ;
x === %= .. square root of both sides
45 45
x—2=¥8 o x-i= —JT
145 5-345 . .
5 e leaving answer in simple surd form

r =585 ar x=—085.. leavinganswer correct to TWO decimal places
2. -2x?-12x +14 =0

—ay T

:: - —%r + % =0 ... divide by the coefficient of x* all the térms (coefficient of x* must be 1)
x*+6x—7=10

x4+ 6x =

(x+NE+H =T+

(x +3)* =16

x+3=%4

x+3=4 or x+3=-4%

x=lorx=-7
ACTIVITIES! ASSESSMENT

Solve the following equations by Completing the Square:

1Lx2+4x -5=0 2.x2~8x—6=0 {leave answer in simple surd form)

3.2x24+9x—-26=10 4, —3x*—11x=9

5. Show by completing the square that the solutions to equation ax? —bx—a==5b are x =1 and
a+i

a

6. Solve for ax® + bx + ¢ = 0 by completing the square. Leave the answer in surd form.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPIS1, 2.1, SHANGASE, P.T.C. ZUNGU & 5.M. MQADI
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[ERRORS/MISCONCEPTIONS/PROBLEM AREAS

TOPIC: EQUATIONS AND INEQUALITIES (Lesson 3) | Weighting | 18+ 3 | Grade | 11
Term | 1 Week no.
Duration 5 1 hour Date
Sub-topics Solving Quadratic Equations by using 2 Quadratic Formula
RELATED CONCEPTS/
TERMS/VOCABULARY
PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE
RESOURCES i . ]
AT 21 [RERR g i ErEea i
SR D= MR 4
) TR
PPN o

METHODOLOGY

Using the guadratic formulae to solve quadratic equations where factorising cannot be used.
The solations (roots) of any quadratic equation in standard form ax® + bx +c = 0 where a = 0 can be
determined using the formula:

x = ZRPEE OUADRATIC FORMULA

1a
When using the quadratic formula:

« ensure that the equation is in the standard form {(ax® + bx + ¢ = 0)
e substitute carefully fora, b and ¢

Example
Solve for x using the quadratic formula:
1.2x% + 9x — 6 = 0 (correct to 2 decimal places)
a=2b=9%¢c=-6
_ —htjhi-dac
- Za

e g2 — i .
xm JORSOPACEH put brackets when substituting

202}

_ —exf1e
4

x =059 or x =-—5,09

ACTIVITTIES/ ASSESSMENT

Solve for x using the quadratic formula:
1. x* + 7x — 5 = 0 (2 decimal places) 2. x*—2x —1 =0 (Simplest surd form)

33x*-27=0 4. 3x% + 2 = 9x (2 decimals)

5. (x—2)(x + 4) = 7 (2 decimals) 6. x(x+2)+5=0(2decimals

COMPILED 8Y PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.I. SHANGASE, P.T.C. ZUNGU & 5.M. MQADI
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TOPIC: EQUATIONS AND INEQUALITIES (Lesson 4) | Weighting | 18 +3 | Grade ] 11 Examples:
Term [ Week no. L . _
—eem B | Solve the following inequalities and represent the answers graphically:
Duration 1 hour Date
Sub-topics Solving Quadratic Incqualities lLx2 <4 2 x242x—820

xZ — 4 < 0 .. standard form (x—2)(x+4) =0 ... factorise
RELATED CONCEPTS/ (x—2)(x +2) <0 ... factorise x =2 or x = —4 ... critical values
TERMS/VOCABULARY x =2o0rx=-2.. critical values 21 \ ! ‘i
PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE \

Linear inequalities, Quadratic equations

'RESOURCES
HENATICS
Solution is where the graph cut the x-axis {x-intercepts) ... ...... and above the x-axis (x> +2x — 8= C
And below the x-axis (x* — 4 < 0}
—2=x52 xsE—4dorx =2

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

3. —x? + 5x — 6 < 0 (the coefficient of x* {s — 1}
METHODOLOGY " x% — 5x + 6 > 0 (When multiplying or dividing an inequality by a negative number,

Inequalities are solved using methods similar to those used to solve cquations. the inequality sign changes direction)
{x +1)(x —6) > 0 ... factorise

The only difference between inequalities and equations is the sign (>, <, =, <), and everything x =—lorx=6... critical values
you can do to an equation, you ¢an also do to an inequality. 0\ / i

The inequality sign telis us whether the graph is positive or segative

. L I
When dividing or muitiplying by a negative number to solve an inequality, reverse (change direction

of) the inequality sign. x<—=lorx>6
Solutions to inequalities are represented on a number line, table or graph. ACTIVITIES/ ASSESSMENT

A. Solve the following inequalities and represent answers on & nurnber fine:
Linear Inequalities

+15=6— Ax =1y >6(x—1)

Examples: Lx+15=6-2x 2. 4(x-1) > 6( )

" x4+5
Solve for x and represent the answers on a number line: IL4x—-3-2x—-1)=0 4—<1

1.2x+3<x—-5 2. # = @ B. Solve the following inequalities and represent the answers graphically:

=53

x < -8 6x + 12 2 21(x — 3) ... multipiy by LCD Lxt>1 2.4x%2 <9

6x+ 12 = 21x ~ 63
—15x = =75 3 xt—4x+3<0 4. x2~-2x—-3=0
x = 5 ... divide by —15 both sides
5.-x*+5x+2<6 6. ~x% + 4x < 0
Quadratic Inequalities
A quadratic inequality involves determining the values of x for which the graph of a parabola lies
either above or below the x-axis.
Represent solutions of a quadratic inequality, by using the graphical method {parabola graph).
25
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TOPIC: EQUATIONS AND INEQUALITIES (Lesson 5}

| Weighting | 18 + 3 | Grade | 11

Term 1 Week no.

Duration ! hour Date

Sub-topics Solving Quadratic Inequalitics

RELATED CONCEPTS/
TERMS/VOCABULARY

PRIQR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Quadratic equations

RESOURCES

ERRORS/MISCONCEPTIONS/PROB LEM.A@AS :

 METHODOLOGY

Examples:
2.3 —2x<1
‘Ay® — 2y — 1 < 0 ... standard form
(Bx+1)(x—1} =0 ... factorise
x=—jorx= 1 ... cntical values

Lx—2x*=0
2x? — x < 0 ... standard form
x{(2x — 1) £ 0 ... factorise
x=00rx= % ... critical values

>hl >

ACTIVITIES! ASSESSMENT

Solve the following inequalities and represent the answers graphically:
1. 2x2—5x—-3<0 22x*—3x4+1>0
3-3x%F +4x < —4 4.3x+ 9= 2x%
5.3 -2x <0 6. (1-2)(x+3)<0
T (x~3)(x—4)>12 89> —x(x—-6

10. x* < 5 (surd form) 10. x* — 3x — 2 > 0 (Surd form)

COMPILED 8Y PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPI15I, Z.1. SHANGASE, P.T.C. ZUNGU & 5.M. MQADI
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TEST 1: EQUATIONS AND INEQUALITIES
MARKS: 25
NSTRUCTIONS

DURATION: 30 Min

1. Answer ALL the questions
2. Round off correct to TWO decimal places, unless stated otherwisce
3. Clearly show ALL Calculations

4, Write neatly and legibly

QUESTION 1 {14 Marks}

Solve for x;

11 x+2)3x-7)=0

1.2 % — 7x 4+ 12 = 0 by completing the square
1.3 % — 5x = 2 (Correct to 2 decimal places)

146x—7==

QUESTION 2 [11 Marks]
2.1 Given:

x?—3x <40and ~4x +3 < -2
2.1.1 Solve for x if x% - 3x < 40
2.1.2 Solve for x if —4x +3 < -2

2.1.3 If it is given that X is a natural number, solve for x if x2 — 3x < 40 and —4x + 3 < ~2

2.2 Given: m + == 3
m

Determine the value of m? — 1 + %

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISY, Z.i. SHANGASE, P.T.C. ZUNGU & 5.M. MQAD!
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TOPIC: ALGEBRA PART 3 (Lesson 6) | Weighting | 18 +3 | Grade | 11
Term 1 Week no.

Duration ~{ hour Date

Sub-topics Simultaneous equations

RELATED CONCEPTS/ | Algebraically, Graphically, System of equations, simultaneously
TERMS/VOCABULARY
PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Variables, linear equations, quadratic equations, expenential equations, substitution

RESOURCES

ERRORS!MISCONCEPTIUNSEPROBLEM AREAS
Forget to solve for the second variable, multiplying ing the second term in ‘the bracket

METHODOLOGY

When solving for two unknown variabies, two independent aquatmm are tequited and these equations |
are known as simultaneous equations.

In this case, one of the equations will be linear and the other equation quadratic.
The solutions are the vajues of the unknown variables which _satisfy both equations simuitaneously.

Simultaneous equations can be solved algebraically using substitution method. System of
simultaneous equations can be solved graphieally (to determine where the two lines intersect}.

Substitution Method

e Use the simplest of the two given equations (usually linear equation) to express one of the
variables in terms of the other varable.

« Substitute into the second equation (usually quadratic equation). By doing this we reduce the
number of equations and the number of variables by one.

e We now have one equation with one unknown variable which can be solved.

o Use the solution to substitute back into the first equation 1o find the vaiue of the other unknown
variable.

Examples:
Solve for x and y simultaneously in the following set of equations:

l.y—2x=—4andx?+y =4

y = 2x — 4 ...make y the subjcct of the formula and substitute to the second equation.

y=2(2)—4 x% + (2x — 4) = 4 ... substitute (¥ by 2x — 4)

y=0 x% + 2x — 4 — 4 =0 ... quadratic equation must be equal to 0
Ory=2(—4)—4 x* +2x—8 =0 ... standard form

y=-12 (x—2)(x+4) =0 ... factorise
x = 2 or x = —4 (Substitute back into the first equation to find the value(s) of y)

As coordinates: (2; 0) and (-4; -12)

2. 2x +3y="7andy = x* — 3x + 1 (correct to 2 decimal places)

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISL, Z.1. SHANGASE, P.T.C. ZUNGU & 5.M. MQADI
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Jy=7-2x
7=2ix i nd ;.
y= .. g0 substitute to 2™ equation
= __.7-‘*‘:'3” TE=xi-3x+1
y= g% =0,46 7 —2x = 3x% —9x + 3 ... multiply al! terms by LCD
3x% —7x — 4= ( ... standard form
= ij a=3b=~-7andc=—4
2 - 1 .
= 7—553—(“& x= —bi‘%é—ﬂf ... quadrati¢ formula
=22 =265 PO vl - :(;2 MY remember to put brackets when substituting
150 4

x= 2,81 or x = —0,47 ... go substitute to equation ]

ACTIVITIES! ASSESSMENT

Solve for x and y simultaneously (correct fo 2 decimal places where necessary)

L ¥y+x=35 2.y=x-+2
y—x2+3x—5=0 x+xy=4%
I2x+y=1 4. 2x~y=2

xy—xt4+y?=5 dx —2x?=x—4
6. 2x = 3y

5.3 x=y+4
—xy+y:i=7

ylo-xy=9x+7

.x—2y+3=0

T.2x—=3y=1
x=»x+y =0

—2x—2y*+4y =9

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.I. SHANGASE, P.T.C. ZUNGU & 5.M. MQADI
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TOPIC: EQUATIONS (Lesson 7) | Weighting | 18 +3 [ Grade [11
Term 1 Week no.

Daration 1 hour Date

Sub-topics Nature of Roots

RELATED CONCEPTS/ | Roots, real, non-real, rational, irrational
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Quadratic Equations, guadratic formula

RESOURCES _

s

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

METHODOLOGY

The roots of an eguation refer to the solutions of that equation or are the values of the variabtes that
satisfy that equation. :
Roots are classified according to three critena:

= Real or non-real

s Rational or irrational

» Equal (two equal solutions) or unequai (two different solutions)

The nature of the roots is determined by b® — 4ac taken from the quadratic equation x =

Za
b2 — 4ac is called discriminant and the Greek letter & is used to represent it.
SQUARE ROOT A= b% —4ac | NATURE EXAMPLE
Jnegative number A<O0 | Non-real 25, ,/—100
perfect square 4z Unequal, real and e o3
J » rational V25 =5, J‘; =3
v."not a perfect square AzO Unequal real and | /3 = 1,732, /15 =
irrational 3,8729
Jzero A=D Equal, real and 0=
rational
Examples:

Determine the nature of the roots of the following equations:

2.2x* 4+ 3x~7=0
a=2b=3andc=—7

1.x*~5x-6=0
a=1b=-5andc=-—6

A= b? - 4ac
=(2)* ~4(2)(-7)

A= 65 ... not a perfect square

A= b* — 4ac
=(—5)" - H{1(-6)
A= 49 . perfect square

Roots are Unequal, real and rational Roots are unequal, real and irrational

_},t,‘mz —4ac

COMPILED BY PINETOWN DISTRICT MATHEMATICS AGVISGRS:
LB, MPIS], 2.1, SHANGASE, P.T.C. ZUNGU & 5.M. MQAD]

4. 4x*—dx+1=0
=4 h=—-4andc=1

3274 3x+4=0
a=1,b=3andc=4

A= b? — dac A= b? — dac
= (3" - 4(1)(*) = (-4 - 49 ()
A= —7 ... negative number A=0 .. zero

Roots are non-real/unreal/imaginary Roots are equal, real and rational

ACTIVITIES/ ASSESSMENT

Determine the nature of the roots of the following equations:
L.x*+x+1=0
2.x%—3x—-1=
3x?—2x+1=0

4 x2—5x—7=0

5. x2—x+3=0

6 4x+x*~1=0
7.6xt—6x—1=0
8.x*+3x=-2

9. 2x? +6=—T7x

10. —2x* —16x —32 =10
11.x* =36

12, 2% = 4

3.2 =2(x+ 1)

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISCRS:
M.B. MPISI, Z.I. SHANGASE, P.T.C. ZUNGU & 5.M. MOADI
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TOPIC: EQUATIONS (Lesson 8) [ Weighting | 18 +3 | Grade [ 11
Term 1 Week no.

Duratien 1 hour Date

Sub-topics Nature of Roots

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

ESOURCES - - O

R

stV e

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

METHODOLOGY

Examples:
1. Show that the roots of ¥2 — 2x = 7 are irrational.

For roots to be rational, calculate discriminant (b — 4ae)
g=1b=—2andc=-7

A= b% — 4ac
= (-2)* = 4(D(~7)
A= 32

4> 0 and is not a perfect square, - roots are irrational.

2. Prove that x? -+ px + p = 1 ave rational for il rational values on p.
2 +px+(p—1) =0.. standard form

For roots to be real and equal A= 0
a=1lb=pandc=p-1

A= b®* —dac
=@)* -4Lp—1)
=p?—dp+4
=@p-2{@-2)

A= (p — 2)% ... perfect square
= roots are rational

3. For which vaiue(s) of m will x* + 4x + m = 0 have unequal real roots?

ga=1,b=4andc=m
A= b* — dac
= (4y* —4(1}m)
=16 —4m
For unequal roots A > 0
216—4m >0
—4m > =16
m<4

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
WM.B. MPIS), Z.. SHANGASE, P.T.C. ZUNGU & 5.M. MOADI

4_ For which value(s) of k will Z(x+ 1) = x2 4 k + x have non-real roots?

2x +2 =x2 + x + k... simplify
%% +x—2x +k—2=0 .. ranspose
x2 —x+ (k—2) =0 ... standard form

=1,b=—landc=k—2
A= b% — dac
= (-1 - 41k - 2)
=1—4k+8
=7 —dk
Forreal roots A < 0
W7 =4k <0
—af < -7
k>2
G

ACTIVITIES/ ASSESSMENT

1. Show that the roots of x2 — (m + 2)x + m = 0 will be real and unequal for ali real values of m.

2. Prove that x% + k = —(k - 1)x has rationai roots for all rational values of k.
3. For which values of k will 3x — 3x + k = 0 have equal root?
4, Determine the value(s) of r for which x2 = 3rx + 71 = 0 has real roots.

5. Caleulate the value(s) of d for which 5x? + 6x — d = 0 non-real roots.
6.1f f(x) = 0 hasroots x = M , for which values of k will have equal roots.

7. The roots of the equation f(x) = 0are x = Epsmmiy)

am
Determine the value(s) for which the roots witl be non-real.

3 5
8. Given: P = --_"-‘.-i
x+2 5

(a) For which value(s) of x will P be a real number?
{b) Show that P is rational if x = 3

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TEST: SIMULATIONS EQUATIONS AND NATURE OF ROOTS 2. N0 T
i R v std form
MARKS: 19 DURATION: 25 MIN i X -4x=0
A=(-4) -4(1)(0) v CA (sub)
INSTRUCTIONS =16 VA
1. Answer ALL the questions
-, Roots are real; rational and unqual. V CA {reason)
2. Round off correct to TWO decimal places, unless stated otherwise > g T
3. X Hx+2=3x-k
; st fi
3, Clearly show ALL Calculations _3a k=0 SLEERORR)
4. Write neatly and legibly
A=(-4) —a{1)(2+K) V CA (sub)
: ; =4-8—4k
1. Solve for xand y simultaneously: _4_ 4
VA
3y+x=2and Y 4x=xy+y (5 : Azl v CA<0
4 Ak <0
-4k <4
2. Discuss the nature of the roots of x* = dx. (4) .
S
VA
. 4. mx(x—4)=—4m
3. For which values of & will the equation x° =x+2 =3x— &k have non-real roots?  (5) ot = A+ dm =0
¥ std farm
4. Show that the roots of the equation mx(x—4) = —4m are equat for all real valaes of 5 | \ '
£ eq ( } nt q ° m ( ) i A= (—4}?‘1)2—4(}?1){41?1)
=16m* ~16m" v CA (sub)
=0 .
MEMO o
B ) A=0
1 3p+x=2 . i
N A - The roots are always equal. v CA {reason)
I
Yx=apsy
Y H2=3y)=y2-3x)+y v CA Sub
¥ +2=3y=2y=3y" +y
' —
4y —oy+2=1] v 5td form
2y =3p+l=0
2y-Bly-13=0
VA
y=~25-ory=1 v A Both
=] v ABath
35
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TOPIC: EUCLIDEAN GEOMETRY (Lesson 1) | Weighting | 50+3 | Grade [11
Term 1 [ Week no.

Duration - 1 hour | Date

Sub-topics Revise lines and angles, Triangles and Quadrilaterals

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE

Types and properties of angles, triangles and guadrilaterals

RESOURCES

S

s )

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Assuming that lines are parallel. Using congruengy conditions without understanding

METHODOLOGY

Intersecting Lines

The sum of the angles around a point is 360° _. / a-+b+c=360°
i o ‘\\
Adjacent angles at a point on a line segment are . P

supplementary.

B + B, =180°

When two lines intersect, the vertically opposite — e

angles are equal. o
gl 9 ShEs
Pl _"":_-:.',‘

Parallel lines

When 2 transversal cuts paralle] lines, the alternate | _ .

angles are equal. b7

< x (E]

When a transversal cuts two parallel Enes, the <.

corresponding angles are equal. -~ i} "=
i S5 // 5

When a transversal cuts parallel lines, the co-interior e P &

angles are supplementary. / i

o X >

Triangles

The interior angles of a triangle are supﬁl;mentary.

/‘\ a+b+c=180"
\

LA
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The angles opposite two equal sides of an isosceles
triangle are equal

All interior angles of an equilateral triangle are 60°.

An exterior angle of a triangle is equal to the sum of the
opposite interior angles

When the sides of one triangle are equai 1o the to the three
sides of the other mangle, the two triangles are congruent.

{855]

Two triangies are congruent when two sides and the
included angle are equal to two sides and the included
angle of the other triangle. {SAS)

When two angles and a side of one triangle are equal to

two angles and the corresponding side of another tnangle,

the tweo triangles are congruent. [AAS]

Two triangles are congruent when the hypotenuse and
one side of a right-angied triangle are equal to the
hypotenuse and one side of another right-angled triangle.
[S0°HES]

{ The line segment joining the midpoints of two sides ofa
| tniangle is parallel to the third side and half the length of
the third side. [DE|DB}

When the corresponding sides of two triangles are in the

same ratio, the two triangles are similar. [S85)

When the corresponding angles of two triangles are

equal, the two triangles are similar. |JAAA]

Quadrilaterals

A parallelogram is a quadrilateral with opposite
sides parallel. [PQ||SR, PS||QR]

;
H
i
|

A rectangle is 2 parallclogram with a 90° interior
angle. [£KPM = 9C°]

|
i

An isosceles trapezium 15 a quadrilateral with one
pair opposite sides parallel and the other pair equal.
[PQIISR, P53 = QR]

i

|

A square is a thombus with a 90° interior angle. [AB
=BC=CD=DA4]

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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A kite is a quadrilateral with two pairs of adjacent A
sides equal. [KI =KE, ET =TI}
A rhombus is a parallclogram with ail sides equal. ] 4
[KL =LM=MP = PK]
7 4
ACTIVITIES/ ASSESSMENT | | "
B 1 Y T
,_-———-—3—"——"__

1. In the diagram below, AB and DC are two parallel lines cut by two transversal lines alt X, Y and Z
respectively.

3. In the diagram below, AD = CD and PQIIRS. AR and FC are straight lines. RS and FC intersect at E

also PQ intersects FC at B,

(a) Determine the sizes of the following angles, giving appropriate reasoas:

Db
(a) Determine giving reasons, the value of x in the diagram: NB
- 1
(b)  Name one pair of co-interior angles "
3 A
(c) Namne one pair of alternate angles = -
(b} Show that REF = 3
(d)  Complete: If two parallel lines are cut by a transversal, then the co-interior angles are .......
{¢)  Complete: The size of angle XYD = Reason .......oeveinnns
2: Determine with reasons, the value of y (XY) in the diagram below. Given that AB = 4 units

and BC =3 units. X and Y are the midpoints of AB and BC respectively.

39
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TOPIC: EUCLIDEAN GEOMETRY {Lesson 2) | Weighting | 503 | Grade |11
Term i Week no.

Duration 1 hour Date

Sub-topics Circle Geometry: Line from Centre to chord

RELATED CONCEPTS/ | Chord, perpendicular bisectar
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/! BACKGROUND KNOWLEDGE

Circle, diameter, radius, circumference, Congrueni, Pythagoras theorem

RESOURCES

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Proving congruency and reagons for congruency
Failing to write reasons correctly/ wrile wrong reasons, sometimes do not understand reasons

METHODOLOGY

Terminology )
» Chord — a straight line joining the ends of an arc.
s (Circumference — the perimeter or boundary line of a circle.
» Radius {r) — any ling from the centre of the circle to a point
on the circumierence.
s  Secant - a line that cuts the circle in two places.

A thearem is a hypothesis (proposition) that can be shown to be true by accepted mathematical
operations and arguments.

A proof is the process of showing a theorem to be correct.
The converse of a theorem is the reverse of the hypothesis and the conclusion.

Theorem:
The line drawn from the centre of a circle perpendicular to a chord bisects the chord.

Given: Circle with centre O with OM L AB. AR is a chord
Required to prove {RTP): AM =MB

Proof:

Join QA and OB

[n A QAM and A OBM

1.0A=0F Radii

2. M, = ¥y = 90" Given
3.0M=0M Common
o AQAM = AOBM HRS
- AM = MB

Reason: Perpendicular from centre to chord

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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Converse: .
1 The line drawn from the centre of a circle to the midpoint of a chord is perpendicular 1o

the chord.

Given: Circle with centre O. M is a point on AB
such that AM = MB

Required te prove: OM 1L AB

Proof: Join OA and OB

In A QAM and A OBM
1.0A=0B radii
2. AM =BM given
3.OM=0M COMImon
o AOAM = A OBM 888
M, = §, =90° AMBS is a steaight line

OM 1L AB
Reason: Line from centre midpeint of chord

Theorem:
The perpendicular bisector of a chord passes through the centre of the circle.

CM L AR cutting AB at M, AM = BM
If My = 90°, M, =0°

then O lies on CM

Reason: Perpendicular bisector of chord
Examples:
1. Given a circle with centre O with PR = 8 units. Determine the value of x.
PQ = QR = 4 units .... Perpendicular from centre to chord

In & OPQ
0P = 0Q? + PQ* ... Pythagoras Theorem

5% =x%+42
25 —16 =x?
9= xZ
x = 3 uaits

2.0 is the centre. AC = 16, AB = BC and OA = 17. Calculate the length of OB.

AB=BC=8§ Line from centre midpoint of chord
OB? = AD? — 4B? Pythagoras Thearem
=17 -8*
=289 — 64
OB? =225
08 =15

COMPILED BY PINETUWN DISTRICT MATHEMATICS ADVISORS:
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3. Given the cirele with centre 0. AB=6cm, CD =8 cm
and the radius is § cm.
(2} Determine the length of:
nor
AP=3cem Line from centre to midpoint of chord
0A =5cm  Radius
OP? = OAZ — AP?  Pythagomas Thearem
0P? =5 —3% =16
OF = 4cm

239G
CQ=4cm Line from centre to midpoint of chord

OC=5cm Radiss
002 =0C*—CQ? Pythagoras Theerem
OFt=5%—4* =9
QP =3¢em
PG =0FP+00
=4cem4+3cm=Tcm

{b) Explain why AB f/ CD.
B, + (3, = 180° ... both angles are equal to 90° each
o ABHCD ... co-interior angles supplementary

ACTIVITIES! ASSESSMENT

1. O is the centre. OB =6, OC =10 and OB L AC.
Calculate the length of AC.

2.0 is the centre of the circle. PQ and AB are both chords of the
circle with OM L PQ and OCLAB. OM = Sem, OC = Tcm
and AB = 4%cm. Calculate the length of!

(a) the radius of the circle.

{6) PQ.

3. AB is a chord of circle centre O. OF bisects AB.
AD = 12cm, ED = Bem and QD =,

{a) Determine the radivs OB in temms of x.

(b) Hence, calculate the length of the radius GB.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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4. AB is 2 chord of the civcle. AC = CB, and
the length of the radius is 5 umits. AC = 3 units
and CC= 4 units.
Show that OC L AB and explain why OC passes
through the centre

5. Qisthe centre. AB=8%cm, OF =3 c¢m, OE=4 cm,
AF = FB and CD 1 OE. Calculate the length of chord CB.

6. The radius of the semi-circle centre O is 5 cm.
A square is fitted into the semi-circle as shown in the
diagram.
Caleulate the area of the square.
(Hint: Let the length of the square equal x.)

7. AB is a chord of the circle. AC = CB,
and the length of OA is § uniss.

AC =3 units and OC = 4 units.

Show that OC L AB and explain

why OC passes through the centre O.

>

%

e

Qg
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TOPIC: EUCLIDEAN GEOMETRY (Lesson 3) | Weighting |  50+3 | Grade |11
Term 1 Week no.

Duration 1 haur Date

Sub-topics Circie Geometry: Angles subtended by a chord/are

RELATED CONCEPTS/ | Subtends, are, segment, chord, semi-circle
TERMS/VOCABULARY | Converse of a theorem, corollary

PRIOR-KNOWLEDGE/ BACKGROLIND KNOWLEDGE

Exterior angle of a triangle

RESQURCES

METHODOLOGY

» Are— aportion of the circutnference of a circle.

s Chord — astraight line joining the ends of an arc.

»  Segment— part of the circle that is cut off by a chord. A chord divides a circle into two
SEEMENS.

* Subtend -— side opposite an angle subtends that angie

» Theorcm:
The angle that an ave of a circle subtends st the centre of the circle is twice the angle it
subtends at any point on the circumference

Giver: Circle with centre O. Arc AB subtends AJB
At centre and ACB at the circumference.

Required to prave (RTP): A0B =24C8

Prooft Join CO and produce ta N

O;=C +A ... ExtzofAQAB
Butf, =4 ... ... AO=0C,Radii
-0, =26
Similarly, in A OCB: 8, = 2,
Diagram (f) and (c} ) Diagram (b)
0y + 0, =26, + 26, 0, —0,=26-26
=26+ 6 =266
~AO0B =2ACB ~ AQB = 2408

Reason: 2 at centre = 2 X 2 at ¢ircum

COMPILED BY FRMETOWM DISTRICT MATHEMATICS ADVISORS:
#.B. MPIS], ZI. SHANGASE, P.T.C. ZUNGU & 5.M. MOAD)

45

Examples:

1. © is the centre of the circle, determine x,y and 2

C
o A C
p #/BE
B C
x = 65° £ at centre = 2 X £ at ¢ircum
y=25° £ at centre = 2 X £ at circum
z =135 £ at centre = 2 X £ at ¢ircum

2. O is the cenire of the circle, determine xy and z
[«

x = 124° £ at eentre = 2 X £ at circam
y=48" £ at centre = 2 X £ at ¢ircum
z = 252° 2 at ¢centre = 2 ¥ £ at circum

3. In the given diagram, O is the cenre of the circle. BAC = 48°
Determine with reasons the size of’

(a} 6:t . R
B, =24 =96°.., £atcentre=2 X £ at circum
(OF: .
B, =, ... £s opposite = sides
2B, +96°=180° ... sofA
25, = 84"
~ By=42°
ACTIVITIES/ ASSESSMENT
1. Determine, with reasons, the value of the unknowns. O is the centre of the circle.
(@) (b} (€}
fam
AN / {ng
AN s

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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(d) (e) ) TOPIC: EUCLIDEAN GEOMETRY (Lesson 4) | Weighting | 50:+3 | Gmde | 11

2 L“ o Term 1 Week no.

Duration 1 hour Date
R Sub-topics Circle Geometry: Angles subtended by a cherd/are
\, “.h- ‘a@iﬁi —
- — 7 RELATED CONCEPTS/ | Subtends, arc, segment, chord, semi-circle
F C g P “ TERMS/VOCABULARY | Converse of a theorem, corollary
PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE

Exterior angle of & triangie

{g) h 7
1A I‘{ESDURCES
7 7=y
B A‘.h. AR
\ L laa Thes
<

FRRORS/MISCONCEPTIONS/PROBLEM AREAS

METHODOLOGY
2. [n the diagram alongside, O is the centre of the circle. ® Diameter — a special chord that passes through the centre of the circle.
+ Sepment— part of the circle that 15 cut off by a chord. A chord divides a eircle into two
Determine, with reasons, the size of: .
egrments.
B b) B.
) 5 ®) B2 # Theorem:

The angle subtended by z diameter at the circumference of a circle is a right angle.

«

If AR is a diameier, then £ = 90°

3. O is the centre of the circle, LKP is 2 straight line and 05 = Zx.

(a) Determine &, and # in terms of x. /é .
1 - L Con—
{b) Detertnine K, and K in terms of x / \ . \

=

Reason: £ io semi-cirele

. |I 4 N Converse: Reverse of a theorem
(¢} Determine K, + 7. What do you notice? Write down Y v ‘_—// Ifthe angle subtended by a chord at a point on the circle is 907, then the chord is a diameter
Your observation. ‘\\\C./_.
/ -
M [F £ = 90°, then AB is a diameter A
Reason: Chord subtends 90°
¥ Theorem:
Angles subtended by a chardfarc at the circumference of a circe on the same side of the
chord are equal; or angles in the same segment of a ¢izcle are equal.
A ¥
If AD subtends 8 and £,
then § ={
Reason: £5 io same segment i
47
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Corollaries
Corollary is a true statement that is a simple deduction from a theorem.

1. Equal chards {arcs) of a circle subtend equal
angtes at the circumterence of a circle.

2. Equal chords {arcs) of & circle subtend equal angles
at the centre of the circle.

Reason:
Equal chords subf equal £ at eenftre

Reason: @
Equa! chords subt equal s at circum

3. Chords {arcs) of a circle are equal when they subtend
equal angles at the circamference or at the centre of the circle, R
Reason: Y ,

Equal 25 subt by equat chords

4. Equal chords (arcs) in different circles with equal
raclii {diameter) subtend equal angles on the circles.

Reason:
Equal chord, equal radii, equal 25

Equal chords of ¢qual circles subtend equal
equal angles at the circumference.

Reason:
Equal chords, cqual cireles, equal 25

Examples:

1, In the diagram afongside, O is the centre of the circle.
AB/#CDand §; = 36°
Determine with reasons, the size of:
@) OF]

(a) L‘? =90 £ in semi-circte
€, = B = 90" ... altemate £5, AB // CD

COMPILED BY PINETOWN DHSTRICT MATHEMATICS ADWVISORS:
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Cy = 180° — 90° — 36° = 54° ... £5 op a staight line

(byA =36°... zsof 8
2. Calculate with reasons, the value of the unknowns:

x = 20° ... £s in same segment (subtended by MN)
¥ = 157 ... £5 in same segment {subtended by LP)

3. In the diagram alongside, AB = DE
A=80°and B = 70°

Determine, with reasons, the size of E

£=30° zsof &
F=£=30"  equal chords sub. Equal £s

ACTIVITIES/ ASSESSMENT

1. Determine, with reasons, the value of the unknowns. O is the centre of the circle.

) ()

(e

COMPILED BY PINETOWM DISTRICT MATHEMATICS ADVISORS:
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{c)

{e)

2. In the diagram alongside, O is the centre of the circle.
AB=ACand §, =31°
Determine, with reasons, the size of:
no,

2B,

)

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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2. In the given diagram, AC = BC.
{2) Determine with reasons, the size of 4,

(t) Show that AR // DE

3. PR is a diameter of circle PRMS with
centre Q. PS, SR and PM ar¢ chords.
PM bisects RES . Frove that:

(ayPS # QM
{b) QM L S5RE
{c) QM bisecis SR

TOPIC: EUCLIDEAN GEOMETRY (Lesson §) | Weignting | 50+3 | Grade [ 10
Term 1 Week no.
Doration 1 hour Date
Sab-topics Circle Geometry problems arnd proofs of riders
RELATED CONCEPTS/
| TERMS/VOCABULARY
PRIOR-KNOWLEDGE/! BACKGROUND KNOWLEDGE
RESOURCES
T=T¥
(RO
M T8 %
ERRORS/MISCONCEPTIONS/PROBLEM AREAS
METHODOLOGY
Examples:
1. D is the midpoint of the chord AB and DC 1L AB
with C on the ¢irgle, If AR = 300mm, and DT =50mm,
calculate the radius of the circle.
4
N

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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ACTIVITIES/ ASSESSMENT

1. AB is the chord of the circle with centre O
and is 24cm long. C is the midpoint of AB.
CE 1 AB cuts the ¢ircle ar E. Caleulate the

TEST 1: EUCLIDEAN GEOMETRY

Taken from Eastern Cape Navember 2015

value of x if CE = 8cm. MARKS: 25 BURATION: 30 MIN
INSTRUCTIONS
2. AB and CD are two chords of a circle with centre O. M is on AB and M is on CD such that .
. ALL th ti
OM 1 AB and ON L CD. Also, AB = S0mm, OM = 40mm and ON = 20mm. Determine the 1. Answer ° questions
radius of the circle and the length of CD. 2. Round off correct to TWO decimal places, unless stated otherwise
3. AB is a chord of the circle. AC =CB, 3. Clearly show ALL Calculations
and the length of OA is 5 units. A 4. Write neatly and legibly
AC =3 units and OC = 4 units.
Show that OC L AB and expiain
why OC passes through the centre O. QUESTION 1 { 12 Marks]
B 1.1 Tn the diagram belaw, AB is a chord of the circle with centre O. M is the midpoint of AB.

Prove the thearem that states that OM L AB.

4. AC is a diameter of circle centre O,
B is a point on the circle. OP bisacts AB.
Prove that OF || BC.

(5

5.0 15 the centre of the circle ABE.

Show that x = 60°
1.2 In the figure below, AB and CD are chords of the circle with centre O,
OE+- AB. CF=FD. OE =4 cm, OF = 3 ¢m and CD =B cm,

1.2.1 Calculate the length of OD 3)
1.2.2  Hence, calculate the length of AB - (4)

6. 1. O is the centre of the circle through A, B, C and D.
BC=CDand BGD = 2x.
Express the following in terms of x.

(@ Bz
(b} BGC

©4
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QUESTION 2 [13 Marks]
2.1 COMPLETE: The angle subtended by an arc at the centre of the cirele is {1

2.2 In the figure alongside, DOC = 25° and O is the centre of the circle.
A, B, E C and D are points en the circumference.
Caijculate, giving reasons, the sizes of:

221 B, 2}
222 8, 2)
223 A, @
2248 )

2.3 In the diagram alongside, M is the centrs of circle PORS.

PM |RS,QR=PR and R: = 28°

Determing, giving reasons, the size of the following angles:
231 PHS (2)
2325, 2
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50+3 |Grade |1l

TOPIC: EUCLIDEAN GEOMETRY (Lesson 6) | Weighting

Term 1 Week no.
Duration 1 hour Date
Sub-topics Cyslic Quadrilateral
RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/! BACKGROUND KNOWLEDGE

Quadrilateral, exterior angle, supplementary

RESOURCES

by

ERRORS/MISCONCEPTIONS/FROBLE

Treating opposite angles of a eyclic quadrilateral as apposite anples ofa parallelogram

METHODOLOGY

Cyelic quadrilateral is a guadrilateral with alt vertices (comner) lying on/touching the circumference

Theorem: The opposite angies of & cyclic quadrilateral are supplementary.
A

/’m
" VA AN
J; =24 .. £ateentre = 2 X < at circum [' 9\2 IE

Il. (,/-",-'l.-‘ ! \.‘\.--k /

Given: Circle with centre O. ABCD is a cyclic quadrilateral
Required to prove: A + £ = 180° and ABC + ADC = 180°

Proof: Join OB and OD

8, = 2C ... 2atcentre = 2 X 2 at circum

83y + 07 = 360° ... 25 round a point

24 + 26 = 360° 8
2(A + ) = 360° c
» A+ =180°

Similarly, by joining AO and OC, it can be proven that ABC + ADC = 180°
Resson: Opp. £s of cyelic quad.

Converse: IF the opposite angles of a
quadrilateral are supplementary, then the
quadrilateral is cychic.

If A+C=180°and B+ D =180°,
then

ABCD is a cyclic quadrilateral.
Reason: Opp. £s of cyclic quad suppl.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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Thearem: An exterior angle of a cyclic quadrilateral is equal to the interior opposite angle.

o

if BC is produced to E, then {5 = 4 -

Reason: Ext. £ of cyclic = int app. £

]

Examples:
1. Calculate, with reasons, the vahie of the unknowns
(2 (b}

x =110° .. Opp. £s of cyclic quad a=112° _ Ext £ of cyclic=intopp. £

¥ = 100 . Opp. £s of cyclic quad b = 88° .. Opp. £s of cyclic
2. In the following diagram, BA. // ED and 4 = 130°
Determing, with reasons, the size of
() 6y (b) F
{a) € =50°... Opp. £s of cyclic quad
()0, =&, = 50°
o F=130°... Opp. £s of cyclic quad

3. In the given diagram, ABD = 40° and ADE = 35°

Determine, with reasons, the size of €;

A=105"_ ssofA

&, = A=105°... Ext. £ of cyclic =int opp. £
PROVING THAT A QUADRILATERAL 1S CYCLIC
» Prove that the opposite angles are supplementary

(f A+&=180°2and B + 5 = 180°, then

ABCD is a eyclic quadrilateral  Opp. £s supp -

COMPILED BY PINETOWN THSTRICT MATHEMATICS ADVISORS:
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«  Prove that an exterior angle is equal to the interior
opposite anple

If & =4 then ABCD is acyclic quadrilateral

Ext. £ =intopp. £

» Prove that two points subtend equal angles at two

2. Show that LMRQ is a ¢yclic quadrilateral
ifPQ="PR and LM || QR

0

[ “
other points on the same side. i .
R
If § = €. then A, B, C and D are concyelic 7 \.\\
i.e., ABCD is a cyclic quadrilateral S
A, [*]
Two points subtend equal Zs on the same side
ACTIVITIES/ ASSESSMENT
1. Determine, with reasons, the value of the unknown
{b} (c)
YA
P B
i
k,:,
&) ()

3. Write down with reasons, two cyclic
quadritateral in the diapram below,

57
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TOPIC: EUCLIDEAN GEOMETRY (Lesson7) | Weighting | 50+3 [ Grade | (0
Term 1 Week no.

Duration 1 hour Date

Sub-topics Tangents to the circle

RELATED CONCEPTS/ | Tangent
TERMS/VOCABULARY
PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE

Congruency, perpendicular
RESOURCES

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

METHODOLOGY
A tangent is a siraight line that touches the circle at only one point.

Theorem:
The radius of a circle is perpendicular to the tangent at the point of contact,

APR is a tangent 10 the circle with cenre O,

ey
e

OP 1s a radius drawn to P.
Then QP | APB

Reason: rad | tan

E —

Theorem:
Two tangerts drawn to a circle from the same point outside the circle are equal in length
Given: Circle with centte O and two tangents AB and
AC touching the circle at B and C respectively.
Required (o prove: AB=AC
Proof: Draw radii OB and OC. Join QA
InAOBAand A OCA
OB =0C ... Radii

B, =& ... vad Ltan

OA =04 ... Common
+~ ADBA=AOCA ..  RHS
~ AB=AC

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.|, SHANGASE, P.T.C. ZUNGU & 5.M. MOADI
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Examples;
Calculate, with reasons, the value of the unknown angles,
1. 2

0B¢ = 50° Radii u = 55° tan £ rad
x = 40° tan | rad b =490¢° £ in semi-circle
z+y=50° ext. £s of A c=F 25 opp. Equal sides
y=10° ¢ =57 zsof A
ACTIVITIES! ASSESSMENT

Calculate, with reasons, the value of the unknown angles.
L.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISE 2.1 SHANGASE, P.T.C. ZUNGU & 5.0, MQADI
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TOPIC: EUCLIDEAN GEOMETRY (Lesson 8) | Weighting

50+3 |Grade [0

Term l Week no.
Duration { hour Date
Sub-topics Tangents to the circle
RELATED CONCEPTS/

TERMS/VOCARULARY

PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE

RESOURCES

by . T
ERRORS/MISCONCEFPTIONS/PROBLEM AREAS

METHODOLOGY

Theorem:

in the alternate segment.

Method 1

. ABE =BEE

Reason: tan—chord

Given: Circle with centre O, Tangent ABC, chord BD

The angle between a tangent 1o a circle and 2 chord drawn from the paint of contact is equal to an angle

E
Requived to prove: CBD = BED or ABE = BDF E
Prool: Draw diameter BOF and join EF
E, 4 E2 =90° . ¢ in semi-circle D
B, +B,=90° .. radLltan
B =E, .. FDsubt=s5 4
B, =F Iy B T
Mecthod 2: Required to prove: ABE = BOE
Proof: Draw diameter BOF aod join FD E
B, =s0° tan 1 rad
D, =9t° £ i semi-cirele
8 =5, O
But 5; = 5, £ s in the same segment
B 1
w BB =D+ D, A f

COMPILED BY PINETOWN LUSTRICT MATHEMATICS ADVISORS:
M.B, MPISL 21, SHANGASE, P.T.C. ZUNGU B 5.M. MQADI

Converse

If a line is drawn through the endpoint
of a chord, making with the chord an
angle equal to an angle in the alternate
segment, then the line is a tangent to the
circle. (Between line and chord)

or {converse of tan-chord theorem}

Examples:

i

A B C
¥ = 65° tan-chord theorem x = 70°
x=72° tan-chord theotem B, =40°

y = EBC = 110°

3. Q) is the centre of the circle through 4, B, C
and T. DTE is a tangent at T and
chord BC =chord CT

(a) Why is A, = A,?
(b} Prove that 8; = 2T,
{c) Prove that T, + B, + & = 180°

(a)

by 4, = 24; £ at centre = 2 x £ at circumnd,
A =4, Proven in (&)
A =T tap-chord theorem

=~ 0, =2%

)Ty + (B + 8,) = 180 opp. s of cyclic quad.
B, =8 Radii

wTy+ B+ 6, =180°

co-int, £s FG / AC
alt. 25 FG # AC

tan-chord

61
COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:

M.B. MPISI, Z... SHANGASE, P.T.C. ZUNGU & S.M. MOADH

62



Downloaded from Stanmorephysics.com

ACTIVITIES/ ASSESSMENT

[. Determine, with reasons, the value of the unknown angies,

()

2. {a) Prove that PT is a tangent to the circle if
Py =60°,80P=120°and €, = C,

{b) Prove that SRT is a tangent to the circle
through POR.

TOPIC: EUCLIDEAN GEOMETRY (Lesson 5) | Weighting

s0£3

| Girade

[10

Term I Week no.

Doration | hour Date

Sub-topics Circle Geometry problems and proofs of riders

RELATED CONCEPTS/
TERMS/VOCABULARY

PRIOCR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESOURCES

rn P —

D

ERRORS/MISCONCEPTIONS/FROBLEM AREAS

"

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISCRS:
M.B. MPIS), Z.I. SHANGASE, P.T.C. ZUNGU & 5.M. MOAD!

METHODOLOGY

Examples:

1. O is the centre of the eircle below. MPT is the tangent
and OP L MT. BPT = 64°
Determine, with reasons, x, y and z

x =326 tanl rad
¥ =128° esof &

z = G4° tan-chord thegrem

2. ABCD is a cyclic quadrilateral. MK is a tangent

touching the circle at C. CA bisects BAD . If AC

and BD intersect at O and BEM = 50° and BOA = 110°
Determine, with reasons,

{a)} BAD

(b} ACD
{c) DCK

L3

na

{a) BAC = 5(0° tan-chord theorem

DAC = Bic given
BAD = BAC + D€ = 100°

{6y ABC = 20° Z50f A
ACD = ABQ = 20°

(d) DCK = DAB = 50°

tan-chord theorem

£3 in same segment

e

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:

ML.B. MPISI, 21, SHANGASE, P.T.C. ZUNGU & 5.M. MQAOI
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ACTIVITIES! ASSESSMENT

i.In the figure below, RDS is a iangent to
the circle centre O at D.
BC =DC and CDS = 40°
Determine, with reasons, the size of:

(@) & (o) B, (©) & CHA
(e} 8, (H B, (h} 4

2. In the dizgram, O is the centre of the circle passing
theough A, B, C and . AB/CD and 4 = 20°

Calculate, with reasons, the size of

@c¢, (by 8; ) D (D E

3. In the circle centre O, BO L OD,
AE = ECand AO" D =116°%

Calculate, with reasons, the size of:

@ (b) ABC

4. (I is the centre of the circle. $TU is a tangent at T.
Cherd BC = chord CT, ATC = 105° and CFU = 40°.

Determine, with reasens, the stze of

(@ 4; (b Ay ) B +B, &

5. PQR is a tangent a1 Q. 3T || QW.
W3R = 30° and TSW = 70°

Determine, with reasons, the size of:

@y ®0 (e i ) W,

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
A8, MPISI, 2.4, SHANGASE, P.T.C. ZUNGU & S.M. MOADI

5]

6. QOS is & diameter of the circle centre O,
QR =RTand =35
Cailculate, with reasons, the size oft

7. In the diagram, chord PR is paraile! 10 chord TS.
PR =PS and PT = T5. ARB is a tangent to the
circle at R and RST is a straight lins.
ﬁg =xand R, =y
(a) Write down, with reasons, three other angles equal 10 x
And three other angles equal to ».

(b) Express T in terms of x
(¢) Express T in terms of y

8. O is the centre of the circle through
A,B,Cand D. BC=CDand 86D =2x

Express the failowing in terms of x.

(a) B, (b) BED )y A

COMPILED BY PINETDWN DISTRICT MATHEMATICS ADVISORS:
MLB. MPIS), 2.1, SHANGASE, P.T.C. ZUNGU & S.M. MOADI

66



Downloaded from Stanmorephysics.com

TOPIC: EUCLIDEAN GEOMETRY (Lesson 10) | Weighting | 50+3 | Grade |10
Term 1 Week no.

Duration | hour Date

Sub-fopics Circle Geometry problems and proofs of riders

RELATED CONCEFPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESOURCES

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

METHODOLOGY

Examples:

1. PA and PB are tangents to the circie ABC at A and B respectively. PA is parallel o BC.

(a) Prove that: A P
1) AB=AC
PAR = ABC alt. £s, PA#BC /
PAB = ACB tan-chord theorem
- ABC = ACB ‘ ’
A~ AB = AC sides opp. Equal <5

2) AB bisects PEC

PAB = ABC alt, 25, PA/BC
PAB = ABFP tans from same point
~ABC = ABP

= AB hisects PBC

{b) If ABB = 40°, determine, with reasons:
13 ACB 2) BAC
PAR = ABP = 70° £s opposite equal sides ABC = 4CB =70¢ proven

pPAB =AlB =7(° tan-chord theorem BAL = 40° Zsof A

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPI5I, Z.i. SHANGASE, P.T.C. ZUNGU & 5.M. MQADI
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2. CD is a tangent at C 10 the circle through A, B, C
and E. BC = CE and chords AC and BE intersectat I,

Prove that:
@& = 4;
b iy = £
@& =4, tan-chord theorem
Ay =4, equal chords, equal £s
a Gy = Ay
(b) Gy = B, tan-chord theorem
B, =8 £5 oppaosite equal sides
wly=E
ACTIVITIES! ASSESSMENT
1. PQB is a tangent to the circle B
QRS ar Q. Q8 bisects BZR. 5

Prove that QS =RS

2, ABC is & tangent to the circle BED.
BE{|CD.

Prove that B, = ¢

3. BCD is a cyclic quadrilateral. ) \ C
BA is produced to E. AD bisecis EAC .
L i

Prove that DC = DB,

4, In circle ABCDE, BC and AD are
parallel chords. AB is produced to F.

(&) Namg 2 cyclic quadniaterals
{b) Prove that:

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPI5|, 2.|. SHAMGASE, P.T.C. 2UNGU & 5.M. MOADI
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5. AC is a diameter of circle centre O,
B is & point on the circle.
OP bigects AB.

Prove that OF || BC.

6. In circle ABCD, AB =BC.
Prove that AR is a tangent to
circle AED in AL

7. AQ i3 a tangent 1o the circle in
and QP | AR.

Prove that RA 5 a tangent
to circle ABQ at A

8. ALB 15 a tangent 1o circie LMNP.
ALB || MP.

Prove that:
{(a)LM=LP
(b) LN bisects MNP
(¢) LM is 2 rangent to circle MNG

0. PA and PC are tangents {o the circleat A
and C. AD | PC, and PD <uts the B.
CR is produced to meet AP at F.
AB, AC and DC are drawn.
Prove:
{a) AC bisects PAD
(b) B, = B,
{c) APC = ABD

COMPILED BY PINETCWN DISTRICT MAATHEMATICS ADVISORS:
M.B. MPISI, Z.1. SBANGASE, P.T.C. ZUNGU & 5.0, MCAD!

TEST 2: BUCLIDEAN GEOMETRY

TOTAL: 26 DURATION: 3¢ Min

INSTRUCTIONS

1. Answer ALL the questions

2. Bomnd off correct to TWO decimat places, unless stated otherwise
3. Clearly show ALL Caiculations

4. Write neatly and legibly

QUESTION 1 [11 Marks]
EC Nevember 2015
1.1 COMPLETE: Qpposite angles of g eyclic quadrilateral

83

1.2 In the figure, ABCD is a cyclic quadrilateral.
AB || DC in circle with centre O.
BC and AD produced meet at M. D, = x

[.2.1 Show that MC = MD. (5)
122 i B, = x, determine the value of #
(2)

in terms of x,

1.2.3 Hence, show that BODM is a cychic

quadrilateral,

QUESTION 2 [15 Marks]
EC November 2015

2.1 A, B, C and D are points on the circumference
of the circle in the diagram below. ECF isa
tangent at C, B, = 5,

2.1.1 If B, = x, find, with reasons,
TWO ather angles equal to x.

2.1.2 Hence, show that DC bisects ACF

&9 70

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISE, Z.1. SHANGASE, P.T.C. ZUNGU & 5.M. MQADI
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DBE Navember 2015

2.2 In the diagram, PQ is a common chord of the two circles. The centre, M, of the larger circle lies on the

circurnference of the smaller cirele, PMNQ is a eyclic quadritaterat tn the smaller ¢ircle. QN is produced

to R, a point on the larper circle. NM produced meets the chord PR at 8. ﬁ'z =x.

2.2.1 Give a reason why I:I2 =X.

2.2.2 Write down another angle equal in size to x. Give a reason,

2.2.3 Determine the size of R in terms of x,

2.3.4 Prove that PS = SE.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MFPISI, 2.1 SHANGASE, P.T.C. ZUNGU & S.M. MOAD!

2]
@
3
(3]
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TOPIC: TRIGONOMETRY (Lesson 1) | Weighting | 504 3 [ Grade [ 11
Term Week no.

Duration ! hour Date

Sub-topics Grade 10 Revision

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Trigonometric Ratios, Pvthagoras Theorem, guadrants

RESOURCES

L=s

ERRORS/MISCONCEPTIONS/PROBELEM AREAS

+ Failing to identify the correct quadrant

METHODOLOGY

Definition of the three trigonometric ratios for the angle @ in a right-angled.

OpposiLe
Hypotenuse

Sing = hypotenuse .
- Dppite
Ad jacent
MHypoltenuse ) . o
adjacent

cpsf =

oppesite

tan = Adjocent

When angles on a Cartesian plane are formed then: 2

p—

tané = it v

trigonomstric function.

CQuadrant IL: Sin is positive, Cos and Tan are negative

Quadrant {[1: Tan is pasitive, Sin and Cos are negative "

Quadrant I: Al Ratios are positive S

W

h

The posttive angle & always rotates anti-tlockwise from the positive x-axis abour the origin.
If angle 8 rotates clockwise from the positive x-axis about the erigin, it is negative.

A

The Cartesian plane is divided into four gouadrants. The angle formed will determing the sign of each

w17 Ml

Quadrant FY: Cos is positive Sin and Tan are negative

n

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
V.B. MPLSI, Z.1. SHANGASE, P.T.C. ZUNGU & 5.M. MOADI
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Examples:

1. Consider the diagram alongside.
Calculate the following without the =2
usg of a calculator.

{2) tan§ {b) sin®f + cas*f

13}

{c}13sinf.cos g

¢ Complete the triangle and form a rnight-angled triangle = D
e (alculaie the third side (Pythagoras theorem)
2 ryi=r? Pythagoras Theorem
x ==2and y= 3
(-2 + 3y =77
4+9—r
7 = 4/13 (hypotenuse)... square root on both sides

{2} (a)tanf :_iz {b) sin*f + cos?f (c)13sinf.cos 8
r
gﬂs) ( xa) =13 ( ) (ﬁ)
EETRIETERE TR __ =6

2. Ifcos@ = %and sin @ < 0, determing the value oft

(a)tan # O (¢) Sin®B + cos?@
o [dentify the quadrant in which thc anglc lies and draw a triangle
cos @ = — ...{8 =x), x is positive in quadrants [ and TV

sin 6 < 0 . 8in is negative in quadrants III and 1V
Quadrant IV is common, therefore, the right-angled rriangle will be in quadrans IV
NB: DRAW DIAGRAM
& Calculate the third side by using Pythagoras Theorem
x=8andr =17

xt+y?t =2 Pythagoras Theorsm
(&% +y* =17y

Y= 289 — 64

y? =225

¥ = +15, therefore, y = =15 ... quadrant IV

-15 ine _-15 @
{a)tan§ =—~ (b} :::s = (c) sin*d + cos?d
_ =18 37 _ -5 e AN R
=3 X8 T8 “lw +(17)

_#3s b4 _ 289

283 zm_'vﬂg"__l

ACTIVITIES! ASSESSMENT

1.1f3tan P — 4 =0 and cos @ < O, with the aid of a diagram, calculate without the use of a calculator
the vatue of

sind

(a) =

(b} 10 5in & ~ 25e0s%0

2 Ifsind = -:-i- and 4 & (90° 270%). With the aid of a diagram and without the use of a calculator,

calculate the value of:

{a) tan 4 (b) cos?d — sin®A {c)13cosA—Stan4d

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPIS), Z.. SHANGASE, P.T.C. ZUNGLU & 5.M. MQADI
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TOPIC: TRIGONOMETRY (Lesson 2) | Weighting | 50+3 | Grade [ 11
Term Week no.
Dration I hour Date

Sub-topics Trigonometric Identities

RELATED CONCEPTS/ | [dentity
TERMS/VOCABULARY

FRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Trigonometric ratios, fectorisation, addition and subtraction of fractions

RESOURCES

E.RRORS.I'MISCONCEPT]ONS;‘PROBLEM AREAS

Forpetting that 1 — cos?8 = sin®8 and 1 — sin?@ = cos?®
Challenge with addition and subtraction in expressions that are m fraction form

METHODOLOGY

An identity is a mathsmatical stafement that is true for all values of the variable excluding the values
for which the statement 18 not defired.

A trigonometric identity is an expression that is always true.

The rwo basic identities are:
tanf =
And sin®f +cos®0 =1 square identity

s quotient identity

Proofs of identities:

sind =% cosg@=Zandtangd =Z
r r X

1. ::2': =sin® +cos @ 2. sin@ + cosd
z z
—2aE - (0 (E
T ( ) +("J r
, e
2y ¥ tang 2z, o)
r x F 1 T
H 4
 tang = 28 9 #90° + &.18¢° = common denominator

Z

L =1 ... x*+y* = r? (Pythagoras Theorem)

=

* $in®8 + cos?8 = 1 for all values of &

The square identity can also be expressed as:
sin®d = 1 — cos?8

cos?d = 1 — sin?6

COMFPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.i. SHANGASE, P.T.C. ZUNGU & 5.M. MQADI
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Examples:
. Use the identities to simplify the following into a single trigonometric ratio:

{a) tan?@ X cos*@ {b} Flm — tan*d

L F -1 _simi8
 rosig” cos®8  eost
. 1-sin?d .

= gin%d = -——— .. common denominator
costl
cortd N

=T =1 ..1~sin’f = cos?8

cast

(e} (1 + tan@)(1 — sint8)

sinta

2
:oxiﬂ}(cos 2

=@+

= M) {cos*@) ... LCD when adding/ subtracting fractions

costd

= o526 + sinfd =1

ACTIVITIES/ ASSESSMENT
Use the identities to simplify the following into & single Frigonometric ratio:
1 sin & sinx
‘i@ Y cosxx@anx
3. tan?8 (1 — 5in’@) Azcoss
nox

5. 8sin28 + Beos29 6.(3~3sin6){3+ 3Isind)

1 cos ¥ sinxrosy
“sind  tanéd " Ldcosiy-siny

COMPWLED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.i. SHANGASE, P.T.C. ZUNGU & 5.M. MOADL

TOFIC: TRIGONOMETRY (Lesson 3) | Weighting | 50 +3 | Grade 11
Term Week no.

Duration 1 hour Date

Sub-topics Trigonometric Identities

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESOURCES

bt
el R

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

When provibg ldentities:
e« Work with one side at a time

Factorise where necessary.

Examples:

Prova that:

1. cosB. tanf + sin@ = 2siné
LHS: cosé. tanf + sind

] .
= cosf. > + sind
carf

= sinf + sin@
= 2sint = RHS

sinf—sin@coxd _ tan B
T cos@-(1-sin?8)

sin&—sin# cos
LHS: 08 & =(1=sn20)

_ sinfi{1-cns )
T ens@-costd

__ stnf{1-c05 }

T CosB{i-cos )

o2 = tan § = RS

cos

sin®8 = 1 — cos%#
co520 = 1 — sin?é

«  Write tan @ in terms of sin @ and cos &
s [fterms are in fraction form, find the LCD
L}

2. sinx.cosx. tanx + cosix =1
LHS: sinx.cosx. tanx + cos®x

- sinx 2
= sinx. cosx.——+ 057X
CO5E
= sinZx + cos®x
=1=RHS

cosx 1
I+sinx  cosx

4.tanx +

LHS: tan x + ———

1+sm s
sinx six
+—
cogr  1+5x
- sinx!j..ﬂinx)-i-cosx{cosx)
- corx(1+sinx) "
__ sinw+sinfr+eosiy
cosx{1+5wmy)
Sinx+1

= cosa(1+5ing
=-1 = RHS

LOTX

METHO_DOLOGY
tand = -:l;'-;-% quotient identity And sin®f + cos?6@ =1 square identity

LCD

73

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPiSI, Z.1. SHANGASE, P.T.C. ZUNGU & 5.M. MQAUI
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ACTIVITIES! ASSESSMENT

Prove the following Identities:

2

1. sinx. cosx. tanx = 1 — cos“x

2. cos?8 + cosB.5in8 = cosh

3 1 _ cos@
Ttan& | sind
Lanr.cosx
4. =1
sinxe
Sinx+L05X
5. ———=cosx
1+
5 sin & cosf _ 1
" it+rosd  sind  sing
CaSX 1
.+ tanx =
1-+simr 05K

Cosx 1
E tanx + — = ————
slnxy  cosxsinx

1 1 H
2. 1-siné + 14sind  costd

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:

f4.B. MPISI, Z.1, SHANGASE, P.T.C. ZUNGL & S.M. MOADH
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TOPIC- TRIGONOMETRY (Lesson4) | Weighting | 50 £3 | Grade | 11
Term Week no.

Duration 1 hour Date

Sub-topics Reduction Formufae: (180° — §), (180° + 8)and (360° — &)
RELATED CONCEPTS/

TERMS/VOCARULARY

PREIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESOURCES

v

METHODOLOGY

Reduction formulae — trigonometric identities that express the trigonometric ratios of an angle of any
size in terms of the trigonometric ratios of an acute angle, ic., reduction formulae are used 1o reduge
the trigonometric ratio of any angle to the trigonometric ratio of an acote angle.

REDUCTION FORMULAE:

QUADRANT 2
sin(180° — §) = sin &
cos(180° — ) = —cos

tan{180° — ) = —tand

QUADRANT 3
sin(180° + 8) = —sin@
cos(180° + &) = —cosé

tan(180* + @) = tand

v

;>\m..‘-|
]

:

¢
yﬂq o

QUADRANT 4
sin(360° — ) = sin &
cos(360° — §) = cos®

tan(360° — 8) = —tand

NOTICE THAT:

@ is an acute angle

» the ratios stay the same but the signs change according to the CAST diagram

COMPILED BY PINETOWRN DISTRICT MATHEMATICS ADVISORS:
M.B. MPIS], 2.1 SHANGASE, P.T.C. ZUNGU & S.M. MGADI
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1. sin(180° — &) + sin(360° — &)

tan{1s0°—A})
" LEn(180%+A)

3. tan(180° — 6] X sin(180° + 6)

tan{360*—x] cos{180"+x)
sin{180%—x)

3 sin(180°—8)Lan360"-F)
° sin(180*+8)

é tan(3 sw-&tauglsu%xl

ARz {180 —X]

2 SiR(180"- 4} cos(360°~ )
7. = -
sinfi60™+8) sin{18¢"~4)

sin?(360°-§).c0s3(360°— §)
* 5in¢186° +8)5in(180°~§}

siRZ(1A0°+x)
1-co {180°+X)

9.1—

Examples:
Simplify the following:
l n{LE0*+x) 5 cos(180° +§).an[360° -8y
" sin{180*—x) ’ tan{1a0-8)
_ —sin __ —cosdx—tand
= sinx - —rend
=-1 =—cos8
3 3 coS[1BN*+d) sin360°—F) SN {180"+x]+cos* (180°- 1)
' sin 8 cos{180"—@] T rani80°-x).cosf360"-x} -
_ 3x=cos_X=—sind . Sin(180%+x) Sin{180°+¥}+cos{180"—x) £05{180°-¥)
T sinfx-cos§ - ) . —ta  Keasx
— _ —FiRX N =FL+ = OEE X —CPET
=3 - LN
EOFX ol
_ sind xbeos
- —sin
=1 =1
T _gmnx T siax
ACTIVITIES/ ASSESSMENT
Simplify the foliowing:

COMPULED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
WLEB. WMPISL, Z). SHANGASE, P.T.C ZUNGL & 5.M. MOAD]
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TOPIC: TRIGONOMETRY (Lesson 5) | Weighting | 50+3 E Grade I
Term Week no.

Duration 1 hour Date

Sub-topics Reduction Formulze: (90° — &) and (30° + 6}

RELATED CONCEPTS/ | Co-ratio or co-fimetion
TERMS/VOCABULARY

PRIOR-KNOWLEDRGE/ BACKGROUND KNOWLEDGE

RESOURCES

ERRORSFMISCONCEmONS}PROBLEM AREAS

Forgetting to change the name of the ratio

METHODOLOGY

Co-ratios arc also calied complementary ratios. Co-ratios are (90° — &)and (30° + &}
When using $0° the name of the ratio changes to its co-ratios or co-function.

»  Co-ratio of 5ind is cos 8
o  Co-ratio of ces8 issin &
{90° - 8): Quadrant 1 {90° + 8): Quadragt 2

sin(90° — ) = cos &
cos(90° — §) =siné

5in{90° + &) = cos @
cos(90° + &) = —sin¥

cos 80° = cos(90° — 107}
cos 80° = sin 10° ... angles add up to 90° (80° + 10°)

=~ cos(angle) = sin{complementary angle)
Examples:
1. Write cos 50° in terms of the ratio sin.

cos50° = sindQ”

2. Simplify the following into a single ratio:

LOS[F0*+.4) cos{180"~x] cos{ 00°~x).tan (360°~x]
(a} )
sinfI60"—A) Finf 1807+ x).sin (33 +x)
_ —sind . —cosx.sinx.—tanx
T -sinA - —sinx.cosx
=1 = —tanx

COMPLED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPIS|, 2. SHANGASE, P.T.C. ZUNGU & S.M. MOQADI
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ACTIVITIES! ASSESSMENT

Simplify the following:

1 cos (90°+8)
*sn(3se°—4)

sinf90”-A).Fina
* poSA.CO5 (S0 +A)

sin®(360°=x)
" sin(180°=8).cos (307 +x}

cos{90°—8}.cosh.tan (360° -8
T iR (1807 B).COS{90° B}

2 sin(180°—x).005 (360%—x}
© cos(90°-x).c0s (180 x)

singA60° - 8).560 (90°+6)
" eos(90°-F).co8 (3607 &)

sln{IB0*— N +cos {907+
sin [360°—F)

cosf (30— x3s  2(90°rx)
tan{1807+x).5in (90°+x)

tan{180°—x) cos{360°- ¥} +co (§0°+x)
cas{I0°—x) 5in (H+x)

9.

2 cos{(H°=—5i  (360°-4)
* 2 Sin{$0°—8)—-cos (1R0+)

28 {93°=-8)+cos (1807—F
" gin(90"-&)—cos (1807 +H)

tan(180%+x)sin (90°=x)  cos {180°—x)
cns [90°-x) Sin{90%+x)

i2.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.). SHANGASE, P.T.C. ZUNGU & 5.M. MOADI
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TOPIC: TRIGONOMETRY (Lesson 6) | Weighting | 50+ 3| Grade J 11

Term Week no

Duration 1 hour Date

Sub-topies Reduction Formulae: Negative angles and angles greater than 360°
RELATED CONCEPYS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE EACKGROUND KNOWLEDGE

RESOURCES

METHODOLOGY

An angle is negative if the rotation is in a clockwise direction.

(—8) ... FOURTH QUADRANT
(~180° + §) ... THIRD QUADRANT
(—180° — §) ... SECOND QUADRANT

MNote:
We don’t work with negative angles, o if negative, add 360° to the angle to make positive.
(- (—180°+ @) (—180° — &))
Fourth Quadrant Third Quadrant Second Quadrani

sin(—@) = —-sinf sin{—180°4+ 8) = —sind

sin{—180° — &) = sinf

cosf~8Y = cos@ cos{—1808 + 81 = —cos &

cos(—1808 — 8) = —cosfl

tan{—#) = —tand tan{—180°" + 8] = tan @

tan(—180° + &) = —tan @

Note:

We don’t work with angle greater than 360°, so if angle is greater than 360, subtract 360°, until
the angle falls into the cast diagram (0° o 360°) to be able to use it.

(360° + &) ... FIRST QUADRANT

sin(360° + & =sin P cos(360° + 8) = cos
Examples:
Simplify the following:

1. tan{@ — 180%) 2.sin{—180° — x)
= tan({f — 180° + 360°) = sin{~180° + 360" — x)
= tan(f + 180°) = sin(180° - x)
= tan @ ... 3 Quadrant = sinx ... 2™ Qoadrant

tan(360° + B} = tan @

3. cos(540° + 8)
= cas(540° —360° + &)
= cos(180° + ?d)
= —cos# ... 3@ Quadr.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPIS), .. SHANGASE, P.T.C. ZUNGU & 5.0, MQADI
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4 £as{360° +x] sin (360%—x)
| cos{-x)sin {x+360°)

_ cos¥.—sin

£05[90'—#).cos(720+8).t2n (6-360°)
502 (B+360%).008 (§+90%)

_ sind.cos (F20°-720%+8).kan [(8-3560"+360°)

CHEX Sinx sinig.—sing
=1 _ sind.cosh tand
- T sinld.sing
_ cosﬂ.%
T sinZd
=1
T st
ACTIVITIES! ASSESSMENT
Simplify the following:
1. cos(—H) 2. sin{8 — 1B0™)

3. tan{—& — 1807}

Tan(360°+x).co8 (—x)
cos (F60*~x)

Cos(I60"+0).cos(—&).sin (-8}
) cos (90°+ 8]

T

fin{-x}tan (180°+x0.co5180"—x)
" sin(1B0"—x0.tan9360% — £1.005 (—X)

c053[x - 1807} 5in [S40°=x)
" Sin(1E®*-xltan (-x— 3607

4. cos{540° — x}

&, BN(IB0"—@) sin (6-3607)
° sin {3a60*—8)

3 sin{180°-1 —sin[—x!

Fin{I6¥ +x)

Fin(@+180"0tant {180°- &)
TWn{@ - 180} 5in720%=F)

sin{#-180"cos(540+ ).sin{—g}
co3{180°—8)xin{180°+8)

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPIS), 2.1 SHANGASE, £.T.C. ZUNGU & $.M. MQA0I
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TOPIC: TREGONOMETRY (Lesson 7) | Weighting | 50 +3 | Grade [ 1)
Term Week no,
Dauration 1 hour Date
Sub-topics Redoction Formulae: Numecrical angles
RELATED CONCEPTS/
| TERMS/VOCABULARY
PRIOR-KNOWLEDGE/ BACKGBROUND KNOWLEDGE
RESOURCES
| S
IR G
T N Y
' amig - s -
ERRORS/MISCONCEPTIONS/PROELEM AREAS
METHODOLOGY
Redaction Formulae:
QUADRANT 1 QUADRANT 2 | QUADRANT 3 | QUADRANT 4
é (90° + &) (180° + 6) (360° - &)
(90° — g} (180 — &) (—180° + 6) (-8
(360° + & (—180° — §)

cos & Is positive
tos § is positive
tan £ is positive

sin 8 is positive

tan @ is positive

eos g is positive

ALL ratios are positive

cos @ 13 positive
tan & is positive

stn & is positive
cos A s positive

cos & is positive
tan & is positive

Calculate without the use of a caleulator;

cus S00°
" tap135°®

— cos{360°—607)
T tan[180°—457)
sin 60°

Special Angles:
3° 60* 45

1 1

sin 307 =3 sin 60° _¥3 sin 45° = ——
2

1 1
tos30° = i??'- cos 60° = 3 0545° = —

tan 30° = —— tan 60° = /3 tan45° = 1

2
Examples:

o [anzs0"sint-260%

" tan({=30").c05370°

_ cos[LA0° +§0°),— sin{360°— 807}
—tan 30° cos 360°+10)

_ =coeseltsingd”

T -tan3 “.cos10”

1,1 _43

COMPFILED BY PINETGWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPI5I, 2. SHANGASE, P.T.C. ZUNGU & 5.0, MOAD|
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5.1f cos 20° = p, determine the value(s) of the following in terms of p:

{a} cos 160° {b) tan {—-200°) {c) cos 340"
{d) sin 20° {e) tan 20° (f) sin(—70°)
cos20° =% =2
22+ y2 = r? Pyihagoras Theorem
pz _|_y2 - 12 gty
yZ =1-—p? /
‘_Lz £
y=J1-p
(a) cos 160° = cos(180° — 207 {b) tan(—200%) = —tan (180" + 207)
= —cos 20° = —tan20®
=—p = -p

(d) sin20° = J’rl;ff (€) tan 20° = N"‘p;""i

{¢) cos 340° = cos(360° — 20}

= pgs 20° (f) sin(—70%) = —sin70°
ACTIVITIES! ASSESSMENT

L. Calculate the following, without the use of 2 calculator:

{a) % (b) tan 225° + cos(—60°) — 5in?510°
O (@ S et
tan 160°.C08 200* . o o sin13®
(e} s (f) sin 193°. cos(—77%) — P zeyers
@ e )
2. If sin 10? =, write down the following in terms of m, with the aid of a diagram:
{a) sin 350° (b) sin{—10°) {c) cos 260° (d) cos 10° {e)tan 170°
3. 1ftan 22° = k, write down the following in 1erms of &, with the aid of a diagram:
(a} tan 202° {bytan 518° {c) tan{—-22") (d) sin 338° (&) cos 68°
4_If cos 38° = t, express the following ib tesms of t. Draw the diagram.
{a) cos 322° (b} 5in 52° (c) sin 232° (d) tan 38° () cos 142°

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
WLEB. MPIS], 2.1 SHANGASE, P.T.C. ZUNGU & 5.M. MQADI|

TEST 1: TRIGONOMETRY

MARK: 25 DURATION: 30 MIN

DBE/MNOYV. 2014

INSTRUCTIONS

1. Answer ALL the questions

2. Round off correct to TWO decimal places, unless stated otherwise
3. Clearly show ALL Calculations

4, Write neatly and legibly

QUESTION 1 [10 Marks]
1.1 Simplify the following expression to a single trigonometric ratio:

5in{360°=x).tan (—x)
CO5{190°+x)(sin2x+cosTX)

1.2 Prove the identity:

cosd I+siry 2
1=SIN6 ' cosx  cosx
QUESTTION 2 {15 Marks]

2.1 [ c6523° = p, express, without the use of a calculator, the following in terms of p:
2.1.1 cos 203°
2.1.2s5insin 293"

2.2 In the diagram below. (x: ﬁ) is a point on the Cartesian plane such that OP = 2,
Q(a: b) is a point such that TO@ = & and OQ = 20. POG =90°
r

P{.\’h‘g)
22,1 Calcuiate the value of x

14

2.2.2 Hence, calculate o

2.2.3 Determine the coordinates of (. % »

Qlar - B

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISQRS:
M.B. MPISI, Z1. SHANGASE, P.T.C. ZUNGY & S.M. MCADI
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TOPIC: TRIGONOMETRY (Lesson 8) | Weishting | 50 +3 | Grade 11
Term Week no.

Duration ] hour Date

Sub-topics Trigonometric Equations

RELATED CONCERTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESOURCES

= F

[ =T e
ERRQORS/MISCONCEPTIONS/FROBLEM AREAS

METHODOLOGY

The trigonometric cquations are similar to algebraie equations and can be linear equations, quadratic
equations, or pelynomial equations.

In trigenometric equations, the trigonometric ratios of sin 8, cos 8 and tan § are represented in
place of the variables, as in a normal polynomial equation.

Solving trigonomeiric equations requires that we find the value of the angles that satisfy the equation
by using both the referenee angles and trigonometric identities that you've learned, together with a let
of the algebra you've Jearned.

STEPS TO SOLVE TRIGONOMETRIC EQUATIONS
e Simplify the equation
Determine the reference angle (acume angle) ... shift — ratio — rumber on the right-hand side

L)
«  Use quadrants to determeing where the function is pogitive or negative
¢ Find angles in the interval {0°; 3607

SIMPLE TRIGONOMETRIC EQUATIONS
Exampies:
Solve for x where x € (€%, 360%)

2 3tanx+4 =0
any =2

l.Z2sinx =1
1
>
ref.s = sin‘l(g)
rel. £ = 30°
Sin is positive o (he first: x = 30°

sinx =
ref. £ = tan‘l(g} ... ignore negative sign

ref. £ = §3,13°
1an is aegative in the second: x = 180° — 53, 13°

and the second quadrant: z = 180° — Ref .2 x = 126,87
x=180° -3¢
x = 150°

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B, MPISI, Z.1. SHANGASE, P.T.C. ZUNGU & 5.M. MOAD!
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3. sin(x — 24" = 0,7
{x — 24°) = sin~1(0,7}
(% — 247y = 44,43° ... Ref. 2
[ (x — 24" = 180° + 44,43Y
x — 24° = 22443
x = 248,43°

4 cos2x = 0.B67 and 2x € (0% 360°)
2x = cos 1{0,867)
2x = 29.89° .. Ref. 2
I 2x = 29,89°
x = 14,94°

Iv: 2x = J60° — 29,897

1V: (x — 24%y = 360° — 44,43 Zx = 330,11
x — 24° = 215,57 x = 165,05°
x = 339,57
ACTIVITIES! ASSESSMENT

Salve for x correct to ONE decimal place in the interval {07 3607)

I.[a)sinx = 0,3
2. {a)5s5inx =3
3. {a) stn(x - 22%) = -3

4, {a)sin2x = 0,522

{b) cosx = —0,7

{(bycosx+0939=0
{(b)heos{x+ 15T -2 =10

(Plcos3x—2 =0

{c)tanx =5
[c}3tanx +4 =0
fcytan{x— 10+ 10=1

{e)2tanZx = -4

COMPFILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:

WLB. WIPISE, Z1, SHANGASE, P.T.L. ZUNGU & 5.0, MOADH
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TOPIC: TRIGONOMETRY {Lesson 9) | Weighting 50+3 |Grade |11 + Find the angles in the interval [0°; 360°] that satisfy the equation and add multiples of the
period to each answer.

Term Week no.

Duratim_: 1 hour i Date Remember that Trigonometric Equations can be linear equations, quadratic equatigns, or

Sub-topics General Solution polynomial equations.

RELATED CONCEPTS/ LINEAR EQUATIONS

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE The {inear equation ax + & = © can be writlen a3 a trigonometry equation as & sind + b = 0, which is
also sometimes written 45 sinf = sina.

RESOURCES

Examples:
Determine the general selution of the following equations:

.

P T 1.55inf+2=0
wmmr - : siné = —% ... 8quation in a simplified form
ERRORS/MISCONCEPTIONS/PFROBLEM AREAS ref, 2 = sin~ ! @) ... you do mot include the negative sign
f. 2 = 23,58"
METHODOLOGY ek«
The solutions of trigonometric equations beyond 360° are afl consolidated and expressed as a general g =180° + 23,87° + k. 360% k € Z . . sin is negative in quadrant 2
solution of the trigenometric equations. g = 203,58° + k. 360°
The trigonometric functions sin 0 and cos 6 have a period of 360° and tan @ has a period of 180°. The Or @ = 360° — 23,58 + k.360° k. € Z __ and sin is negative in quadrant 4
period is the number of degrees needed for a trigonometric function to complete one cycle. 9 = 336,42° + k. 360° ’
This means for siz @ and cos O the same numerical value will be obtained when adding or subtracting 2 tan?x = 4
360° 1o the specific angle. For tan 8, the same numerical value will be obtained when 180° is added or C ref.c = tan~l(4) = 7596
subiracted to the specific angle. =T H=75
NOTE: For 2x = 75,86° 4+ k. 180° ... tan is positive in quadrant | and {he period is 180°
: For, - o
sind = a .. where @ is real number x = 37,98° + k. 90° ... divide by 2 all the terms
f.£ =sn™t =
ref. £ = stn™(a) 3. 2cos(A —20%) = -3
General Solution: § = sin~%() + k.360%, k € Z or § = 180° — sin~"(a) + k.360°.k € Z cos(A — 207y = — L

1y
cos 8 = a ... where a is real number ref.£ = (05~ [.\{2..) = 30°
ref.2 = cos™*(a} ... Reference Angle (ref. £)
A —20° = 180 — 30° + k.360° k € Z ... cos is negative in quadrant 2
General Solution: & = cos™*(a} 4 k. 360° k € Z and @ = 360° ~ cos ™ (a) + k.360" k€ Z A =170°+ k. 360°

ORE =Lcos ' a)+k360°kEZ
A —20° = 180° + 30° + k. 360° k € Z ... cos is negative in quadrant 3

tand = a .. where @ 1s real number A = 230° + k. 360°

ref. 2 = tan™ ()
4. cosdx = —cosfZx — 307

General Solution: § = tan~1(a) + k. 180° ref. 2 = Zx — 30° (negative sign indicated quadrants where cos is negative}

STEPS FOR DETERMINING THE GENERAL SOLUTION 4x = 180 - (2x - 307 + k.360% k € Z ordx =180 + (2x — 30" + k.360°k € Z
4x = 180 ~ Zx + 30° + k. 360 4x = 180 + 2x — 30° + k. 360°
6x = 210° + k. 360° 2x = 150° 4 k. 360°

« Determine the reference angle {use a positive value).

s Use the CAST diagram to determine where the function is positive or negative (depending on x =35+ k.60° x =75%+ k.180°
the given equation).
8o
COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS: COMPILED BY PINEFOWN DISTRICT MATHEMATICS ADVISORS:

M,B. MPISI, 2.1, SHAMGASE, P.T.C. ZUNGU & 5./, MOALN M.B. MPIS!, 2.1 SHANGASE, . T.C. ZUNGU & S.M. MOADI
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ACTIVITIES/ ASSESSMENT
Determine the genera! soiution of the followiag cquations:

L. {a) sin{x — 16°) = 0,616
(b)3cos{x — 15T+ 1= —{,456
{c) 2 tan(2x — 18%) = 10.67

2.{a)sinZzx = —%
{(b)2cos38 =-1
{c)tan2x—2 =140

3. (a)sin 28 = —sin{# — 30°)

{b) tan 3x = — tan(2x + 45%)

{¢) cos(x — 107) = cos(2x + 15%)

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.1. SHANGASE, P.T.C, ZUNGU & 5.M. MOAD!

a1

TOPIC: TRICONOMETRY (Lesson 10) | Weighting | 50+3 | Grade (

Term Week no.

Duration i hour Date

Sub-topics General Solation

RELATED CONCEPTS/
TERMS/VOCARULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESOURCES

IRETIOM

ERRORS/MISCONC

METHODOLOGY

Equations with more than one ratio.

sing
cosd

USE OF IDENTITY = tan 8 TOSOLVE: asinx = bcosx

Example:
Determine the general solution of the equation:

Isinx+4dcosx =0
Jsinx = —4cosx
3tanx = —4 . divide by cosx on both sides
tanz = —3
ref. - = 53,13°
x = 180° — 53,13 + £.180°% k € Z... guadrant 2
x = 126,87° + k. 180°

CO-FUNCTIONS/CO-RATIOS
Example:
Determine the general solution of the equation:
sin(d — 20°y = cos 26
sin(® — 20°} = sin(90° — 26} ... 5in 8 = cos(90" — &)
ref. » =90 —- 24
or §#—20°=180°—(90° - 26} + k. 360°k €L

-8 = 110° + &.360°
¢ = —110° - k. 360"

§—20°=90°—26 + k. 360%k el
3¢ = 110° + k. 360°
g = 36,67+ k. 120°

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
W.E. MPISI, Z.1. SHAMGASE, P.T.C. ZURGU B 5. MOADI
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EQUATIONS REQUIRING FACTORISATION/QUADRATIC FORM
The quadratic equation @x® + bx + ¢ = 0 is as an example of trigonometric cquation is written as
acos’x + beosx+c=0.

But unlike notmal solutions of equations with the number of solutions based on the degree of the
variable, in trigonometric equations, the same value of solution exists for different vaiues of 8.

Examples:
Determine the General Solution:

I, 25in%® —~sinfcos8 =0
sin@{2sind —cosfy =10

sind =0 ar 2sind —cosf =10
ref.2 =0° 2sinf = cosf
1
tanB:—-;
F=0"+k360°%5kelZ ref. 2 =26,57°

or@ = 180" + k360K EZ or 8 =2657°+ k. 1Bk EZ
2. 5tanix + Ttanx =6

Stanix + 7tanx — 6 = 0 ... standard form

{Stanx — 3)ftanx + 2) = 0 ... can us¢ the quadratic formulsa

Stanx —3=10 or tanx+2=10
tanx = % tanz = ~2
ref. £ = 30,96 ref.s = 63,43°

x = 180° — 63,43 + k. 180% k€ Z
x = 116,57°

x=3096"+ K 180° R EZ

Quadratic Formala:
Stan®x + 7tanx — 6 = 0 ... standard form
a=5b=7andc=-6

bt gh2e
x = +ofb?—dac
.
_ oML S92 -4(5)(-6)
tanx = 2(5}
Tan x =§ ortany = —2

3 4cosxsinx —3sinx =0
sinx (4costx — 3) = 0 ... take out common factor
sinx =0 or dcostx—3=10

3
ref » = [° costx = z

cosx = i% ... {all guadrants}
ref.2 = 30°
x=30"+k3605EX x=180°—30°+ 4. 360%kEZ
x =360°—30°+k.360%keZ x=150°+ k.360°
x =330°+ k. 360° x=180"+30°+ £k 360° k€ Z
x = 210° + k. 360°

x=0"+k360°kEZ
orx=180"+k 360%kEZ

COMPILED BY PINETOWMN DHSTRICT MATHEMATICS ADVISORS:
M.B, MPIS], Z.l. SHANGASE, P.T.C. ZUNGU & 5.M. MQADI
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BOUNDARY ANGLES

Angles that lie at the boundary of quadrants, Trigonometric equations that have boundary angles are:

sin@ =0 osd =0
[sim?:l} [cosS=1] {tan@ = 0}
sing = -1 cosgé =1
sing =0
cosg =0 tand =@
8 =10+ k. 360°0r
. - 9 o = - . Gﬂjk Z
[9 — 180° +k.360“,kez} [9 907 + k. 36 ,ksZ] [9 0° + k. 180°, ke. ]
sin@=1 cos=1
[e =90° + k.360°, kezl [6 =0+ k.360°,ks.2]

cos@ = -1
[ = TBO0° + k. 360, ksz]

ACTIVITIES! ASSESSMENT

Determine the General Solution of the following equations:

1.{a)sinf = —cosB (MY 3cosx = sinx

() —4sinA = 5cos4 (d) /3 cosd —3sin

(€) %cosa = —sina
2. (a) sin(x + 30°} = cos 2x (b) cos(2x — 10%) = sin{x — 40}
(¢} sin(2x + 5°) = cos{x — 35°) (d) cos(x — 20°) = —sin(x + 30%)
3.(a)3sinf = 25ind cosd (b} 25in%6 = sin @

(¢} 2 tanx .cos?x = cosx (d) 3cos?x + 2cosx — 1 =0

(e} sin?x = 2¢osx+ 2 (fytan?@ =1

(g) dcostx+1lcosx +1=10 (h) 2tanx.cos’x = cosx

COMPILED BY PINETOWN DISTRICT MATHEMATICS ALWVISORS:
M.B. MPISI, 2.1, SHANGASE, P.T.C. ZUNGU & 5.M. MOADI
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TOPIC: TRIGONOMETRY {Lesson 11) | Weighting | 50+3 | Grade

[ it

Term Week no.
Duration 1 hour Date
Sub-topics General Equations: Finding Solutions in a given Interval
RELATED CONCEFPTS/
TERMS/VOCABLULARY
PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE
RESOURCES .
:..a = il -

Powi—

ERRORS/MISCONCEPITONS/PROBLEM AREAS

METHODOLOGY

Solutions of a trigonometric Equation that lie in a specific Interval.
Exampie:

1. Solve for T + sin @ = cos?@, —360° < @ < 360°
1+sind =1—sin®6 ... (sin®0 + cos?8 = 1)
sin*0 +sin@ =0
sind {sind + 1) =0 ... common factor

sin@ =10 or sinfl = -1
t =0°+ k. 360° & = 270° + k. 360°, keZ
Or 8 = 180" + k. 360° keZ
ACTIVITIES! ASSESSMENT
1. Solve each of the following equations in the given interval: (—180°; 180%)}
(a)5sinx =2 (b) cos(8 + 25°) = 0,231
(c)sin2e = —0,327 (d) tan = 0,9

2. Salve each of the following equations in the given interval: (0°; 360°)

(adcosx =sin3dz®

(d) 2sin®*x = 3cosx

(b)3sind —4cos@ =10

(d) sin*x + Zsinax = 0

3. Solve each of the following equations in the given interval: {—360% 3609

fa} 2sin®f = sindcos @

{c) 4cos?A.sind =3sinAd

{b) 2cos?x —cosx—1 =0

()1 +sinfecosf = Tecos*f

COMPILED BY PINETOWN OISTRICT MATHEMATICS ADVISORS:
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TEST 2: TRIGONOMETRY

MARKS: 25 DURATION: 25 Mia

INSTRUCTIONS

1. Answer ALL the questions

2. Round off correct to TWO decimal places, unless stated otherwise
3. Clearly show ALL Calculations

4. Write neatly and legibly

QUESTION 1 [17 Marks]

Determine the General Solution

1.1sin(x — 30°) = cos 2x {5
1.2 2sind cosd = cos 4 G),
{3 6sin’x +cosx=4 (&)

QUESTION 2 [§ Macks]

Selve for x
21tan{x —45%) =3, 0° < x <270 (4}

22 sinZx = 4cos2x, xe(~180% 180°) €3]

COMPILED BY PINETOWN DiSTRICT MATHEMATICS ADVISORS:
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TOPIC: TRIGONOMETRY (Lesson 12) | Weighting | 50+ 3 | Grade i 11
Term Week no.

Duration 1 hour Date

Sub-topics Saelution of triangles

RELATED CONCEPTS/

TERMS/VOCAEULARY

PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE

RESOURCES

w.

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

METHODOLOGY

All triangles have three angies and three sides. 1€ you are given three of any of them, as [ongasonc isa
length, you can solve the triangle (find all the other sides and angles).

For a nght-angled triangle use the three trigonometric definitions and Pythagoras Theorem.

: oppesice adjacent appUsite
sinf = —— cosd = ———— tand = == “
hypotenusa hypetenus adjacent Tt
Examples: T e

1. AABC is given with A = 90°, ¢ = 40° and 2. AABC is given with A =90°, AC = 7.7lem

o

BC =12em Determine the length of the side AB. and BC =15cm. Determine the size of .

Sketching diagrams is very helpful.

13em

: o _ AE o 7.7
sin 40 =;-2-_._?;1; (:l:!SC'=]_—5:L
12 x 5in40 = 48 € =cos1 {22
AR = 7,71 em & = 54.07°
ACTIVITIES/ ASSESSMENT

1. It would be helpful if you sketch the diagrams
(@} If A =90°, C"=33°and BC =13,5¢m determine the length of AC.
(BIFA =90°, B = 33° and BC = 7,35em determine the length of AC.
() Ifd= 90, AB = 10 5em and AC = 13 5¢cm, determine €.
(d)If ¢ =90, BC=17,1cm and AB = 22 5crm, determine 5

2. Find the size of the unknown sides and angles of the triangles.

(a) ) . 9 A (d)

=N - < B D

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISQRS:
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TOPIC: TRIGONOMETRY (Lesson 13) | Weighting ] 50 +3 | Grade It
Ferm Week no.

Duration 1 hour Date

Sub-topics Sine Rule

RELATED CONCEPTS/ | Perpendicular height
TERMS/VOCABULARY

PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE

Trigomometric ratios

RESOURCES

BT A R

- i e o

ERRORS/MISCONCEPTIONS/FROBLEM AREAS

METHODOLOGY

For triangies that have no right angle you cannot use the trigonometric definitions. You therefore need
1o know and prove two new rules called the sine rule, cosine rules and area rule

B
LABELLING TRIANGLES
o Upper [etiers are uscd 1o represent vertices «
« Lower letters are used to represent sides )
» Aside opposite a vertex is labelled with the lower /
case of the letter used to label the vertex. £ p .

SINE RULE
[n any triangle ABC,

sind _sinB _sinC

a b I

sind sinB sinC

A h

Cbituse-angled triangle

Acute-angled triangle

Far proofs: Construct perpendicular heights on triangles:
¢+ Acute angled-triangle; Perpendicular height should be inside a triangie from a veriex to the

Opposite side.
s Obtuse-angled triangle: Perpendicular height should be outside a triangle, from a vertex o the

outside of an obtuse angle

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISCRS:
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PROOF:

sihA= sesind=*h

L4
"

o

sinC=—, .asinC=Ah
a

cesind=asinC
sind _sinC
[+ [

... divide both by ac

Similarly, when the perpendicular height is from A or from C, it can be proven that 5“; =20 3 OR
c
sind _ sin B smd _smB sinC

ORa_b_c

a & Toa b ¢ sind sinB  sinC

NB; sine-rule can be used when two sides and one angle {not included) are known, or when twe
angles and one side are knowa.

Examples:
L
K
15
/
/ W
. 3 M
Determine QR Determine
}3=30‘, sin30:sinK
15 25
OR 13 . 255in 30
AL L g=22em ey
5in30  sin40 sl 15
R = 13sin 30 sm K =0,8333
5in 40
OR=10,11 units E=5644° -~ L=93,56°

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPIS, 21 SHANGASE, P.T.C. ZUNGU & 5.M. MOADI

ACTIVITIES! ASSESSMENT

1. Determine the value of the unknown in each case

¢ 12
g
13
X
P 15
0
A

80 cm

163 em B 5 om

2, Tn AKMS, K =20°, M =100° snd 5= 23cm. Determine the length of the side m .

83
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TOPIC: TRIGONOMEYRY (Lesson 14) | Weighting | 50 +3 | Grade [ 11
Term Week no.

Duration 1 hour Date

Sub-topics Cosine Rule

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Labelling triangle sides with small letters, solving trigonometric equations, distance formula

RESOURCES

Agrvnm dnm—

| wmi re a

ERRORS/MISCONCEPTIONS/PROELEM AREAS

Signs when solving for an angle in the cogine rule

METHODOLOGY

In any triangle ABC: “

a® = b+ 7 —20eCosA < i .
& =a+¢ -2acCosB
¢ =g +b" - 2abCosC I - =

PROOY: ¥

:\To-_ni T [T ¥

B(x;p}, AC=b=xand 8D=h=y

. h .
sind=—, csind=h=y
[

eosd = E, cecosA=b=x
£

CA(B0), Bl{ccos 4 csin A)and . (5,0}
o =(coos A- 8Y +(esinA-0Y ... distance formula
=¢’cos’ A-2bccos A+b" +¢7sin" A
=5+ (cos” A+sin’ A)—2becos A
cat=hret - 2becos A . cost A+sin® A=1
Similarly, when:
«  Bis putat the origin: §° = a” + ¢ ~2acCos8
e Cisputatthe arigin: ¢* = a® + b — 2abCosC
Cosine Rulg can be used when
s Two sides and included angle are given/known
o All three sides are givenfknown

A{a;ui 5 (‘{n:_t:-)- *

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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Examples:

1. Calculate the length of QR.

OR = QP + PR —20P PRCosP
OR =28" +22" 2,28 2Cos97T° = 1343,071515
QR = 36,65 units

2. Caleulate the size of D
EFY = FD* + DE® -2 EF.DE CosD

9.3 =6,9 +3,5" -2x6,9x35xCasl)
6,9 +3,5"-9,3

cos D= =-0,551346
2x6,9x3,5
D=123,46°
3. Determing the value of x A
AB* =63 +58% ~2.63.58C0s42 T $8em
AR =1902, 0976
AB=436lcm a2
sinx sin42 B s
63 43.61 63 cm
sinx= 3342 4 96664
43,61
x="7516°
ACTIVITIES/ ASSESSMENT
1. Calcutate the value of xand &
Liv) ()} 7
1> N
- 1=
10
(2 1a Cely -
=43
a4
B
(&) _ {f)
s em, RS

42

h O

k)
S
AT
1]

2. Determine the length of the third side of triangle XYZ where X= 71,4% p =342,z =4,03.

COMPILED BY PINETOWN DiSTRICT MATHEMATICS ADVISORS:
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TOPIC: TRIGONOMETRY (Lesson 15) | Weighting | 50 +3 | Grade [ 11 Examples: .

Term Weeli no. 1. Calculate the area of triangle ABC

Duration 1 howr Date 125 12

Sub-topics AreaAABC =%x 1012 x5ia125° = 49,15 squate upits v T
Area Rule p

RELATED CONCEPTS/

IE OLAR RY 2. Caleulate the area of AreaAMNP

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE
Farmula for the area of a triangle, trigonometzic ratio sin

RESOURCES sind  sin75°
e = . 8 iQ
L sin b4 = 58P 0,77274066

M =50,60 and ¥ =180°—(75°+50,60°) = 54 4°

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

AreaAMNP = %xlo = §xgin 54,4 = 33,52 square units

METHODOLOGY
It was Jearnt that the area of a friangle is 4= ng basex height . 3. AARC has an area of 400 o’ . Determine the size of
If there the triangle has po height, the area rule is used 1o calculate the arca of a friangle. 8. 1
AreaAdBC = —x ABx BC xsin B
in any mangle ABC, 2
400 = -« 30x 40 xsin B
1, . 2
Area:—ibcsm;d 400
. sing = =0,6666
Area=—acsin B - 15%40
';’- B=4181°
Area=—absinC
2 ACTIVITIES/ ASSESSMENT
PROOF: Calculate the area of each triangle. Give answers correct to two decimal places.
T ~ 2 ~
A 18 <oy 181 ot
B& oatic =
& 4 Lrey «
3 A - A
- L
1 B - = < Lt
Area=—xbxh and sind=—, A=¢sind s ~ - ~
i ’ /K
il im
1 ) /\05 s
Area'—‘ixbxcxsm,f = A < a Ty ~

Similarly, when
7.Determine the arca of 2 paratlelogram in which two adjacent sides are 10 cmand 13 cm and the angle

< B at the origin, Area=ix @xcxsin 8 between them is 357

o at the origin, Area:-;-xaxbxsinc

8. f the arca of AABC is 5000 witha=150mr and b—="70m  what are the two possible sizes of 9

103
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“TOPIC: TRIGONOMETRY (Lesson 16} | Weighting | 50 + 3 | Grade [ 11
Term Weell no.

Duration 1 hour Date

Sub-topics Problems in TWO Dimensions using Sine, Area and Cosine Rule
RELATED CONCEFPTS/

TERMS/YVOCABULARY

PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE
Sin rule, Cosine rule and area e

RESQURCES

ERRORS/MISCONCEPTIONS/PROBLEM AREAS
Confusing the area, sin and cosine mules

METHODOLOGY

Examples:
1. ABCD is a quadrilateral. Calculate:

(a} the length of CD A
Start by caleulating BD 1y

BD? =8 412 - 2% 8x i2xcos] 10° =273, 6678675

BD=16,54 units %
cD _ ED i _16,54sin35°
035 smes® o sin9s°

=%,52 units

(b} the area of ABCD
AreqdBCD = AreaddBD+ AreaABCD

o= 180° = (95°+35%) = 50°
AreaABCD:%xBxIszinllO°+%x9,52x16,54xsinSD°

= 45,1052+ 40,31 = 105, 42 square units

2.{2) Determine D in terms of Sand &

D=18°—(S+8) x

COMPILED Y PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.1. SHANGASE, P.T.C. ZUNGU & 5.M. MOADI
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(6) Show that ¢ = X5(A+€)
sin F
BC

sn(180°—(F+8) snp

_xsin{f +8)
n sin g

... sine rule

. BC

ksinl2@sing

3. Use the given information to show that & = ———
sindsin 3

C=9._ angles opposite equal sides

A=180P-28 .. sum angles of a rrismgle

8C ___k _ pe o ksin268

sini80°-26 sind . sing

d__ BC 4 BCsing B
sing  sinfJ T sin ,6_

ksin28 .
=S8 sma _ksin28sina
sin 2 sindsin A
ACTIVITIES/ ASSESSMENT

Give your answers correct io two decimal places
i. Calculate:

{2) the length of AC

(b) the length of AB

{c) the area of ABCD

2, Calculate the area of ABCD

3. Show that;

(a) QR= xs_iﬂ Q (b) QR® =2x"(1-+cos 2ax) Q
sing

COMPILED BY PINETOWN DIiSTRICT MATHEMATICS ADVISORS:
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4. (2)Prove thar pe = 2505 TEST 3: TRIGONOMETRY
sinfa+ ¥} 2,39
i : DURATION: 30 Mi
(b) Show that 4p =050 _ MARKS: 25 in
sin{x+ p}

QUESTION 1 [9 Marks)

{c) Determine the ratio DC: AD

In AABC, AB = 60 cm, BC = 160 om and CBA=60°,

BD is the bisector of AC with D 2 point on AC. A

5. A cableway AB connects the top of two mountains across an intervening valley. The length of AB is

d. From A the angle of depression of B is & and the angle of depression of the bottom of the valley 1; galculajre mr; le'nfth m;AF:‘A E;;
at C is 8. From B the angle of depression of the bottom of the valley at C is 6. -2 Letermite e value ol SN, [
1.3 Calculate the area of AABD. {3

(a) Show that ACE =180°=(+ &)

/
/
L .

(b} Prove that 4 = E‘M 160 can
sin{d+ 2)
QUESTION 2 [16 Marks]
2.1 Inthe diagram A, C, E and B ate the vertices of a B
quadrilateral. T_H__"“““— —

6. An observer on a ¢liff wishes 1o determine the height of the cliff 4. He notices two boats on the sea. \ Te— .
From his position (T3), the angle of depression of the two boats E and F on the sea directly east of him 2.1.1 Caiculate the length of BC. (3) 3l \ r
are a and B respectively. o 2.1.2 Calculate the area of quadrilateral ACEB. (4} !

/
(z) Determine the length of DE in terms of #and AN o / \x P
(b} Determine D, in terms of eand 3. i \ " 1Gem
106° |
A
y
—
< E x yel 4.6 tm ‘\\\;ﬁ:/
P
2.2 In the diagram below, PTSR is a paraflelogram.
Q is the midpoint of PR. *
22.1 Show that gosg =18 (3)
x
3
2.2.2 Hence, determine the length of QT. (6}
107 108
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TOPIC: ANALYTICAL GEOMETRY (Lessonl) | Weighting | 30+3 [ Grade | 11
Term Week no.

Duration 1 hour Date

Sub-topics Distanee Formula, Midpoint Formala and Gradient Formula
RELATED CONCEFPTS/

TERMS/YOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE
Distance between any twa points, Midpoint of any two given point and gradient in any twa given points
RESGURCES

ERRORSIMISCONCEPTIONS!PROBLEM AREAS
o {Confusing formulas
« Failing to put correct signs in formulas, forgetting where to put a minus or a plus
s Making ¥ a numerator in the pradient formula.
'_M__ETHODOLOGY
For two points: A{xa: ¥s) and B (xgv)

Distance Formula: A8 = f(xs — %)% + (g — y4)? Cixn i 1m) Bivg i 3y)

Midpoint Formala: M (x"'”‘? ;2027 3)

2 - -~ el
/
Gradient Formula; m = 22234 A 22D
xg=-x4
L 4
PARALLEL LINES PERPENDICULAR LINES COLLINEAR POINTS
If two lines AB and DX are If two lines AB and DC are Points that are ¢collinear lie
parallel, then their gradients | perpendicular, then the product | on the same line.
are equal of their gradients equal -1 The gradient between each
pair of points is the same,
L C
/ - ¢
A B
// 3]
- i AN
< [$)
Mg = M By M Ay, == Al 5 M- = 0y
Examples:

1. Given the points P(—5 —4) and @ (&; 6)

{a) Calcularte the {ength of the line PQ {b) Determine the coordinates of M, the midpoint of PQ.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
W.E. MPISI, 2. SHANGASE, PT.C ZUNGU & S0 MOADI
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Pg = \((XQ -'Ip)z + (J’Q _ }.P)z M [x,e;xe Poiyy
M

= JO= (B + (6= (-4 (2

= 5% + 10 M (- 31
=.,/125
=55
{c) If Q is the midpoint of PR, calculate the coordinates of R
P(-5—4) Q(0:6) R(x;¥)
Midpoint
Xptxp FRYYR _
7 =0 :
2 2
x=5=0 y-4=12
x=4 y=16
R(4;16)

(d) Show that P, Q and Z are collinear if Z is the point (—2;2)

=Ye¥e =g
Tpe = xq? Tez = xz—Xg
(=4l _ -6
T 05 )
=2 =2

P, () and Z are collinear, mpg = Mgz

2, Given the points A (—2; 1), B (1:3), C (5;: —3) and D (—1; k). Determine the values of k ift

{a) AR/ CD {b) AB L CD
Mg = Mep Mg X Mep = —1
Ya~¥a _ Yo~¥c Ya—¥a % Yo¥c - _q
Xg—Xa  Xp—x¢ XXy Xp—X¢
3-1 __ k—{-3) 31 ko8] _ -1
1-(-2) -1-% 1—(-2) -i-5
2_ k3 IxnEdo g
36 2k+6 -6
3k+9=-12 = -
3k =-21 2k +6=18
k=-7 k=6
ACTIVITIES! ASSESSMENT

1. P (8:4) s the midpoint between A and B (13; 6), determine:
(a} The coordinates of A
(b} The [ength of AB
{(c) The gradient of AB

2. Given A {—3; —5), B (&; —3) and C (6; 1), show that A, B and C are collinear.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.1. SHANGASE, P.T.C. ZUNGU & 5.M. MCQADI
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3. M (p; 1) is the midpoint of CI, where C is the point (—3; 1} and D is the point (5; g). Calcuiate the

vafues of p and g.

4. A (8;4), B (8;4), (8;4) and D (8; 4} are points on the Cartesian plane. For which values of ¢ is

{a) AB // CD (b) AB LCD
5. Consider the diagram below:
AL 4 1
* - 2 24 LI - I )

=
~ G2 @)
-
.aJ EARE-T)

(a)Show that is right-angled at B. {31 ABCA

(b) Determine the coordinates of P and Q, the mid-points of AR and AC respectively,

() Use analytical methods to show that the line joining P and Q is parzllet to BC.

{d) Use analytical methods to prove that. PQ = %BC

{e] Determine the coordinates of D if ABCD is a rectanple.

6. In the diagram, C is point on the y-axis sach that A (0; 4), B (4; 40, C and I3 (=4; 2) are vertices of 4
paraticlopram ABCD. K is a point (0; —2%) and L is a point on AB such that KL # CB.

.»qu”\\

U4

{a) Calculate the length of disgonal DB,

{b) Calcunlate the coordinates of M, the
midpoint of DB

{c) Calrulate the gradient of AD.

(d) Prove that AD L AB

{e} Write down with reasons, the coordipates of C,

TOPIC: ANALYTICAL GEOMETRY (Lesson2) | Weighting | 30+3 | Grade | 11

Term Week eo.
Duration 1 hour Date
Sub-topics Equation of a line

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE

Gradient of any two given points, Gradients of parallel iines, Gradients of perpendicular lines

ik

ERROMISCONCEP‘.I.' iONS!PROBLEM AREAS

s Making x 2 numerator in the gradient formula.
® Confusing gradients of parallel lines and perpendicular lines

METHODOLOGY

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:

M.B. MPISI, Z1. SHANGASE, P.T.C. ZUNGL B SM. MQADI

The different forms of a straight line are used depending on the information provided.

* The gradient-—point form of ths straight line equation: ¥ — ¥y = m{x — x;), where m s the

gradient and (x1;¥4) a point on the line
e The gradient—intercept form of the straight line equation: ¥ = mx + ¢, where m is the

gradient and ¢ is the p-intercept
THE EQUATION OF A LINE THROUGH TWO POINTS

» Calculate the gradient () between two points and substitute to xt in the equation
* Calculate the y-intercept: Substitute any one of the two points to xand yor to x, and ¥, in
the equation

Example:

1. Determine the equation of a line through A {-1; -5) and B (3: 4).

¥=mx+c¢ ar Y-y =mx—xq)

v =iz

y= %x + ¢ ... substitute m, 5
¥ (=5 =3~ (-1)

- %(_1) +c. A(-}-5)

3 3
_5.;.E=c y+5=5(x+1}
3 3
—E—C y=;x+;—5
L. _3 7 3 7
TY =3 Y=y

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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EQUATION OF A LINE THROUGH ONE POINT AND PARALLEL OR PERPENDICULAR TO
A GIVEN LINE

= Write the equation of the given line in standard form to find m and €.

« Determine the gradient of the line with the unknown equation by using the rules of paraflel and
perpendicular lines

« Substitute the gradient {#t) and the coordinates of the given point into the standard equation for
a straight line to find the equation.

Examples:

2. Determine the equation of a straight [ing passing through the point {1; - 4) and parallel to the line
y=2x—3

Gradient of line y =2x —3:m =12
Paralle! lines bave same/equal gradients

am=2 y=mx+c¢
—4 = 2(1} + ¢ ... substitutz m = 2 and point (1: -4]
—4-2=c

sy=2x—6&

3. Dietermine the equation of the linz perpendicular to 3y — Zx = @ and passing through the point {-6:2)

3}- =2x+8
y= %x + 2 ... equation in standard form

m= ; and the pgradient of the perpendicular line is m = —; {products of gradients must be = —1)

y=mx+¢
7= —%(—6) =+ ¢ ... substitute w1 and a point
2—9=¢
i y = "—%I - ?

ACTIVITIES! ASSESSMENT

1. Determine the egquations of straight line passing through the following two given points:

(a) (—3;1) and (—5;5) (c) (3; —7) and

(% —4)

{b} (3; 2) and (—9; —=2)

{d) (5% 1yand {~5;7) (e) (0; 4) and (10; 4)

2. Determine the equation of a line:

{a) passing through the point (—4;3) and perpendicular to 2y = 3z + 6.
(b) passing through the point {~8,~1) and parallel to x - 2y + 2= 0.
(c) parallel to 2 ~ x = 4 and passing through (-1;-2).

(d) perpendicular to 3x — ¥ = 4 and passing through (6;4).

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: ANALYYICAL GEOMETRY (Lesson3) | Weighting | 30 +3 | Grade | 11

Term Weck no.

Duration 1 hour Date

Sab-topics Angie of Inclination

RELATED CONCEPTS/ | Angle of inclination
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Gradieni of a line, reference angle, period of ¥ = tan &, obtuse anple, acute angle

RESOURCES

o i oWz -

ERRORSJMISCONCEPTIONS:’PROBLE AREAS

METHODOLOGY

The angle of inclination of a line is the angle between that line and the positive x-axis and it is
measured in an anticlockwise direction.

The angle of incfination of a line is related to the gradient of a line gradient. If the gradieat changes,
the value of the angle also changes.

Therefore, the gradient of a straight line is equal to the tangent of the angle formed between the line

and the positive direction of the x-axis.
m = tan 8 for 0° < 6 < 180°

» Lines with positive gradients

If a swraight line has a negative gradient
then the angle formed between the line
and the positive direction of the x-axis is
acate { 0° < § < 90°)

B=ref £

e Lines with negative gradients

b

If a straight line has a negative gradient

then the angle formed between the line

and the positive direction of the x-axis i3 .
obtase (90° < 8 < 180°). “1

0 =180 —ref. L

Examples:

1. Calculate the angle of inclination of a Jine passing through P (2; 1) and Q (-3; -3}
_82_5_s
4

Meg =555

tan9=mm=§

tanﬂ=§-
a4

ref. 2 = 51,34° ... acute angle, positive pradient

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: ANALYTICAL GEOMETRY (Lessond) | Weighting | 30+3 | Grade | 1]
2. Determine the mclination of a straight line 2y + 3x = 5, comect to two decimal places. Term Week 1o,
Duration 1 hour Date
2y =- sar
Y ?;x ig Sub-topics Angle of Inclination between two lines
= —— -
z
tang=m=—= RELATED CONCEPTS/
ref 2 = 56,31° TERMS/VOCABULARY
8 = 180° — 56,31° = 123,69° ... negative gradient, obtuse angle PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE
Gradient of a line, reference angle, pericdof ¥y = tan @
3. Determine the equation of the straight line passing through the point (3; 1} and with an anple of RESQURCES
inclination of 135°. - ot e
B2
m =tanf = tan 135° = —1 ... negative gradient, § is an gbtuse angle |THine
y=mx+¢ : 5 [paThe
v= —lx+¢ § o - -, Iy . o
1=—13)+¢ ERRORS/MISCONCEPTIONS/PROBLEM AREAS
4=
sy=—x+4 METHODOLOGY
ACTIVITIES/ ASSESSMENT
1. Determine the inclination of a line passing through . .
a is between two lines
Calculate the size of 8
3;-7) and (5; -4 b} (-3; 1) and (-5; § 3; 2} and (-9; -2 * : !
(a) (3 7) and (5; -4) (b) (-3; 1) and (-5; 5) (63 (3:2)and (-9, 2) T Calouiste the sivm of 6.
. . L= -8
2. Caleulate the inclination of a straight line, correct to twe decima) places. @=02-6;
(@) 5x +3y = 10 B2y—x=6 (Ox=3y+3
3. Determine the gradient of a straight line with inclinatign Examples:
. R . 1. Given the diagram alongside, with line AC ,
(=) 75 (b 60 {c) 140 and iine BD. ¢’
4_ Determine the inclination: Determing the size of o )
B{-14)
e N )
(a) 5 " tanﬁ=m39=m=7=—1
(b) $ e of line AB and EF. E-\ ref. 2 = 45°
. 3 B{2:4} B = 180° — 45° = 135° ... obtuse
of line PQ )
- / >y angle
tang = _3-(-3) 5 < 8 X
o T e
+ > vefl. £ = 35,54° .. acute angle % _7j
Qf-3-3 ~\ g A(-5-2)
F | " a=f—8 D{6;-3}
= 135° — 35,54° = §9,46° ]
115 116
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ACTIVITIES/ ASSESSMENT
1. Calcuiate the size of 8. Round off your answer comect to two decimal places.
{a} )
4 &)
A{_,;ﬁ)-\ D{36) A(0,5)
9 9
) / . B(-30) C(40}
¢ < X
C[-20
(0] B(5:-1) / \
T ‘,
(d} ¥

E3

14

2. Dretermine the size of £ in the following diagram:

F 3

s

3. Given points P {—1; -1}, Q{#%;2}, R (%, =5) and 5 (-3; —7). Determine,

(a) the acute angle between QR and the x-axis. (B POR
(c) the angle of inclination of PQ (d) SPR
{e) the angle of inclination of SP (h PSR

correct to 2 decimal places:

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TEST ; ANALYTICAL GEOMETRY

MARKS: 25

INSTRUCTIONS

L. Answer ALL the questions

2. Round off correct to TWO decimal places, ualess stated otherwise
3. Clearly show ALL Calculations

4. Write neatly and legibly

QUESTION 1[14 Marks]

DURATION: 25 Min

Al 6), B (3;0) C(12; 3) and D are the vertices of a trapezium with A | BC. E is the midpomt of BC. The

angle of inclination of the straight line BC is &, as shown in the diagram.

{1213}

1.1 Caleulate the coordinates of E.

1.2 Determime the gradient of the line BC.
1.3 Calculate the magnitude of £.

1.4 Prove that AD is perpendicular to AB.

1.5 A straight line passing throngh vertex A does not pass through any of the sides of the trapezium.

(2)

(2)
(2)

(3}

This line makes an angle of 45° with side AD of the trapezium. Determine the equation of this straight

line.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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QUESTION 2 [11 Marks)

In the diagram A (-9; 12), B (9; %) and C (~3: —9) arc the vertices of AABC, N {a; 7} is a point such that BN
= 5./5 . R is a point op AR and 8 is a point on BC such that RIS is paralle] to AC and RNS passes through
the origin. T lies on the x-axis to the right of point P.

ACB =0, A0 =aand BFT =

db.‘,
Al-5 .12} R
s B
N : 7
X
M 6] P T M
<
4
C{-3.-9)

2.1 Calculate the gradient of the line AC. (2
2.2 Determine the equation of tine RNS in the form p=rmx +¢. (2)
2.3 Calculate the value of 4. {33
2.4 Caleulate the size of 6. 1Y)

119
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TOPIC; NUMBER PATTERNS (Lesson 1) [ Weighting | 25+3 | Grade | il
Term Week no.

Buration 1 hour Date

Sub-topics Linear Number Pattern

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNQWLEDGE/ BACKGROUND KNOWLEDGE

RESOURCES

METHODOLOGY

A pattern is an ordered set of numbers or variables. In grade 10, a lingar number pattern was done.

A linear number pattern is a sequence of terms/numbers in which there is a common difference
between any tenm and the term before. It has 2 constant first difference.
NOTE:b=T,—T;, andnot 7, - T3

n = position of the term

The general term {z™) of a linear number pattern is: T, = bn + ¢ b = common dif ference

c=T =5
i=b+c¢

Examples:

1. Giiven the iinear pumber pattern: 4; 7; 10; 13; ...
{a) Write down the next 2 terms (b) Determine the n** term of the sequence.
b=7—4porl0-7orl3 —-10 Th=bn+te
h=3 =3n+cand c=T—-b=4-3=1

Next two 2ms: 16; 12 ... add the value of d T,=3n+1

OR b=3andT, =b+¢
f=3+c

(c) Calculate the 20%* term of the number pattern, (d} Which term of the number pattern is 3017

position
Tha=3n+1 T, = 3n + 1 .. T is the unknown term
Ty = 3(20) + 1 = 61 ._ substitute 20 to n 301 =3n+1

n = 104 ... transpose 1 and divide by 3

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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ACTIVITIES/ ASSESSMENT
1. Given the sequerce: 3; 0; -3; ...

{a) Write down the next termn of the sequence.
{b) Derermine the general term of the sequence.
(c} calculate the 15™ term of the sequence.
{d) Determine which term of the sequence is equal to — 607
2. Given linear number pattern; §; 3; -2, ..
(a} Write down the next two terms of the pattern.
(b} Determine the ' term of the pattern
() Determine T, the thirtieth term of the pattern
(d) Which tern of the pattern is equal to — 4927

3. The first four terms of Pattern A and Pattern B are shown in the table below:

Pasition of term {n) ] 2 3 4
Pattern A 1 3 5 71
Pattern B H 9 25 49

{2) Determine the general term for the o term of Pattern A
(b) Hence, determine the general formula o term of Pattern B
4, 2x +1; 2x; 3x — 7;... are the first three terms of a linear number pattern.
{a) If the value of x is three, write down the first three terms
{b) Determine the formula for Ty, the general term of the sequence

(¢) Which term in the sequence is first to be less than = 31?

COMPILED BY PINETOWN DISTRICT MATREMATICS ADVISORS:
M.B. MPISI, 2.1, SHANGASE, P T.C, ZUNGU B 5.M. MOADI
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TOPIC: NUMBER PATTERNS (Lesson 2) [Weighting | 25+ 3 | Grade | 11
Term Week no-

Duration 1 hour_ Bate

Sub-topics Quadratic Number Pattcra

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESQURCES

a

METHODOLOGY

A quadratic number pattern is a sequence of numbers in which the second difference between any
twe consecutive terms is constant, Quadmatic patterns are refetred as second difference patterns that
have a general formula:
_ 2 dif farence
- 2
c=T,
b=T—~a—c¢

T, =an®+bn+c ... T method

T = a(l)® = b(l) +¢
~Ty=a+b+e

OR from the general term: Ty = an® +bn+¢

Ty=a()? =b()+e Ty =a2)? =b@) +¢, Tz =a(3)? =b@)+c, Ty =a(d)® =b{(4) +c,..

=a+b+c =d4a+2b+¢ =9%a+3b+¢ =16a+ 4b +¢

dr+ M ar Gk dbar lowr wdlids

ety T+ ws———aFLrs dlDerence

Secund difTerciky

The first differences of a quadratic pumber pattern form a linear number patteri.

Examples:

1. Consider the number patiern: 2; 5; 10; 17; 26; ... g Y5 owon %
(&) Write down the next two terms of the number \/ \/ \/\/

pattern. Wth——1 5 1§ ——Firstdilrreare
(b) Determine the n™ term of the number pattern,

() Determine the 23* term of the number pattern.

]} ) e Spcond difirente

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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(a337 ... {26+ 11}and 50 ... (3T+13) ZERO METHOD

Before 3 (first term in the first

b)y2e=2 a+b=3 at+b+c=2 differences) there is 1
a=1 IMy+b=3 1+0+ec=2 Jeading to T; in the sequence.
=0 c=1 aTg=2-1=1
wT,=1nf=0n+1 c=Ty=1
T,=n*+1 b=Ty—a-—c¢
=2-1-1=10

{€) Tgz = (23)* + 1 =530
2. Given the quadsatic number pattern: 4; 9; 18, 31; ...

(a) Determine the next term
48 ... (31417)

{b) Determine the n™ term

2a=14 dat+b=>5 at+b+tc=4
=2 Iy+b=5 2-14+c=4 \/“\/
b=-1 c=3

ATy=2nt-n+3

{c} Which term of the quadratic number pattern is equal to 2347
T, =234
2n? —n+3 =234
nf—-n+231 =0
(Zn + 21)(r ~ 11} = 0 ... (you can usc & quadratic formula}

n= —%orn =11 ... {(n muyst be a natural number)
n=11 = T3 =234
ACTIVITIES/ ASSESSMENT

1. Detesmine the first five terms of a quadratic sequence defined by T, =5n% +3n 4 4
2. Given the quadratic pattern: -3; 1: 7; 15; 23; ...

{2) Write down the 6% and the 7" terms. {b} Determine the T, of the pattern
3. Consider the quadratic number pattern: 2; 3; 6; 11, ...

{a) Write down the mext two terms of the given number patiern

{b) Determine the general term {T,;) of the number pattern

{c) Determinc the T5y

{d) Which term of the quadratic number pattern 15 4437

4. Given T,, = 2n®. For which value(s) of n is T, = 32?

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS;
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TOPIC: NUMBER PATTERNS (Lesson 3) [Weighting | 25+ 3 | Grade | 1]
Term Week no.

Daration 1 hour Date

Sub-topics Quadratic Nomber Pattern

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESOURCES

RRORSIMISCONCEPTIONS!PRDBLEM AREAS

METHODOLCGY

Examples:
1.6;15; x; 45; ... is a quadratic number pattern.

6 15 + 45

N

9 x=15 d5-x

1x—15) -2 (48 xy—¢x 15}

(a) Determine the value of x

2a=(x—-13)—-9

(x—15) -9 = (45— x) — (x — 15)
2a=(28-15)-9=4

x—15—-9=45-x—x+15

x+x+x=4+15+15+9 a=2
3x =84 a+b+c=6
r=28 24+3+tc=6

2. Consider the guadratic number pattern: 399; 360; 328; 288; 255; ...

i+ eg= @ Bt a23 anN 384
VAV N VY
lnthm -7 -FA =33
NN

= 2 z

(a) Determine the formula for the nt term.

2a=2 3a+b=-39 a+h+c=399
a=1 3y +b=-39 1=42+¢c =399
b= ~42 ¢ =440

2Ty =nf—42n + 440

{b) Determine the general term.

Ja+h=9

I2)+b=9
b=3

e=1 ~T,=2n+3n+1

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISY, Z.1. SRANGASE, P.T.C. ZUNGU & 5.M. MQADL

124



Downloaded frorh Stanmorephysics.com

(b} Which term of the pattern will have the lowest value?
Lowest value is the minimum value of a guadratic sequence.

Ta determine the minimum value, complete the square.

T, =n — 42n 1 440

am 2 -]
T, =nZ—42n+ %") 2 + 440
T =0 — 420 + (—21)% — 441 4 440
T,={n—-21)2 -1

Forminimum n = 21 & Ty, will have the lowest value
3. Given a quadratic pattern: 4; 4; B; 16; ...
(a) What is the difference between the 50 and the 51 term?
Difference between T; and T; of a quadratic gives Ty of the first differences
ie, (T, — Ty )quadratic = T, (first difference)

~ (Tsy — Tep)quadratic = Ty, {first difference)

Calculate first differences Iv‘v“\_/m
b=4 b+c=0 R
d+e=10 PR
c=—4
Tn=4n—4

Too = 4{50) —4 =196
-~ the difference between the 50t and the S1% terms of a quadratic seguence is 196.
{E) Between which twa consecutive terms will difference e 28 0887

Determine which term of the linear pattern {first differences) is equal to 28 088

T, =28088 T,=4n—4
B8R =4n—4
28092 = 4n
T023=n

Ty ozs = 28 088 ... from linear pattern {first differences)

~ differcnce (28 088) is between Ty 5z and Ty G2 - {Tr 02— T 023)qmd?”aﬂc = Ty g3z (first
difference)

ACTIVITIES/ ASSESSMENT

1. 1; 7: x; 31; ... is a quadratic number pattem.
(a) Determine the value of x (b} Determine the general term.
2. Given the quadratic number pattern: -4; x; -28; -46; ...
{a)Determine the value of x {b) Determine the general term.
3. The constant second difference of the quadratic number patterm:
4 x; 8y, 20, ... is 2.
(a) Determine the values of x and y. {b) Determine which term equals 125,
4. x, 5032 y. 8; ... is a quadratic number pattern. Determine the values of x an x and ¥.
5. Consider a quadratic number pattern: -4, -1; -2, -7 ...
{2) Determine the general term of the first differences of the sequence.
{b) Calculate the differcnce between the 25' and 26" terms of the quadratic sequence.
(c) Determine the general term of a quadratic number pattern
(ﬂ) Explain why the quadratic number pattern will never have a positive term.
&, =20, <% Q; 7; ... i5 a quadratic number patters.
{&) Determine Ty (b} Deterrnine which term of the pattern will have the highest value.

7. Given the quadratic sequence: 846; 789; 734; 681; ...

Determine the position and the value of the terr with the lowest value.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TEST : NUMBER PATTERNS

MARKS: 25 DURATION: 15 Min
INSTRUCTIONS

1. Answer ALL the questions

2. Round off correct to TWO decimal places, unless stated otherwise

3. Clearly show ALL Calculations

4. Write neatly and legibly

QUEASTION I [14 Marks]
1.1 Given the linear pattem: 5, -2; -9, ...; -289

1.1.1 Write down the constant difference. (1)
1.1.2 Write down the value of Ty {1)
1.1.3 Dietermine the number of terms io the number patier. 14)

1.2.x = 1;2x — 3; x + &; ... are the first three terms of a linear number pattem

Determine
1.2.1 the value of x (2
12,1 the general term. (2)

1.3. A linear pattern has a difference of 3 between consecutive terms and its Tog = 64
i.3.1 Determine the vaiue of the 22 term. {H
1.3.2 Which term in the pattern will be equal to 3T; — 22 {4)
QUESTION 2 [11 Marks)
2.1 Consider the quadratic pattem: 5: 12,29, 56; ...
2.1.1 Write down the next two terms of the patien (2)

2.1.2 Prove that the first differences of this pattern will always be odd. {3)

2.2 A certain quadratic pattern has the following characteristics:

- Ti. =p

» T,=18

o T, =4T,

v T,-T,=10

Determine the value of p {63

127
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TOPIC: FUNCTIONS AND GRAPHS (Lesson 1) | Weighting | 25-+3 | Grade | 11

Term Week no.
Duration L hour Date
Sub-topics Quadratic Function: f(¥)=ar +g

RELATED CONCEPTS/ | Function, graph, domain, range
TERMSVOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Mother praph, paramefers “a” and “q”{vertical shift)

RESOURCES

| Platinum

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

METHODOLOGY

A fanction is 2 mathematical relationship between two variables, usually x and ) are usually

represented on graphs.
A graph is 2 is a visual representation of a function.

The set of all x-values that are the inputs in a function is calied the domain.
The set of 21l y-values that are the outpats in a function is called range.

1. Mother graph f{x})=a" and Parameter “2”
* The value of “a” stretches the graph away or towards the axes
ASE) = B. f{x)=%x3 C fix)=24 D. f{x)=3x

Domain: x € R or x&{—0jc)or ~0 <x <

Range: y>0or yef=)or (< y<w

Tuming Point (0; 0)

If “a” intreases, the graph becomes narrower o stretches and as “a” decreases the graph becomes
wider or flatter.

» The sign of “a” gives the shape of the graph, whesher opens upwards or opens downwards.
¥ a < Ofnegative), the graph opens downwards and has a maximum turning point
the graph reflects on the x-axis

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B, MPISI, ZI. SHANGASE, P.T.C. ZUNGU & 5.M. MOADI

123



Downloaded from Stanmorephysics.com

¥ g > D(positive), the graph opens upwards and has a minimum turging point

2. The graph f1 (x):axl +¢and Parameter “q” {vertical shift}

Vertical shift: Moves the graph up or down only and do not change the x-coordinates.
Increases or decreases the y-coordinate.

» g < 0 (negative), the graph shifts downwards {decreases y-coordinated

a > O{positive} j I i
*

a < D{negative) a > {{positive)

Maxiraum tuming Foint Minimum Tuming Point
» g > 0 (positive), the graph shifts upwards (increases y-coordinate)
a < D{negative) Minimum teming point

Maximutn turning point

If @ < 0, then the graph of the parabola increases for all
x < 0 and decreases for afll x > 0.

[fa > ¢, then the graph of the parabola decreases for all x < 0 and increases forall x > 0.
Example:
Given f(x)=-2x"+8

Determine:

1. thex- and y- intercepts 2. Domain and Range of f{x}

x-intercepts: py=0 AND Domain; x€ R

y-intercept: x=10
0=—2x+8 . fl)=y JO)=-20) +8
2% =8 ¥=8
x* =4 .., divide by 2 bosh sides
x=+2 . square root sign on both sides

Range: ¥ <8

COMPILED EY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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3. Sketch the graph of f(x). showing all the intercepts and the turning point.

N
ML

(b} flx)>0

4. For which value (s} of x is
(a} fiz)ydecraasing

xe(-w,Dor—n<x s graph above the x-axis at x e (=2, 2)or~2<x <2

3. the tuming point (state whether minimum or maximum)

T.P. (0;8), Maximum turning point

ACTIVITIES/ ASSESSMENT

1. Given: f(x) = 3x®  and g(x) = 7«

{a) Which pacabola has arms that are closest o the y-axis?

{b) Sketch the graphs of these parabolas on the same set of axes.
{¢) Are the parabolas concave up or down? Explain

2. Given: fix) = —%xs and g(x) = —4x?

(a) Which parabola has arms that are closest to the y-axis?

(&) Sketch the graphs of these parabolas on the same set of axes.
{¢) Write down the domain and the range of ¢ach function.

3. Given: f{x) =x2—4 and g(x) = —4x2 —2

{a) Sketch the graphs on the same set of axes.

(b) For these graphs, determine algebraically the coordinates of the intercepts with the axes.
{c) Write down, the damain and the range of each function.

{d) For which value{s) of x 15

[} f{x) increasing 2) g(x) decreasing 3y plx)<0 4) F(x)=0

COMPILED BY PINETOWN DISTRICT MATREMATICS ADVISORS:
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TOFIC: FUNCTIONS AND GRAPHS (Lesson 2) | Weighting | 30 +3 | Grade | 11
Term Week no.
Duration 1 hour Date

Sub-topics Quadratic Function: f(x)=a(x+ PP +g

RELATED CONCEPTS/ | Horizontal shift, axis of symmetry
TERMS/VOCABULARY
PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Damain, Range, Turning point

RESOURCES

maveny pavonal’

[ra—

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

METHODOLOGY

The effect of the parameter “p”

The effect of “p™ is 2 borizontal shift because all points are moved the same distance in the same
direction (the entire praph slides to the left or to the right). (D= — f()=a(x+p)’

The axis of symmetry is the vertical line that divides the graph info bwo identical balves. It passes
through the turning point X=—2... (x+ p=40)

If p <0, the graph will shift p units to the right.

=

Consider the following functions:
],}’=f 2. y=(x-1}2 3.y={x—2)2 4._v=(x—3)2
Equation of the Axis of symmetry

Lx=0 2. x=1 3. x=2 4. x=3 |-

Turning Point of the graphs =

L{0:0) 2 {(L0) 3. (2;,0) 4. (3,0)
If p>0, the graph will shift p units 1o the lefi.

Consider the following functions: s \
Ly=x 2 y=(x+1} 3 y=(x+2) 4y={x+3) RS ~ '

Equation of the Axis of symmetry
1. x=0 Zox=—] 3 x==2

4 x==-3

Tarning Point of the graphs
1. (0;0) 2. (—1;0}
NOTE:

3. {-2:0} 4. (-30)
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» The x-value of the turning point also shifis but the y-value remains the same.
» The shape of the graph does ot change.

The graph of the farm f(x) = a(x+ p)’ +¢
« Equation of the axis of symmetry; X=—F
«  Turning point of the graph: (—q)
« Domain has no restrictions, therefore, x& K
s Range: a>0, y2y-valze of the turning point (¥ = ¢ ) ... Minimum value of the function is q
a<0, y<y-value of the turning point {» = g } .. Maximum value of the fiunction is q

Examples:
1. Given; flx}=20"+2
Determine the equation of the new graph if f{x)is shified:

{a) 2 units to the right {b) 1 unit 1o the left (c} 4 units up {d) 3 units down
FOy=2x—-2F+2 F) = x4+ +2 Flxy=26 +2+4 Jx)=2x+2-3
Jx=24+6 SO=2x"-1

{e) 2 units to the left and 3 units up. {f) 3 units to the right and 2units down

S =2(x+2) +2+3 floy=2{z-2)+2-2
flxy=2(x+2) +5 Sz =2{x-2)
To sketch the graph of a parabola f(x)=a(x+ p)’ + ¢ you need:
e  x-—and y—imntercepts
*  Axis of symmeiry

s Tuming point

2. Consider the function: f{x)=-2{x+1)° +8

{a) Write down the equation of the axis of symmetry. x+1=0
x=-1
¢h) Determine the turning point of £{x). (-p.q)=(-18)

x intercepts: y=0
U=—2(x+1}1+8
Fy=2(x+1) +8 Ax+1F =8

y=-200+1 +8 (r+ 1 =4
y=10 x+1=%2

(010)

{c) Determnine the x- and the y-intercepts.
y-intereept: x=0

x=2-1=1lor x=-2-1=-3

(L0} and (-3:0)
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(d) Sketch the graph of f(x). Determine the domain and the range of f(x}
Domain: x€ R
Range: y=<8§

{e) Determine the x valug for which the graph increases.

xe{-wo,—1] or w<xs-]

ACTIVITIES ASSESSMENT

1. Given: f{x)=x'—4. Determine the equation of the new graph formed if the graph of /()= x -4
is:  (a)shifted 2 units to the left.

(b} shifted 2 units to the right.

{c) shifted 4 units upwards.

{d) shifted 1 unit dewnwards.

(e} shifted 2 units to the left and 3 units upwards.

(£} shifted 2 wnits to the right and 2 units downwards.

g} reflected about the x-axis.

2. Consider the function g(x)=(x-2)"~9 and f(x)=—(x+ 1) +4

{a} Draw a neat sketch praph of each function indicating the coordinates of the intercepts with the
axes, the coordinates of the turming point and the equation of the axis of syminetry.

{(b) Determine the domain and the range in each function

{(c) Determine the x-values for which the graph of g{x) increases.

{d) Determine the vaiues of x for which the graph of f{x) decreases.

(e) Determine the maximum or minimum value of the graphs.

3. Use the given diagram to determine:

(a) the intercepis of the graph

(b) the axis of symmeny of the graph
(¢} the mming point of the graph : Y
(d) the domain and the grange of the graph -
() the maximum or minimum value of the graph

(f) the values of x for which the graph decreases “
{p) *the equation of the given diagram,

2

S S
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TOPIC: FUNCTIONS AND GRAPHS (Lessan 3) | Weighting | 30 +3 | Grade | 11
Term Week no.

Duration 1 hour Date

Sub-topics Quadratic Funetion: f(x)=alx+ PP +q, )= @’ +hx+e
RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Quadratic Equation, Factorisation, Quadratic Formula, Completing the square, axis of symmetry

RESQOURCES

|

I R R ~
ERRORS/MISCONCEPTIONSPROBLEM AREAS

METHODOLOGY

A quadratic functlon is alsa given in the form /) (x)=a +hx-+c, where ¢ is the y-intercept

To sketch the graph of the function in the form f(x)= as” +ix+c, Caleulate:

» thex- and the y-intercepts
- -5
» the axis of symmetry: x= o
/]
s y-value by substituting the value of the axis of symmetry to the given equation

¢ turning point {axis of symmetry, y value)
Examples:
1, Determine the turning point of the following:

(@) flx)=x"~5x-6 (b) g)=—x"+2x-3

P ) N A ) I
20 21y 2 i -1
F)=x"-5x-6 Jix)=x —5x—6
y=[§]2—5[§~}— =_4T9 (1) +20)-3= -2
T.P. G;—iﬂ?] T.P. (L-2)

f(¥)=¢ +bx+ccan be converted into the form f{(x)=a(x+ Y +qby completing the square.

(@) fl0)=x 41”(%}-—(%]—6 by g(x)=—{x" ~2x+3]

- —2”[-%]_ —[-%Ju +3]

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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=(I_%] 2 ={{x-1)' +2]
TP. (%;-542) =—(z-1)-2 TP(L-2)
2. Sketch the graph of f{x)=23¢ +6x—9
y-intercept: y = -9 Axis of symmetry: z= -;% = %: -1
-intercept: 0=3x +6x—9 flay=3(=1) +6(-1)~9=-12
0=x" +2x-3..common factor T.P (-1,-12)
D={x+3){(x—1] \ : /

x=-3or x=1 = = .

=3}

-+

Another form of the quadratic function is f{(x)=a(x-x )}{x—x,), where %and X, are x-intercepts

ACTIVITIES/ ASSESSMENT

1. Determine the tumning point of the following:
(@) S(x}=¥ -6x+5 (b) g(x) = +4x+12
@ S =2 -3x~4 (d) AX) =2 +8x-+10
2. Sketch the graphs of the following functions:
(@ f@)=x-2x-3 (b) glx)=—x*+4x—3
() #x) =24 +8x-10 (@) f(x)=8—2x—x"

3. The diagram shows the graph of flO=—x—6x+7. D is
the mirror image of C in the axis of symmetry of f(x)

(a) Determine the equation of the axis of syrmmetry
(b) Determine the domain and the range

(c) Determine the turning point

(d} Determine the coordinates of A, B, Cand D
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TOPIC: FUNCTIONS AND GRAPHS (Lesson 4) | Weighting | 30 +3 | Grade | 11

Term Week no.

Duration L hour Date

Sub-topics Determining the Equations of a Parabola
RELATED CONCEPTS/

TERMSVOCABULARY

PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE

RESOURCES

.

ERRORS/MISCONCEPTIONSFROBLEM AREAS

METHODOLOGY

The quadratic Function (Parabola) is defined by:

y=a(x+p)2 +q
v +bx+e
y=alx~x¥Xx-3)

Examples:

1. Determine the equation of 2 parabola which has peints (2;0), (~ 4;0) and (4,8).

(2;0), {- 4;0) are x-intercepts, therefore, ¥=a(x-x}x—x,)
y=alx-2)}{x+4)
8= a(4-2¥4+4) ... substitute (4;8)
8=laa
1

a =5, y=-}2—(:—2)[1+4]

2. Deterrnine the equation of the parabola if it has a turning point (1;2) and passes through (2; -1).

(1;2) is the turning paint (—p; 43, therefore, ¥ =alx+p) +q
y=alx=1)+2
~l=a(2-1F+2 __ substitute (2; 1)
a=-1, ny=-3x-1%+2

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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3. Determine the equation of a parabola on the diagram below.

TOPIC: FUNCTIONS AND GRAPHS (Lesson 5) | Weighting | 30 3 [ Grade | 11

(@ () {c] . Term Week no.
Drration 1 hour Date
Sub-topics

Hyperbola: f{x)= i g
X

RELATED CONCEPTS/ | Asymptotes, line of symmetry

TP (-1;7) TP (-1;8) x-intercepts (-3;¢) and (4,0} TERMS/VOCABULARY e GWIETOE

— 2 - 1 o _ PRIOR-KNOWLEDGE/ BACKGR!
y=dx+PY+g Y a(x+p)z 4 y=alx-x)x=x) x- and v~ intercepts, vertical shift
J’=@(x+l)z+7 y=a(x+1y +8 v=a(x+3(x-4)
O=a0+1y +7 -10=a(2+1¥ +8 ~20=a(2+3%2-4)

a=-7 ~-18=9% —20=-10a

a=-2 a=2 ;

=—T(x+D*+7 = Ax+1 +8 = 2x43x—d BoER. : P

y==T+h y="2+1) y=2at 3= ERRORS/MISCONCEPTIONS/PROBLEM AREAS
Writing ¢quation of asymptotes as pP=.. and §=...
ACT
TVITIES ASSPSSMENT Failing to identify correct quadrants for the graph

1. Determine th tion of th bola which th h the points {~ 4;0%, (1,0 and (;12
atermine the equation of the parabola which passes through the points { Y, (1,0 and (0;12) METHODO Y

2. Determine the equation of the parabola which has a turning point (1;-2) and passes through the point Mother graph: y _g
X

(2:1)
The graph does not touch the x-axis and the y-axis. These lines are called asymptotes.

3. Determine the equation of the parabola with a tuming point (—2;4) and a w-intercept of 2.
Asymptote is a line thata graph gets closer to but never touches. Hyperbola has TWO asymptotes

4, Determine the equations of }lle following parabolas: » Horizonial asymptate: y=0
&
@ (®) s Vertical asymptote: x=0

\ } The effect of “#” on the hyperbola is the same 2s the effect of *a” on the parabola.

- X

= z ” / ' « 1f“a® intreases, the graph becomes narrower or stretches and as “2” decreases the graph
(35 -2 becomes wider or flatter.

+ = If @>0, the geaph lies on the first and the third quadrants.
o If @<0, the graph lies in the second and the fourth quadrants and the graph reflects on the x-
axis,

() «)
Line of symmetry of 2 hyperbola passes through the point of intersection of the asympiotes.

. Y
1
/\ Example 1

FITIEE TP

. > —I * Consider the function: y = i
X
—3
=1i=5 1 Equations of Asymptotes: x=0(vertical asymptote)
y=0(horizontal asymptote)
5. The parabola with the equation y = —2{x+ p)’ + g has axis of symmetry x=1and range (-c;5].
e : : q y==2{a+p) +q ymmetry ge (-0 5] Lines of symmetry: y=x
Determine the x-intercepts of the parabola.
137
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y=-=
Range: yeR,y#0

Domain: xe R, x= 0
2
The graph of f{x)=—+yg
X

Like in the parabola, q shifts the graph up or down (vertical shift) and the asymptote
s g gives the equation of the asymptote, ¥ =g

Example 2. .
Given the function: f{x)= =3 I
X

Equations of asymptotes: x=0(vertical0
= ~1 (horizontal)

Lines of symmetry: y =x-1
¥=-x-1

Domain: xe R,.x=0 Range: ye R,y = |

ACTIVITIES/ ASSESSMENT

1. Consider the function f(x) =»%,
x

(a) Determine the equation of the new graph formed if the graph of £ {x}= 2 is:
E

2} shifted 2 units downwards.
4} reflected about the x-axis.

1} shifted 2 units upwards.
3} reflected about the y-axis.

{b) Determine the equations of asymptotes of 1}
(¢} Determine the domain and the range of f(x)

(d) Determine the line of symmeiry of 2)
2, Bketch the following graphs on different sets of axes. In each function;

Dstermine the equations of the asympiotes.

Determine the equations of the axes of symmetry.

Determine the coordinates of the x-intercept.

Determine the coordinates of the y~intercept,

Clearly indicate the intercepts with the axes, the asymptotes and the symmetry lines on the

graphs.
¢ Write down the domain and the range.

@ fix=2-2

x

®) glxy=——-+3
X

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: FUNCTIONS AND GRAPHS (Lesson 6} [ Weighting 30+3 [ Cirade [ Li
Term Week no.
Duratien 1 hour Date
Sub-topics Hyperbola: f(x)=—7—+ ¢
x+
RELATED CONCEPTS/ | Parameter “p”
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Equations of asympiates, equations of lines of symmetry, domain and the range

e

ERRORS/MISCONCEPTTONS/PROELEM AREAS

Confusing vertical and horizontal asymptotes
Confusing p with x and q with y in equations of asymptotes

METHODOLOGY

a

Functions of the form y = +g and the effects of the parameter “p”

I+ p
"p” shifts the graph horizontally (to the left or to the right)

If p>0,the graph shifis P units to the left (remember the asymptote also shifts 2 units to the left).

[

To sketch the graph of a hyperbola y = +q

X+ g
[dentify the quadrants by checking the sign of a
Indicate asymptotes on the axes
Determine the x- and the y-intercepts
Determine the lines of symmetry/axes of symmetry: ¥=x+c¢ and y=~x-+¢ (lines of
symmetry passes through the peint of intersection of the asymptotes)

Example:
Consider the function: f(x)= —— 2
X+
{a) Write down the equations of the asymptotes
{b] Detecmine the x- and the y-intercepts
(c) Sketch the graph of fix)
(d) Write down the dornain and the range
{€) Determine the lines of symmetry

(@ y=2and x=-1..(x+1=0)

(b} x-intercept (y=0) y-intarcept (x=0)

If p <0, the graph shifts 2 units to the right {remember the asymptote also shifts P units 10 the right).

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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2 2
O0=—+2 0= ——+2
x+1 7 0+1
_ =._2_ p=2+2
x+1
2(x+1)=2 y=4..(04)
x+l=-1 .
¥==2..(-2,0) . & DR
{c) Domain: xe Rx#—1 _ ::_

Range: y& R, y=2 :"{::;_%f_iﬁ
(@) p=x+c y=-xte A W I S
2= (-D+e 2= (-l)+e .
J=¢ 1=¢ Ps- :

y=x+3 y==x+1 '

DETERMINING THE EQUATION OF A HYPERBOLA

2. A hyperbola has two asymptates, x =2 and y =—1, and it passes through the point (4;1).
Determine the squation of the hyperbola and state the equations of its symmetry lines.

y= +q

X+ 5

y= 4 5 -1 ... substitute asymptotes

x—

1= f»-i ...substitute {(4:1) into xand y

a=4, therefore, y= -4——1
.

3. Determine the equation of:
Equations of asymptotes: X =—| and y =1

y=:€-—+l

a
|

5= +1

a=-4, therefore, y:—_f'—ﬂl or y:—iﬂ
x+1 x+}

ACTIVITIES! ASSESSMENT

. For sach hiyperbolic function below, sketch the graph showing the asymptotes, the intercepts with
the axes and the lines of symmetry. Hence determine the domain and range for each function.

3
(b) y=-—-3
x-1

1
=——3
(a) f(x) 2
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(©) gix)= =]

x-3

(e) (y—Z)(x+2)=3

x+3
(g} y=T

@) flr)=-——+2
x-1

{fy x= +5

3-y
—2x~7
i+

W) fx)=——

2. A hyperbola has two asympiotes, x =-1 and y = 4, and it passes through the poilltl{l;3).
Determine the equation of the hyperbola and state the equations of its symmetry lines.

3. A hyperbota has two asymptotes, x =2 and y= 1, and it passes through the point (5:2).
Determine the equation of the hyperhola and state the equatiens of its symmetry lines.

4, A hyperbola has two asymptotes, x =3 and y = -2, and it passes through the point (—2; —3).
Determine the equation of the kyperbola and state the equations of its symmetry lines.

5. A hyperbola has two agymptotes, x = 4 and y =3, and it passes through the point (—

Determine the equation of the hyperbola and state the equations of its symmetry lines.

6. Determine the equation of the following hyperbolas:

v

\

(b

(e}

I;—-4L

7. The graph of f{x)= ~—4-2—-—l and one of its axes of symmetry g are shown,
x—

Determine:

{a) The coordinates of 4 and B
(b) The equation of the vertical

asymptotes of f
{¢) The range of j

{d) The coordinates of C

*+§_ Draw a rough sketch of y=

a
X+

J

+cifa<0,b<0andc=—%
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TOPIC: FUNCTIONS AND GRAPHS (Lesson 7) | Weishfing | 30+ 3 { Grade | 1]

Term Weelk uo.
Duration | hour Date
Sub-topics Exponential Fupction: y=ab™* +qfor 5>0 and b =1

RELATED CONCEPTS/
TERMS/VOCABULARY
PRIOR-KENOWLEDGE/ BACKGROUND KNOWLEBGE

RESOURCES

ERRORS/MISCONCEFTIONS/PROBLEM AREAS
Failing to differentiate belween decreasing and increasing function. No understanding why (—;-)x =2
Failing to differentiare berween an exponential function from a hyperbola

METHQDOLOGY

The graph of the function: y=ab"+gfor 6>0 and b=

The effect of “a” The effect of “b™ The effect of “q”

g > 0:shifts graph upwards
g <0 shifts praph downwards

b 0: Graph increasing
0<b<1; Graph decreasing
5=0;: Graph undefined

a=>0; Graph above asymprote
a<0: Graph below asymptote

V=g horizontal asymptote

The graph of the function: y=a5"" +gand the effect of “p"
“p” shifts the graph horizontally, left ar right

“p” does not shift the horizontal asymptote ( y=p)

“p” disturbs the y-intercept of the graph.

NOTE: Exponential function has ONE agymptote

COMPILED BY PINETQWN DISTRICT MATHEMATICS ADVISORS:
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Consider the functions: ¥=2"...{ p=10)

a>0

b=0b#1

y=2"_( p>0)

Example

1. Consider the function: f{x)=2"" -2
(a) Determine the x- and the y-intercepts
(b}Determine the equation of the asymptote
() Write down the domain and the range.

(2) x-intercept { y=0)

g=27.2 Fl=2"-2
2=27% y=2"-2
x+2=1 y=4-2
¥=-1.{-L0) y=2 .. (0:2)
by y=-2
(¢) Domain: xe R Range: y»~2

y-intercept {x=0)

y=2" . (p<0)

2. (a) Sketch the graph of the function y=22""—4,
Indicate the intercepts with the axes and the asymptote.

{b) Determine the domain and the range.

{a) x-intercept (y=0)

0=272""—4 y=22""-4
4=22" y=22"-4
1
2=2"" w2x——d
y=2xz
x-=1=1 y:l—4
x¥=2..(2:0) =-3..(0;-3)

Equation of asymptote: y = -4

y-intercept (x=0}

=2l

g
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(b} Domain: x€ R Range: y>—4

DETERMINING THE EQUATION OF AN EXPONENTIAL FUNCTION

3. Ax)=ab™” +gand passes through C(3;4) and [X2;8). The asymptote of #is given by y =2 If 2=

4.
determine the values of &, p and .

g=72 .. asymptote

a=g.la=2

4=24"7 42 ... substitute {3;4} 8 =247 +2... substitute {2;8)
2=12.4"F 6=2.6""

1=5" = b

H =pr 3=5"

3+p=0 3=l,thercforc,b=-i—

5 3

p=-3

4. Given the diagram below, determioe the equation of

2(¥) =" +¢ T34
2=57-2 3
4= b-i (= 92)
PRI 1
2 i=h t oor 4= 7 x
b=2" 4" =1 \\__,
b= 1 5= .l_, b0
2 4 ¥=-1
L
I Fa
gix) =[EJ -2
ACTWITIES/ ASSESSMENT

1. For each exponential function below:
{a) sketch the graph showing the asymptotes and any intercepts with the axes,
{b) Hence determine the domain and range for each function.
{&) State the values of x for which the function increases or decreases.

1y fl)=2*"-1 2) y==5724] 3y g(x)=32"-6

2. Determine the equation of the graphs shown below:

(a} ‘—M.:'E 1 ysz+1+q
— ~—
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TEST 1: FUNCTIONS AND GRAPHS

MARKS: 25 DURATION: 30 Min
[NSTRUCTIONS
1. Answer ALL the questions
2 Round off correct to TWO decimal places, unless stated otherwise
3, Clearly show ALL Calculations
4. Write neatly and legibly
QUESTION 1 |15 Marks)
Given J(x)=—x"+2x+3 and g(x)=-2"+1
1.1 Write down the equation of the asymptote of & (1)
1.1 Sketch the graphs of j and g on the same set of axes. (9 (6t
1.2 Determine the domain and range of & )
1.3 Determine the value of x for which the graph of f(x)decreases. (2
14 Write f(%)=—x° +2%+3in the form f(x}=alx+p) +q (D
QUESTION 2 {10 Marks]

. 8
Given, f(x)=——+3

x=2

2.1 Write down the equations of the asymplotes. (2}
2.2 Calculate the x - and the y-—intercepts of f {3}
2.3 Sketch the graph of f. Show clearly the intercepts with the axes and the asymptotes. (3}
2.4 I y = x+4k is an equation of the ling of symmelry of f, caloulate the value of &. {2

146
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TOPIC: FUNCTIONS AND GRAPHS (Lesson 8) | Weighting | 30+3 | Grade |1l
Term Week no.

Duration 1 hour Date

Sub-topics Average Gradieat between two points on 3 carve
RELATED COMCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE
Distance between any twa peints, Midpoint of any two given point and gradient in any two given points

RESOURCES
' ety
! LN -

9 KL R H
ERRORS/MISCONCEPTIONS/PROBLEM AREAS
METHODOLOGY
AVERAGE GRADIENT

The gradient of a curve changes at every poiat on the curve, therefore we need to work with the
average gradient.

The average sradient of a functionfourve between any two !
points is defined to be the gradient of the straight line
Jjoining the two points.

-"l~|:_|l\

A linear function {straight line} has a fixed gradient, defined by: m= %:ii
—4

In a quadratic (parabela) function, hyperbola function and an exponential function, the gradient
changes from point to point.

Thereiore, the average gradient between any two points can be determined, by calcalating the gradient
of a line joining those two points.

The formula for calculating the average gradient of the curve, f{x) between x=a and X =a+ his given
by:
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Fx)-s=)
=Xk
_ fla+h)- fla)
a+h-o
_fla+hy- f(a)
A

Averape gradient=

... averape gradient of 3 curve,

Examples:
1. Determine the average gradient of the graph of (%) =x —4 between x = ~] andx = 3.

i . ¥

JED=(=1 —4==3 and f(D=(3F-4=5
f(xz)_f(x[)

XX
JB=S-1
3-(-1)
_3EH . 1

Average gradient =

GRADIENT AT A SINGLE POINT ON A CURVE

At the point where two points overlap, the straight line only
passes through one point on the curve. This line is known as a
tangent to the curve.

Therefore, the idea of gradient at a single point on a curve is then
introduced.

The gradient at a poiat on a curve is the gradient of the tangent to the curve ar the given point.

NOTE: This concept will be explored further in Grade 12.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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ACTIVITIES! ASSESSMENT
1. Determine the average gradient of the curve f(x)= x(x+3) between x=5 and x=3.

2. Given f{x)=x —4x+3, Determine the average gradient between x=-5 and x=~]

3. Determine the average pradient of f between:

{a)AandB (B)Band C

{(c)Dand E

4. The sketch shows the graph of f{x}= __4_I +2
-

Determine the average gradient between,

{a)Aand B

(byCandD

TOPIC: FEUNCTIONS AND GRAPHS (Lesson. 9) | Weighting | 20 +2 | Grade | 11

Term Week no.

Duration } hour Date

Sab-topics Interpretation, Application and practical problems
RELATED CONCEPTS/

TERMS/VOCAEULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESOURCES

.

: - == [ tim e
ERRORS/MISCONCEFTIONS/PROBLEM AREAS

METHODOLOGY
NOTE:
BASIC PRINCIFLES INEQUALETIES
K- intercept(s) Ffix)=0
make y=0 and solve for » Values of z for which the graph 1 is above the
X — (IS
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y- intercept S(xy=0

make x=0 and solve for Yalues of x for which the graph of £ is below
the X—@as

Point of intersection between 2 graphs flx)> gix)

Equate 2 functions, &.g., f(x)=g(x)

Solve for x Values of x fur which the graph of f is above
Substitute x to any of the 2 functions o get ¥ | the graph of £
Horizontal distanceffength between 2 points fixy=< g(x)
=X ~¥1n Valaes of x for which the graph of f is below
the graph of £.
Vertical distance/length between 2 points Fixyg(x)>0

f and g have same sign (Both graphs above the

= Yrop ™~ Vitosons
x-axis OR both graphs are below the x-axis)
Average gradient flx)glxy<0
_Jx)-Sx) f and & have opposite signs { f above x-axis
- X, —x and Zhelow x-axis OR Zabove x-axis and f
below axis.

Sometimes = or < are used.
Means, the equal sign is included with the

BE ABLE TO DETERMINE
¢ Domain, Range

» Fquations of symmetry inequality sign,
« Equations of asympiotes )
« Turnizg point TRANSFORMATIONS in the graph.

»  g{x)= f{~x): reflection about y—axis

Minimum and Maximum Value "
»  g(x)=-f{x) reflection about X—axt§

*

Examples

1. The graphs of y=—x"+&and y=x-2are given. .

Determine: P

{a) the coordinates of A, B,C, D
(b} the coordinates of E
{c) the length of CD

{2) A and B are x-intercepts of the parabola and B iz also the x-
intercept of the straight line.

x-intercepts: y=0 C is the y intercept the parabola

D=-x"+4 y=4¢ SO0 4)

X =4

x=12 D is the y-intercept of the siraight line
A=Z:mand B5(2;0) y=-2 o D{0—2)

() E and B are peints of intersection of both graphs
At the point of intersection, graphs are equal. —x* +4=x-2
X +x—6=0
(x+3)(x—2)=0... can use quadratic formula

x=-3or x=2

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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AtE x1s negative, " x=-3
Substitute x =—3into any of the two equations: y=-3-2=-3

- E(-3,-5)

{c) y-value at C is 4 and y-value at D is -2
S €D =4-(=2)=tuniis

2. The following sketch show the graphs of f(x}=x2 —6x—7 and g(x)=ax+b
T is the twrning point of /. TPN and QRS are perpendicular to the x-axis

(a) Determine:
1) The length of AB
2) The coordinates of C
3] The values of A and B
41 The coordinates of T
5) The length of PT
63 The length of PR if Q8 = 18 units

{c) For which values of x is: 1) f(x) = g(x)
2/ (x).glx) <0

{b) Write down the range of [

(d) Write down the coordinates of the turning point of: 1) ¥ = Sflx-2)
2y y=S=x

() 1) flx)=>"—6x—7, Aand B are x-intercepts of parabola
# —6x~7="0... calculate x-intercepts of parabola
{x~7}{x+1)=0 __ can use quadratic formula
=T orx=-1 oA=L B0

AB = 7-(-1) = 8 units

2} C is y-intercept of both f and B, y=-7. - C{G,-7)

3) B(7,0} and C(0;-T}, b=—7... y-intercept of &
-7-0
d=h=——=]
0-7

S s ) N 73 =03 ~6(3)-7=-16

70 ———2(1) = T(3;-16}

6y QS =x" —6x—T—(x-7)
1B=x"=6x=T-x+7

53} PT = Above graph — Below graph
FT = glx)=f{x)

=x—T—-{x —6x-7T) 18=x*—7x
mx—T-x +6x+7 x*—7x—18=0 ... standard form
=-x"+7x (x=9}{x+2)="0 ... or quadratic formula

x=9%or x=-2
AtR x=-2, . OR=2 units (length is positive}

PT =3 +7(3)=12 wnits
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(b] F* -16
() 1) Where L&) is above 8(%); x€ (=01 gng #e[7) QR <0 and x27
2) Where f{x)is above x-axis and g(x)is below x-axis OR where f{x} is below x-axis and
g(x) is above x-axis: xe{~w;—-1) OR x<l
(d) 1) $hift x-valuc of turning point 2 units to the right: {3:—16)

2) Reflection about the y-axis: x-value changes the sign. {—3;—15)

ACTIVITIES! ASSESSMENT

1. The following sketch show the graphs of f| (x)=—%" +10x+24 and h
glxy=21x+4
(a) Determine:
1y The value of P
2) The coordinates of Q
3} The coordinates of the turning point of f

4} The length of PQ
5) The lengih of AB if the x-value or A is |

(b) Write down the range of

{¢) For which values of X is;
I} flx)zglx)
2} flx)g(x)<0

{d) Write down the coordinates of the turning point of:
b p=/flx-2)
2) y=Sl-x}

2. The graphs of f(x)=-2x-8 and 2{x)=—2x" —8x are represented in the diagram below,
Determine the value(s) of x for which:

(a) g(x)>0

(b) F(x)<0 .
{c) fix)=g{x}

(d) fixy<g(x)

(&) f{x)g{x)z0

(1} glx)-fix)=8 ¢ .

2. The graphs of J(x)}=x"+6x+14 and g(x)=ax+45 are shown.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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v r .

o

B is the mirror image of P in the axis of symmetry of f
{2) Detammine the coordinates of A
(b} Write dowm the equation of the axis of symmetry
() Determine the coordinates of B
(d} Show that a=-3 and b=—4

(&} Calculate the fength of 1) PO
2) OE if CD =28 units

() For which value{s) of x is 1} f{x) < g{x]and
) flayglx 20
(g)if y=f(x+e) has the same y-intercept as y = f(x),
determine the value of ¢

\IJ

3. In the following sketch, the graphs f (X)=Elx+% of and g(xJ=ax2 +bx+¢ are shown.

.
A 1 f
LA

> 2

{a) Write down the range of § (b} Determine o, & and ¢

(¢} Determine the fength of 1) BC ) AE

{d) Determine the coordinates of D

(&) Write the coordinates of the turning point of 2if 1) h(x) = g{~x) 2) Ax)=—glx+1)

TOPIC: FUNCTIONS AND GRAPHS (Lesson 10) | Weighting | 301+3 | Grade | 1!
Term Week no.

Duration ! hour Date

Sub-topics Interpretation, Application and practical probiems

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESOURCES

ERRORSIMISCONCEFI‘IONSJPROBLEM J\REAS
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METHODOLOGY

Examples:

1. The sketch shows the graph of f(x)=—x+5 and g(hyperbela)
(a) Determine the equation of &

(b} Write down the domain of g

(c) Degermine the equation of s, an axis of symmetry of £

() Determine the average gradient of £ between Aand B.

(@ y= .+ g Equations of asymptotes: x=2and y=0
x+ F

a
—_ =—x+e
ey ¥
o

—1=—— .. substitute (0; -1)

y=
0=—(2}+c¢

0
a=2 g(x)=-?— c=2
-2

S-S

4-3

2
(&) At Aand B: —i=~x+5 Av. pradient =
x—

(z—2){—>+ 5)=
-2+ Tx—12=0
X =Tx+12=0
{x—3](x-4)=

x=3 or x=4

1-2

S =]
1

{(by xeR,x#2

NATURE OF ROOTS
2. Consider the graph f{x}=x"—2x-3 ¥
Determine for which value(s) of & for which ' R
(a} x* =2x-+k = D has equal raots

Lp=—x+2

(b) * ~ 2x+4 =D has non-real roots -
{¢) x* -2x+k =0 has unequal roots

(d) x* —2x-3=k hasequal roots

{e) x* —2x -3 =k has non-real roots

{f} x*-2x-3=k hasunegual roots

COMPILED BY PINETOWN DIiSTRICT MATHEMATICS ADVISORS:
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FELTE

(a) If the graph is shifted 4 units
up, the terning paint will be on
the x-axis, and roots will be
equal. The y-intercept will also
shift 4 units and will be y=1.

by If y=x"~2x+1is
shifted upwards, the newly
formed parabolas will have no
x-intercepis.

The y-intercepts of will be

y=x%=2x+] is shifted
downwards, the new parabola
will have two unsqual x-
ntercepts,

(&) —x" -2z +8 = k£ has nan-real solutions

(fy =x* —2x +B =4 has equal roots

(g} —x* ~ 25 +8 =k has two distinct real solutions

th) ~x* =2z +8 =4 has two unequal roots with different signs.

(a} Determine the value of £
{b} Determine the coordinates of A and B.

4
{c} Show that a:—-;— and b:g

(d) Determine the coordinates of D.
{e) Use the graph to determine the values of p for which

2
Ly=x-2xl ‘ ater than 1 The y-intercepts of wilt be 1, 4
Since & represents the p- ﬁ)l less ':;m L P —gx +§x+p<0
intercept, f=I. kel
! s . 1 ! 4. The folowing sketch shows the praphs of f(x)=ax’ +bx+c and g{z)=x+5
‘R ] {a) Determine the values of a, band ¢ ,
\ x x (b} Determine the coordinates of T, the turning point :
\ of f
o 0} ir e T P (¢} Determine the maximum length of PQ
-t y ok _ﬂ_ thi-4 (d) If f({x~¢) has one positive and one negative

et . . ) roots, determine the possible values of t
The horizontal line y= & The horizontal line y = &k will (¢) For which values of & wili £(x)= k have

The horizontal line y = & will

pass through the tuming point | doesn’t intersect with the intersect with the parabola in 1) two distinct roots
Lk=—4 parabola two distinet points. 2) non-real roots
y=kisbolow y=-4 y=kisabove y=—1 3) two negative real roots
Sk —4 k>4
ACTIVITIES! ASSESSMENT

1. The graph of f{x)= _2_I+2 and g(x)=2x are shown.
X

{a) Datermice the equations of the asymptotes of £
(b} Determine the coardinates of A,

{c) Determing the length of BC if OB =1 uait.
{d) Determine the area of rectangie ADFE.

2. The sketch represents the graphs of {x) =ax’ +bx+c and g(x)=K"_ The equation of the axis of
symmeiry of ' is x=2 and the point {(-2; 9} lies on g. The lengih of AB is ¢ units. A and B are the x-
intercepts of fand D is the tumning peint.

TEST 2: FUNCTIONS AND GRAPHS

MARKS: 25 DURATION: 30 Min

INSTRUCTIONS
1. Answer ALL the questions

3. Sketch the graph of f(x)=—x" —2x+8. Determine the values of & for which
(a) —x* —2x+k =0 has real and equal roots
(b) —x* - 2x+ k. =0 has non-real roots
{¢) ~a" =2x+4 =0 has real acd unequal roots
(d} —x* - 2x+ k=0 has two unequal, negative roots

2. Round off correct to TWO decimal places, unless stated otherwise

3. Clearly show ALL Caleulations
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4. Write ogatly and legibly

QUESTION 1 [18 Marks]

The diagram shows the graphs of f(x) =—x* +10x+24and g(x)=2x+4.

1.1 Calculate the [ength of AB 3
1.2 Determine the coordinates of C 3
1.3 Determine the coordinates of the turning, point

of / o the form y=a{x+p)+g (@
1.4 Determine the length of PRfFOQ =3 (3}

1.5 For which values of xwill #(x)> g(x)

+r

1.6 Write down the equation of A{x)if f{x)is
shifted 2 units to the right and 3 units down 3
1.7 For which value(s) of p—x" +10x+ p=0nave
non-real rpots? {2}

QUESTION 2 [7 Marks]
Giiven f"{x} = a,z“‘ +i
2.1 Write down the value of g £))

2.2 If the graph of 4 passes through the point

e

1
[—1;—53], caloulate the value of « 4

2.3 Determine the equation of P if p(x)=A(x-2)
in the form p{x)=a2" +q (23

TOPIC: TRIGONOMETRIC FUNCTIONS (Lesson [} | Weighting | 15+ 3 | Grade | 11

Term Week no.

Duration 1 hour Date

Sub-topics The Effect of ¢ and ¢ on Graphs defired by y = asinx + ¢,
y=acosx+gand y = atanx + g for x € [—360° 360°]

RELATED CONCEPTS/

TERMSNVOCABULARY

COMPILED BY PIMETOQWNM DISTRICT MATHEMATICS ADVISORS:
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PRIOR KNOWLEDGE/ BACKGROUND KNOWLEDGE

Amplitude, period, asymptote, Minimum, Maximum, wming point, coordinates, domain, range, x-
intercepts, y-intercept, Yertical shift, transiation, reflection about the axis

RESOURCES

st iwin romi s}

: ST e
ERRORSMISCONCEPTIONS/PROBLEM AREAS

METHODOLOGY

The Effect of a and ¢

Amplitade is the positive value of a.
a > 1; amplitude increases

¢ < a < 1: amplitude decreases
a < 1: Reflection about the x — axis
g shifts the graph up (g is positive) or down (g is negative): Vertical shift

I. y=@asinx+qfor xs [0“;360‘]

p o eesw i
f90:3.9)
3 =sinxe3 3 v = 3550y
(902} i
I (270°: 27 4 y= 2sitix
L 90 1) 4] @0 1)
. /" "~ Vmsinx
0 . ¥=SRX N ° ~ ) .
¥ 50" 18 270° e o ETg 1 T0° ik
-ir (270F ; 1) 1 (27071)
2 (e ;-2) -21
=34 p=sitx-7 -3
—ii
=41 (270% ;=)
F k.

Ly=acosx+q xe[0360"]

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISQRS:
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I I O e

The graph ¥ = etan x + g has no amplitude because it has no maximum znd minimum value.

Important points of Basic Trigonometric Graphs

x € [—360°360° | y=asinx y=gcosx | y=atanx
Amplitude 1 1 None
Period 360° 360° 180°
Asymptote None None x = 190°
x=4270°

Range ye[-1;1] vel-1:1] | y € [—os 0]
[nterval Spacing 20° g¢° 45°

ACTIVITIES! ASSESSMENT

1. Given; £ {x) = ~2Zsinx, xe[0°% 360°]

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPiSE, 2.1, SHANGASE, P.T.C. ZUNGLU & 5. M. MOADI

g(x) = 30 — 1, x€[~180% 180°]
h(x) = tanx + 1, xe[—45% 1357

(a) Sketch the graphs of the given functions on separate axes
(b} Determine the amplitude of g

{c) Write down the period of &

{d} Determine the mnge of f

2. Given the functions: f(x) = —2sinx + 1 and g(x) = >cosx for xe[~90°% 270°]

(2) Sketch the graphs on the same set of axes
(b) For which value(s) of x is g{x) = 07

() If f is reflected in the x — axis, write down the new equation in the formy = -

{d) Determine f({180%) — g{180°}

3. The diagram below represents the praphs of twe functiens, fand g.

>
f x _-::’;:_ o — -
;-1 "\—s__‘_}.\\ I /.A‘FO":I
1

(2) Write down the equation of fand g.

(b) Write down the ntinimum and maximum values for fand g.
{c} Write down the amplitude for fand 2.

{d) Deterrnine graphically the value of f (180°) — g(180°)

{e) Determine graphically the value(s) of x for which:

Mz z6 2 gx) <0 (3)glxy>0
43/ (x) = 2(x) (S %) > glx) (6)f(x}=0
Mgxy=-3 (8)/(x) - gix) =4

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: TRIGONOMETRIC FUNCTIONS (Lesson 2) | Weighting | 30 +3 { Grade | 11

Term Week no.

Buration 1 hour Date

Sab-topics The effect of parameter k defized by ¥ = sin(kx) ,y = cos{(kx}
and v = tan{kx)

RELATED CONCEPTS/ | Interval Spacing

TERMS/VOCABULARY

PRIOR-KNOWLEDCE! BACKGROUND KNOWLEDGE
Amplitude, period, asymptote, Minimum, Maximum, turning point, coordinates, domair, range, x-
intercepts, y-intercept

RESCURCES

METHODOLOGY

k changes the period of the graph.
Peried of ¥ = sin(kx) and y = cos{kx) is -3%& {k > 0) and Pericd of y = tan{ix) is%

& > 1:the period of the graph decreases
0 < k < 1: the period of the graph increases

peviad of the graph

NOTE: Interval Spacing = -

Examples:
1. Sketch the graphs of each of the following functions on the separate axes:
(a) F{x) = sin3x for xe[0 3607)

VA

l" /\ /\
; : g : i : .
My Wlﬂ Kil} IWJJJ T .mWrﬂ“
14
34

Period= 22 = 120°

3

[nterval Spacing = % = 30°

COMPILED 8Y PINETOWN DISTRICT MATHEMATICS ADVISORS:
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() g{x) = cos5x for xe[0° 360°)

Period = - = 720° /\
z

Interval Spacing = == = 180°

(¢} f(x) = tanZx for xe[—180% 180°]

1 T
ut H7.5 -5 -1 s o4 on?

/ . / :m |
- - T i L3 T ; T i T

TN R R

Peried = % = 90*°

[nterval Spacing = 5~ = 22,5°

RV TR LN [Ty

v
inlk

ACTIVITIES/ ASSESSMENT

Sketch the graphs of each of the following functions and write down the
{a) period, {blamplitude and  {e) range.
Lfxy= tcm%x for xe[0°; 360°]

2. f(x) = —sin3x for xe[~180% 1807}

3. g(x) = rosdx for xe[—90% 90°)

4. f(x) = 5 cos2x for ze[~90° 180°]

5. g(x)y = —2sin2x for xs[—00% 1807

6. f(x) = tan % x for xe[—60%; 120°]

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: TRIGONOMETRIC FUNCTIONS (Lesson 3) | Weighting | 15+3 | Grade | 11

Term Week no.
Duration 1 hour Date
Sub-topics The Effect of Parameter p on graphs defined by ¥ = asin(x +p} .

y = acos{x +p) and ¥ = atan{x + p)

RELATED CONCEPTS/ | Horizontal shift
TERMS/VOCABULARY

PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE

Amplitude, period, asyraptote Minimutn, Maximum, tuming point, coordinates, domain, range, x-
intercepts, y-intercept,

RESOURCES

—rl

3. h(x) = —Zcos {x — 20°) for —160° < x < 200°

p=—20
The graph is shifted 207 to the right i .\ .
160 -‘ﬂ\ X

Range: ye[-2;2]
Amplitude is 2
Period is 360"

[}
t

ACTIVITIES/ ASSESSMENT

o "R — L
ERRORSMISCONCEPTIONS/PROBLEM AREAS

METHODOLOGY

p shifts the graph borizondzlly, p° to the left (p > 0) or p° to the right {(p < 0}

Examples:
Sketch the graphs of the foilowing functions:

1. f{x) = sin (x + 30°} for —30° < x < 330°

p=30 i

The graph is shifted 30" to the left

Range: ye[-11] _v-sinlnjﬂ“l\,_\___/;/ b
Amplitude is 1
Period is 360" =%
v

2. g(x} = tan (x — 15%) where xe[—75°; 195°]

p=-15
The graph is shifted 15'to the right

Period is 180"

Sketch the graphs of each of the following functions on separate axes and write down the;

(2) maximum and minimum values,
{b) range

(¢} amplitade

(d) pertad of each function
L. f(x) = sin (x + 45%) for —135° < x < 4(5°
2. g{x} =cos {x — 30} for xe [—90° 360
3. f(x) = —tan (x — 20°) for —~70° < x < 200°
4. g(x)=2sin (x + 60°) for xe [~180°270°]
5. f(x) =jtan(x—45%),xe [-90%360°]
6. h(x) = co s(x — 60°), —150° = x = 360°

7. g{x) = -2cos(x + 30°), —120° < x = 330°

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M., MPISI, Z.). SHANGASE, P.T.C. ZUNGU & 5.M. MQADI
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TOPIC- TRIGONOMETRIC FUNCTIONS (Lessond) | Weiphting | 15 +3 | Grade | 11

2. Sketch the following graphs on the same set of axes:

Term Week no.
Duration 1 hour Date FO6) = sin(Zx ~90%) and g(x) = cos3(x — 15%) for xe [—45%135°]
Sub-topics Graphs defined by y = asink(x+p) +q ,¥ = acosk(x+p)+ 4 f(x) = sinZ(x — 45%
andy=atank{x+m+q
RELATED CONCEPTS/ Function Amplitude Period Steps Shift
= si - 45° 1 360° 180 To the right
TERMS/VOCABULARY. f(x) = stn2(x = 45%) IELUASRPY S L AU g
PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE ) ) i
= = —_ o t
Amplitude, period, asymptote Minimum, Maximum, turning point, coordinates, domain, range, x- §(x) = cos3(x — 157 I = 360° _ 1age = 120°spe To the right
intercepts, y-intercept 3 4
RESOURCES

‘-:Usﬂj‘]} “350‘])
fioyy = cos 3r - 157

Sy = 5in 2y ¢ 43

[P

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

1
|
/ 1
METHODOLOGY £ ! } i ‘ 7 f T {1 T
45 307 A8 15° e 4;&"\ F T R ) o {5 120"’/&5'
N

J—"- 1 L 1 I;ﬁl‘
Examples:
1. Sketch the graphs of the following Funcrions: 14 ™ s __.,;,,/’/
(A43%-1) (75%-H{0°-1)
{a) f(x) = cos2(x — 15°) for x & [—~1207150°]
.
360°

Period =

=130 ACTIVITIES/ ASSESSMENT
Sketch the graphs of each of the following functions ¢n separale axes and for each, determine the:

Steps/interval = B—;P-‘: =45°
4 P . {a) Petiod
N | {b) Range
Amplitude = 1 {c) x- and y-intercepts
{d) Maximum and minitim fuming point(s)
Shift to right {e) Function undefined

(f) Fuaction increasing and decreasing

(8) g(x) = tan(3x + 307 for x & [—25% 50°] L g() =st2(x =307 xe [F607240]
g(x) = tan3(x + 10°) 2. f{x) = cos3(x + 20%) xe [—80°%1007]
3 f(x) =tan2(x— 459  —45° <x < 135°

<
Period = lii =60°

o '.l i . —_ ¥ © i o
Steps/interval =—6§~=15° . 4. g(x)=rcos (3x —180°)  [0° <x < 3607]

Shift ta left 5. f(x} = cos (x — 60°) and g(x) = tan (x — 15°) on the same set of axes

165 186
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TOPIC: TRIGONOMETRIC FUNCTTIONS (Lesson S) | Weighting | 15 +3 | Grade | 11
Term Week no.

Duration 1 hour Date

Sub-topies Interpretation of Trigonometric Graphs

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE

Amplitude, period, asymptote Minimum, Maximum, furning point, coordinates, domain, range, x-
intercepts, y-intercept,

RESQURCES

EORS!NHSCONCEfﬂONSfPROBLEM AREAS

METHODOLCGY

SUMMARY
1. Complets the table.

FUNCTION AMPLITUDE | PERIOD | STEPS | ASYMP | VERTICA | HORIZON
TOTES | LSHIFT | TAL SHIFT

y=-2sn3x

y=—3cosx+2

y=tanx-1

¥=5in{x—30°)

¥ =2cos{x+60%)

{
=2tan—x
r=

y=tan[x—45%)

7 =sin2(x+435°)

y=cos3{z+157)

y=sin(x—75")+1

¥ =cos(x—%0%) -2

(e} Determine the coordinates of A and B A(60%-2) and B{120°%-1)

. . 3
2. The functions f{x)=-2sin{x+ p)and g(x)= ces > 1, = ,
—30° < x <180 are sketches alonpside. A is a tuming point \ A,_
of ;" and B is a turning point of 2and also a point of C\ o
intersection of £ and g.
{a) Write down the value of p, p=30°
(b) What is the rrinimum value of £. 2 .
(¢} Write down the period of g. 240° : ‘
(d) Write down the amplitude of ;. 2

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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{f) Determine the range of A if A(x) :%f(x}-l -2gy<0

(g) Write down the aquation of m if m is obtained by shifting £15% to the right and 2 units up.
mix) = cos(% {(x-15°1+2

{h) For which values of xis:
D Jixy=glx) 2) f(z)> glx) 3) Ax)gn)<n
x=120° 120° < x = 180° 302 x2alP UIE0P < x < 180°
(i) For which vatue(s) of £ will g(x) =k have one solation. A=I[ or k=-1

ACTIVITIES/ ASSESSMENT

1. Sketch the graphs of f(x)=3cosx and g(x)=tan %xon the same set of axes for x € [-90°,27¢°]

(a) Write down the 1) period of g and the minimam value of /
{b) For which values of x will f{x)—g{x}>0

(c) Determine the graph of A(x}if A(x) = g(2x)

2. Determine the equations of graphs shown below:

r ¥
{2) Determine the equations of 7 - P
each graph. e
(b) Write down the amplitude of [ _1—" Ho—t S
f ) “w R M T )
{c) Write down the period of f T E
wd & : e e
{d) Determine  graphically the . L LY ; L —
value(s) of xfor which the et \F\s-’ a—y : " b
graph of: T . .
1) A increages - - 5
4

2) j decreascs

3. The finctions jF(x)=sin{x+ p)and g{x)=cosx+gare sketched below. For both functions
—240° < x <24(° .

() Determine the values of Pand g

{b) What is the maximem values of g ?

{c} What is the range of y = 2g(x)+17

{d} Determine the equation of %, if Ais
obtained by shifting f F60°io the
right and 2 units down.

{¢) Determine the coordinates of AL

{f) For which values of xis: 1} fincreasing? 2) g(x)=07?

¥

3 f(x)<0? 4} fx)glx)z0?

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TEST: TRIGONOMETRIC FUNCTIONS
MARKS: 26 DURATION: 30 MIN

INSTRUCTIONS

1. Answer ALL questions
2. Unless stated or ptherwise, round off answers correct to TWO decimal places
3. You may use an approved scientific calculator

QUESTION 1 [9 Marks]

In the diagram the graphs of f(x) = cosx and g{x)=sin(x+ p)are drawn for the interval —180°=<x %P

.
- ! 1.5 o
I
=

\ -
J e ——— P ]

- 35 i
1.1 Write down the value of b (n
1.2 Write down the period of & N
1.3 Write down the value(s) of x in the interval —180° £ x £9(F for which y{x)-g(x)=0 {2)
1.4 For which valuss of x in the interval =180° <x<90° is 5in(90°~x) > g(x} 3
1.5 The graph of /is obtained by shifiing f 3 units upwards. Determine the range of 22 )

QUESTION 2 (13 Marks]
Given f{x)= %tan x and g{r)=sinlx

2.1 Draw the graph of / and gfor x =[-20°180%]. Show all the turning points and intercepts with the axes.

Clearty show the asymptotes using dotted lines. {6)
2.2 Determine the values of x, for x g [-90°180°], for which f{x) > g{x} {6)
2.3 Write down the period of g(2x) [h]

169
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QUESTION 3 [11 Marks]

In the diagram below the graphs of f(x) = acosbx and gz} =sin(x + p) are drawn for x & [—180°180°]

vrrnas

1.1 Write down the valves of 2,band P (&)
1.2 For which of x in the given interval does the graph of fincrease as the graph of gincreases. (2}
1.3 Write down the period of f{2x) (2)
1.4 Determine the minitum value of A if h(x)=3f{x)-1 {2)

1.5 Describe how the graph of Zmust be transformed to form the graph of k,where k(x)=~cosx (2}

170
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TOPIC: FINANCE, GROWTH AND DECAY (Lesson 1) | Weighting [ 15 +3 | Grade | 11
Term Week no.
Duration 1 hour Date
Sub-topics Simple and Compound Interest
Simple and Compound Decay
RELATED CONCEPTS/
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESOURCES

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

METHODOLOGY

Simple interest: Interest is calculated as the percentage of the original amouant invested or
bhorrowed. A= P(l+in)

Compound interest: interest is added after every period and the interest for the next period is
calelated as a percentage of the new total. 4= P{1+:)"

Certain ifems depreciate in value over time. Depreciation is calculated exactly Jike interest but with a
negative interest rate. There are two types of depreciation, or decay:

+ Simple decay, or the straight-line method of depreciation: 4 = P{1-in)
* Compound decay, or the reducing balance method of depreciation: A= P{1-iY

A= Accumulated ameunt/final amount
P = Principal value/Present value
i=interest rate
n = time period in years/number of years
Examples:

1. Sam wants to invest R, 3430 for 3 years, Wise Bank offers a savings account which pays simple
interest at a rate of 12,5% per annum, and Grand Bank offers 2 savings account paying compound
interest at a rate of 10,4% per annum. Which bank account would give Sam the greatest accumulated
balance at the end of the 5-year pericd?

Simple Interest: P=R3 450, u = 5 vears, i=12,5% and A =7
Compound interest: P=R3 450, n = 5 years, I=10,4% and A=7

A=P+iy
=345001+10,4%)" =R5 658,02

A=P{l+im)

=3 450 (1+ 12,5%.5) = RS 606,25
Grand Bank

2. A new smartphone costs R 6000 and depreciates ar 22% p.a. oa a straight-line basis. Determine the
value of the smartphene over a 4-year period,
P=R6 000, i=22%, n=4yearsandA=7
A=P(-in)

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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A= 6000 (1 22%. 4)= R720

3. A laptop cost R 000 and, afier four years, has a scrap value of R2 000. Find the annual depreciation

rate if it is calowlated using on a reducing balance,
P=RO000, A=R2000, » = & years

A= P(1~i)
2000 =9000(1— 1)’
J2000

=1-i  ~i=0,3134x100 =31,34%
G000

ACTIVITIES! ASSESSMENT

1. Stephanie invests R5 000 for 6 years. Find the future value of her investment if the interest she
receives is:
{a) 12% p.a. simple interest
{b)Y 12% p.a. compound interest

2. Marc saved an amount of money and it grew to R15 000 over a period of seven years. Calcuiate the
amount of money originally invested if the interest received was:
{a) 13% p.a. simple interest
{b) 13% p.a. compound interest

3. The value of an investment grows from R 2200 to R 3850 in 8 years. Determine the simple interest
rate at which it was invested.

4, James had R 12 000 and invested it for 3 years. If the value of his investment is R 15 600, what
compound interest rate did it garm?

5. In five years® time Peter wants to have saved RS0 00 in order to visit his friend who lives in [reland.
He manages 1o receive an interest rate of [4% per annum simple intercst. How much must he invest
now in order to achieve this goal?

DEPRECIATION

6. Mavis bought a new car for R280 000. The value of the car depreciates at 13% p a. using the straight-
tine method. What will the value of the car be after 3 years?

7. A farmer bought & tractor. Five years later it had a book value of R168 343522 Determine the original
value of the tractor if the annual rate of depreciation was 14% p.a. on a reducing balance.

&, How long will it rake an item bought for R12 804 1o depreciate (o R8 600 if depreciation is calculated
at 11,5% p.a. on the straight-line method? Give your answer to the nearest year.

9. Rhino poaching is a serious problem, and has resulted in rhinos becoming an endangered species,
particularly the black rhino, Statistics suggest thas thers were 60 000 black rhinos in 1970, but that
only 4 200 remained in 2011,

(a} Determine the anoual rate of depreciation that these statistics represent if the rate 13:
1} Simple decay 2) Compound decay

(b} Using your answer to 2}, determine the number of biack rhinos there would be in 2050 if this rate
of compound decay continues.

COMPILED BY PINETOWN BISTRICT MATHEMATICS ADVISORS:
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TOPIC: FINANCE, GROWTH AND DECAY (Lesson 2) | Weighting | 15 £3 | Grade [ 11

Term Week no.
Duraticn 1 hour Date
Sab-topics Different Compounding Period
RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESQURC

3. Thulani borrows R2 000 with an agreement that he will pay back R3 000 exactly 2 years from

now. Calculate the interest rate charged per annum, compounded quarterly.

P=R2000, A=R3000, n=2x4=8and i=?
A=P(l+i)

3000 = 2000¢1 + i)*

JSGDD i
3 _=14—
2000 4

§=1,051939-1
§=0,051989% 4100 = 20,80%

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

ACTIVITIES/ ASSESSMENT

METHODOLOGY

Compound interest is often compounded more often than once a year. Interest can be quoted per annum
but caiculated over different time periods during a year.

Interest can be calculated:

o Yearly once per year (usually at the end of the year
¢ Semi-annuallyhatf-yearly: twice per year (every 6 months}

e Quarterly: 4 times pet year (every 3 months)

«  Moathly: 12 times per year (every month)

Examples:

1. Khabela deposits RT 000 iato an account offering an interest rate of 8,5% p.a. compounded monthly.
Calculate how much he will have in his account at the end of 4 years.

18,5% | o 4x12=48and A =7

P =R7000, i =
A=PO+iY

A=7000(1+ 5’}%93)‘3 =R 14 566,94

2. What amount must be invested for 2 years at an interest rate of 10% per anrum compounded
half-yearly in arder to receive R10 000?

10%

p=1,n=2x2=4, i= 2 and A =R10 000

A=P+)

10000 = P(1+1i:é)*

po 10000 cs227m
10%. ,
(1+—§—)

1. Khadija invested R25 000 into an account offering interest at 10,3% p.a. compounded quarteriy.
(a} Determine how much she has in her account after & years.
(b) How rauch interest has she received after 6 years?

2. David invests RS 000 in a savings account which pays 8% per annum compounded monthly.
Calculate the value of his investment in ten years’ time,

3. Joseph borrows R15 000 at 21% p.a. cempounded semi-annvally. How much does he has 1o pay back
at the end of 3 years?

4. Joseph invested an amount of money six years ago. Now, afier six years, it is worth R1 200 000,
The inferest rate for the savings period was [8% per compounded monthly. What was the amount
that was originally invested six years ago?

5. Wouter has R8 000 to invest over a period of 10 years. [f he requires R15 000 at the end of the
ten-year period, what annual interest rate, compounded moathly, will he need? Give your answer
comrect to one decimal place.

6. Cyril has inherited money and wants to invest a part of it in order to have R1 000 000 in 10 years'
time. How much must he invest if interest is calculated at 6,8% p.a. compounded monthly?

7. At what interest rate, compounded quarterly, must R25 000 be invested in order to grow 10 R40 000
in 5 years' tima?

& Thabo and Patrick each invest R§ 000 for 8 years. Thabo invest his meney at 7% p.a. simple intorest
and Patrick invest his money at 6% p.2. compounded semi-annually.
Which one of them will have more money in § years’ time?

COMPILED BY PINETOWIN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: FINANCE, GROWTH AND DECAY (Lesson 3) | Weighting | 15+ 3 |Grade | 11

Term ‘Week no.
Duration ] hour Date
Sub-topies Effective and Nominal lntercest Rates
RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/! BACKGROUND KNOWLEDGE

RESOQOURCES

2. Determine the effective interest rate, which results in a nominal interest rate of 11,5% p.a.
compounded quarterly (cotrect to one decimal place).

e

14 e = [1 g sl }
m

. 1 1 5%
"fﬂ"r\fﬂut -

e =011 20055x100 12,01%

ACTIVITIES! ASSESSMENT

ERRORSJ’MISCONCEPTIDNS!PRDBLEM AREAS

METHODOLOGY
The nominal interest rate is the annval interest rate that is quoted and the effective interest rate is the

actual rate achieved per annam

When interest is éompoundcd more often than once a year, the effective interest rate will be higher than
the nominal interest rate due 1o the effect of compound interest which adds interest to a growing fotal.

The formula that can be used to convert berween nominal and effective interest rates for any
compounding period is:

: i 3 . :
Vb d g = (] +""“"7*‘"’J whers m is the number of compounding per year

Whenever we use this formula, the value that the interest is divided by will always be the same as the
value of the expanent.

Examples:
1. Convert an annual effective rate of 13,5% per annum, 10 a nominal rate per annum compounded

semi-annually.

; m
T gy, =| 14 tomemet.
m

2
1+13,5% =[1+———‘m~~* }
2
135 mmmr
y 2

’"“T‘ =4/1,135 -1 =0,0653637
o =0,0653637:2:100=13,07%

1. Determine the effective annual inferest rate, 10 one decimal place, for these interest rates 10,5%
compounded quarterly.

2. If an effective annual interest rate is 8%, determine the nominal interest rate p.a. (correct to two
decimal places) if interest was compaoonded every 6 months

3, What nomipal apnual interest rate, compounded monthly, would give the same retum on your
investment as 9% p.a. effective? Give the answer to ene decimal place.

4. Tamara invests R24 000 at 14% per annum compouncded quarterly for a periad of twelve years.

{a) Calculate the future value of the investment using the nominal rate.

(b) Convert the nominal rate of 14% per annam compounded quarterly o the equivalent effective rate

{c) Use the annual effective rate 1o show ihat the same accurnulated amount will be obtained as when
ussing the nominal rate.

5. Michelle inherited RSOD 000 and deposited the money into a savings account for a period of six
years. The accumulated amount at the end of the six-year period was R650 000. Calculate the interest
rate paid in each of the following cases:

{a) The annual effective rate.
{b) The nominal rate per annum compounded monthly.

6. Sarab will need RBOO 000 to buy a flat in 5 years” time.
(a) Calculate how much she must deposit now into an accouat offering 10% p.a. compounded

monthly, to bave the necessary funds in 5 years® time.
(b} What was the effective interest rate, to 2 decimals, that Sarah received each year?

COMPILED BY FINETOWN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: FINANCE, GROWTH ANID DECAY (Lesson 4) | Weighting | 15 +3 | Orade | 11
Term Week no.
Durition 1 hour Date
Sub-topics Timeline:

Charging Interest Rates and Additional Payments and Withdrawals
RELATED CONCEFPTS/
TERMS/VOCABULARY

PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE

RESOURCES

a,

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

METHODOLOGY

When more than one transaction occurs which are linked to each other, it is useful to picture the process
over time with the help of a timeline,

Examples:
Changing Interest Rates

1. R 5500 is invested for a period of 4 years in a savings account. For the first year, the investment
grows at a simple interest rate of 11% p.a. and then at a rate of 12,5% p.a. compounded quarterly for
the rest of the period. Determine the value of the [nvestment at the end of the 4 years.

A=P{l+im (1+0)

FURNE:
=5500(1+11%)(1+@] —RB831,38

2. Henry deposited R4 000 into an account. The interest rate for the first 2 years was 6,5% p.a.
compounded quarterly, 7% p.a. compounded semi-anaually for the next 3 years and 8,5% p.a.
effective thereafter. Caleulate how much he will have saved afier 9 years.

A=F1+i)"

o 5
=4ooo[1+§’~}é] [1+%J (1+8,8%) =R6 069,27

Additional Payments and Withdrawals

3. Sindisiwe wanits to buy a motorcycle. The cost of the motorcycle is R 55 000. In 1998 Sindisiwe
opencd an account at Sutherland Bank with R 16 000. Then in 2003 she added R 2000 more into the
account. In 2007 Sindisiwe made another change: she took R 3500 from the account. If the account
pays 6% p.a. compounded half-yearly, will Sindisiwe have enough money in the account at the end of
2012 ro buy the motoreygie?

COMPILED BY PINETOWM DISTRICT MATHEMATICS ADVISORS:
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A= P+
o, 28 o 18 2 ]

=16m0[1+5‘ﬁ) +20n0[1+6_”°) -3500[1+ ”’]
2 2 2

=R35 308,00

[}i] 'y B o 1]
o8 4={ {1+ )" a0 1] sl 1, %)
= R35 308,00
ACTIVITIES! ASSESSMENT

1. Sikhumbuzo deposits R30 000in a bank account and leaves the money in the account for 4 years. For
the first 2 years interest is calculated at 4,3% p.a. compounded quarterly. For the remaining 2 years,
interest is calculated at 5% p.a. compaunded monthly. How much money will be in the account at the
end of 4 years?

2. Vicky invests R1¢ 000 for a period of 10 years. During the first 3 years, the interest rate is %% p.a.
compounded monthly. Thereafter, interest changes to 12% p.a. compounded semi-annually. Calculate
the fiture value of the investment after 10 years.

3. Adter 2 20-year period Josh’s lump sum investment matures to an amount of R 313 550. How much
did e invest if his money eamed interest at a rate of 13,65% p.a. compeunded half yearly for the first
10 years, §,4% p.a. compounded quarterly for the next five years and 7.2% p.a. compounded monthly
for the remaining period?

4. Mr Jacobs invested R60 000. Four years later he withdrew R3 000 from his account. After a further
two years he deposited RE 000. Interest was 10% p.a. compounded half-yearly. Use a time line to
determine how much he had in his account after a total of 10 years.

5. Bradley deposits 2 birthday gift of R14 000 into a savings account in order to save up for an overseas
trip in six years” time. At the end of the second year, he withdraws R2 000 from the account. How
much money will he have seved at the end of the six-year period, assuming that the interest rate for
the whole savings period is $% per anhum compounded menthly?

6. Johannes opened a savings account 20 years ago. On opening the account, he immediately deposit
R4 00. He added a further R10 000 ten years age. Five years ago, he withdrew RS 000 to coniribute
towards his uncle's funeral. The effective annual interest rate on the account i3 7,2% p.a. How much
money is in the account today?

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: FINANCE, GROWTH AND DECAY (Lesson 5) | Weighting | 15+3 | Grade { 11
Term Week no.
Doration 1 hour Date
Sub-topies Timeline:

Chagging Interest Rates and Additional Payments and Withdrawals
RELATED CONCEPTS/
TERMS/VOCABULARY

FRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESOURCES

i

} = o) Yo o«
ERRORS/MISCONCEPTIONS/PROBLEM AREAS

METHODOLOGY

Examples:

1. R 150 000 is deposited in an investment account for a period of 6 years at an interest rate of 12% p.a.
compounded halfyearly for the first 4 years and then §,5% p.a. compounded yearly for the rest of the
period. A deposit of R 8000 is made into the aceount after the first year and then another deposit of
R 2000 is made 5 years after the initial investment. Calculate the value of the investment at the end of
the 6 years.

A=PA+iy
o 3 . %, [
A:]SOOOO[H%) (1+8.5%)° :BGOD[H%] (1+8,5%) +2000(1+8,5%)
=R 296 977,00

2. Mrs Naidoo opened a savings account and the following transactions oceurred:
» She deposited R15 000 immediately.
o Three years Jater she withdrew Rx.
e After a further four years she deposited R21 5040,
Seven years later (fowrteen years after the inifial investment), she bad R25 735,50 in her
account. Interest is caiculated at 6% p.a. compounded annually for the first five years, and (0% p.a.
compounded quarterly for the next nine years. Draw a time line fo represent the above and calculate
the value of x.

A= P+
0 43 . o 16 o N2
25733,50=|5000(1+5%)’(1+”{T”°] -x(]+6%)’[1+%} +21500(1+5’4i]

) “n 6 o kL] 0 el
x[1+e%)'(1+%) =1sooo(1+6%}’[1+‘_%f‘l] +21500(1+¥} ~25733,50

s D, b o, E
15000 {1+ 6%)’ [1+‘%"ij +21500[x+i‘;—’ij —25733,50

;

=R24 15500

=

(1+6%) [|+ IT/"
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ACTIVITIES/ ASSESSMENT

3. Theresa wants to save for an overseas trip in three years® time. She will need to have saved R50 000
for the trip. The interest rate during the first year will be 14% per annum compounded quarterty. For
the remaining two years, the interest rate will be [1% per annum compounded monthly. What must
she invest now in order 1o receive R50 000 In three years’ time?

2. Mrs Mohamed opens a savings account and these transactions take place:
s She deposits RS 000 immediately, and a further R6 000 five years fater.
o Two years after the deposit of R6 000 she withdraws R10 000.
« Interest is calculated at 10% p.a. compounded annually for the first two years, and 9,5% p.a.
compounded quarterly thereafter.,
Draw a iime line to represent the above and calculate the amount of money that she witl have saved
after 10 years.

3. R 60 D00 is invested in an account which offers interest at 7% p.a. compounded quarterly for the first
18 months. Thercafier the interest rate charges to 5% p.a, compovaded monthly. Three years after the
initial investment, R 5000 is withdrawn from the account. How much witl be in the account at the end
of 5 years?

4. R 75 Q00 is invested in an account which offers interest at 1196 p.a. compounded monthly for the first
24 months. Then the inzerest rate changes to 7,7% p.a. compounded half-yearly. If R 8000 is
withdrawn from the account after ene year and then a deposit of R 3000 is made three years after the
jnitial investment, how much will be in the account a1 the end of 6 years?

5. Christopher wants 1o buy a computer, but right now he doesn’t have enough money. A fiend told
Christopher that in 5 years the computer will cost R 9150. He decides to start saving mouney today at
Durban United Bank. Christopher deposits R 506¢ into a savings account with an interest rate of
7.95% p.a. compounded monthly. Then after 18 menths the bank changes the interest rate 1o 6,95%
p-a. compounded weekly. After another 6 months, the interest rate changes again to 7,92% p.a.
compounded two times per year. How much money will Christopher have in the account after 5
years, and will he then have encugh money to buy the computer?

6. Uthmaan purchased a car five years ago. After paying a deposit, he took out a foan for the balance
that he owed. He paid off the loan with two payments: R30 000 afler 2 years and 2 final payment of
R113 582,40 which he made 5 years afier taking out the loan. Interest on the loan was 10% p.a.
compounded monthly during the first 3 years, and 11,5% p.a. effective for the remaining 2 years.
Draw a time line and determine the original price of the car.

7. Mandy has just finished reading a book on the importance of saving for the future. She immediately
opens a savings acconnt and deposits RS 000 into the account, Two years later, she deposits a further
R4 000 into the account. Thirty six months later, she withdraws R3 000 to buy a birthday gift far her
husband. The intexest rate during the first thres years of the investment is 3% per annum compounded
monthly. The interest rate then changes 0 9% per annum compounded quarterty. Calculate the value
of Mandy's investment two years after her withdrawal of R3 000.

8. Jordan deposited Rx into a savings account six years ago. He added R2x three years ago and R50 000
a year ago, For the first three vears, interest has been caleulated at 5% p.a. effective. Before that,
interest was calculated at 4% p.a. effective, Thers is currently REB 674,20 ip the account.

Cateulate the value of x.
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TEST: FINANCE, GROWTH AND DECAY
MARKS: 25 DURATION: 30 M1
TNSTRUCTIONS

2 Answer ALL guestions
3 Unless stated ar atherwise, round off answers carrect 10 TWO decimal places
4 You may use an approved scientific ¢alculator

QUESTION 1 {13 Marks]

1.1 A new cell phone was purchased for R 7 200. Determine the depreciation value afier
3 years if the cell phone depreciates at 25% per annum on reducing balance methaod. 3)

1.2 An amount of R 500 is invested at x Ya per annum compounded half yearly. After 6
years it has grown to R 1 126,10. Calculate the value of x, correct to two decimal
places. {4)

1.3 John invest R 120 000. He is quoted a nominal interest rate of 7.2 %% per annum
compeunded monthly.

1.3.1 Calculate the effective inferest rate p.a. comect to three decimal places, {3}
1.3.2 Use the effective interest rate to calculate the value of John's investment if

the invested the money for 3 years. &)
QUESTION 2 [12 Marks]

2.1 James invests a certain amount for 5 years. The invesunent eams interest af per
annum, compounded monthly, for the full term. James withdraws R2 000 from the
account after 18 months. After 5 years the value of the investment is R23 564.

What amount did James initially invest? {5
2.2 Susan made an initial payment of R28 000 into an investment account. Three years later,
she made anather deposit of R12 000, She withdrew R6 500 from the account 3 years after
the initial deposit was made. The {nterest rate for the first 4 years was 12% p.a. compounded
monthly. Thereafter, the interest rate changed to 12,95 p.a. compounded half-yearly.
2.2.1 Caiculate how much Susan had in this investment account 2 years after the initial
deposit was made? {2)

2.2.7 How much will the investment be worth 8 years after the initial deposit was made? (3)
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TOPIC: STATISTICS {Lesson 1) [Weighting | 20+ 3 | Grade | ]!

Term Week no.

Doration 1 hour Date

Sub-topies Measure of Central Tendency and Measuare of Dispersion in
Ungrouped Data and Grouped Data

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/! BACKGROUND KNOWLEDGE

Mean, Median, Mode, Range, Interquartile range

RESQURCE

k(T

FRROKS/MISCONCEPTIONS/PROBLEM AREAS

METHODOLOGY

Ungrouped data is data with individual data point listed as part of the set.

Measure of central tendency is a single value ased to summarise data set. Measure of central
tendency are:

e Mean (;) which is the average (addition of all data values and divide by the

- S

number of data values) of the dataset. x= ~

« Median which is the value in the middle of an ordered {ascending order) data set
® Mode which is the value that appears most frequently in the data set.

Measures of dispersion tell us how spread out a data set is.

» Ifa measuse of dispersion is smell, the data are clustered in a small region.
« If a measure of dispersian is large, the data are spread out over a large region.

Measure of dispersion are:

e Range = Maximum value — Minimum value
« Inter-quartile range = third quartile (0, ) - first quartile (2}

o Semi-interquartile range = %(Q, -0)

ACTIVITIES! ASSESSMENT

The results for Argentina for the past 14 World Cup toumaments are recorded in the table below.
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Matches Wins Draws Losses Goals Goals
WC Tonrnament ) .
played for against
2006 Germany 5 3 2 0 1i 3
2002 Japan 3 1 1 1 2 2
1998 France 5 3 1 1 10 4
1994 USA + 2 0 2 8 6
1990 Itaky 7 2 i 2 3 4
1986 Mexico 7 6 1 0 14 5
1982 Spain 5 2 0 3 3 7
1978 Arsentina 7 & 1 1 15 4
1974 Germany & 1 2 3 0 11
1966 England 4 2 1 1 4 2
1962 Chile 3 ) 1 1 2 3
1958 Sweden 3 1 0 2 5 1¢
1934 Tzaly I 0 0 1 2 3
1930 Uiugvay 5 3 i) 1 13 9

Source: waw. 2010 Fifa Wold Cup:Statistics — MediaClubSouthAfica.com
(a) Calculare the mean for the number of matches played over the 14 toumaments.
{b) Calculate the mean for the number of goals scored for Argentina played over the 14 tournaments.
() What is the mode for the number of matches played?
(d) What is the mode for the number of losses?
{e} Determine the quartiles for the number of matches played.
(f) Determine the quartiles for the number of goals scored for Argentina.
{g) Calculate the interquartile range for the number of matches played.
{h} Catculate the imerquartile range for the number of goals scored for Argentina.
(1) What is the mode for the goals scored for Argentina?
(i) What is the mode for the games won by Argentina?
{k) What is the mode for the goals scored against Argentina?
() What is the mode for the games in which Argentina scored a draw?

{m) Draw hox and whisker plots for the matches played by Argentina, the wins and the goals scored
against Argentina.,

(n) Comment on the performance of Argentina over the 14 tournaments {refer ta 1{m)).
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TOPIC: STATISTICS (Lesson 2) | Weighting 20+ 3 | Grade [ 11
Term Week nao.

Duration 1 hour Date

Sub-topics Gronped dazta: Histogram and Frequency Polygon

RELATED CONCEPTS/ | Grouped data, Estimated mean, Histogram and Frequency polygon
TERMS/NVOCARULARY

PRIOR-KNOWLEDGE/! BACKGROUND KNOWLEDGE

Measure of Central tendency

RESQOURCES

j—yorw
EETRE 8-

TR -
s '

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

METHODOLOGY

Grouped data is the data has been grouped nto intervals.

When given & grouped data, mean is estimated. To caiculate an estimated mean, find midpoints of
class intervals.

Example:

1. The table shows the monthly cellphone expenses of a group of 30 grade 11 leamers.
Estimated the mean cellphone expenses of these leamers.

Class Interval | Frequency | Midpoint | Frequencyx Midpoint
linRand) | (7} {x} (f%x)

0<x<100 3 30 150

1002 x <200 5 150 750

200 x <300 i2 250 3000
300<x< 400 6 350 2100

400< x <300 4 450 1800
TOTAL 30 7800

Y (rxx) 7300

5= =2 = R260

TYF T
The groped data has the modal class and not the mode.
Histogram, Frequency poiygon and cumulative frequency curve are used to represent grouped data.
HISTOGRAM

Histograms are similar to bar praphs. The difference is that in histograms the bars are adjacent to
each other with ne gaps between the rectanples whereas in bar graphs the bars are sometimes separate
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rectangles.
Example 2:

The following frequency table represents this the numbers of eBooks sold on an oofine store per hour
over a 1-day period.

sBooks sold per hour | Frequency
Qgx=<10 2
10<x<20 5
20<x<30 )
HN=x<40 3
40<x<5) 3
50 x<60 2
602x<T0 1
T<x<80 2

(2) Draw a histagram to represent this data.
(b} Determine the modal class.
{c) Datermine the class containing the median

{a) aBooks sold online per honr

Frequency
O m W W AW oQ

&-13 10-20 R0O-30 W -40 g40-%0 So-6G0 E0-70 T0-BO
Nomber of ebooks sald

(b) The modal class is represented by the highest bar. 20<x <30
{c) There are 24 data poinis in total. Therefore, the median is the average of the 12th and
13th values. 20=£x<30

FREQUEMCY POLYGON

A frequency polygon enables us to Tepresent the information in a frequency table by means of line
graphs.

To draw @ frequency pelygon:

o Use the frequency table to calculate the midpoints of every class interval

« Draw a set of axes for the data and mark each of the frequencies corresponding to the class
interval of it

» Join the marks to create the frequency polygon.

« TRemember to ground your frequency polygon at each side of the histogram.
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Example 3
Draw the frequency polygon of example 2.

eBooks sold per hour | Frequency | Midpoint
0=sx<10 2 5
10<x«<20 5 15
2W<x<30 6 a5
WN<x <40 3 35
40« x <50 3 45
30=x<60 2 55
G0<x <70 1 65
F0<x <80 2 75

eBooks sold online per hour

om
'
[}

hJ

Frequency
o
|
|
|
I

o - R VU —— e e X
BAREI0 MOSKSID 0LA<FD JIFTCL0 AUSKLED SOLHCH0 BOFNTTO Fosx <o

Number of ebooks sold

ACTIVITIES/ ASSESSMENT

1. The table below represents the ages of final 23 players selected by coach to play the toumnament:

Class [nterval (ages) | Frequency | Midpoint of Class Intervals

16=5x<20

W=x<2M

2<x<28

28<x<32

PR<x<36

Iozx<dl

(2} Redraw and complete the table
(b} Draw a histogram and a frequency polygon for the data
(¢) Calculate the esiimated mean ape of the players.
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{d} Determine the moda} age.
{e) Determine the class interval containing the median

2. The annual sarnings {in pounds) of the top 20 soccer players during 2011 are represented as grouped
data in the foilowing table.

Class [nterval (in Frequency (Mumber
millions of pounds) | of players)
S5=x<10 9
10<x<15 5
15<x<20 2
W<Ex<2s i

255 x<30 3

{a) Caiculate the estimated mean for this data,
{b) Calculate the estimated median for this data.
{¢} Write down the modal class intervat for this data.

3. The following histogram represents the distance run by mamthen runners.

Frequency

0( 10 =5 k7] T 50 60 F0
Distance in Kin

(a) Redraw and complete the fotiowing table:

Class interval

{b} Caleulate the estimated mean fexzl)
W<y
WexsH
ersdl
Hexsil
iyl
[VESES]

4. 1n a traffic survey, a random sample of 50 mortorists were asked the distance {d} they drove to work
daily. The results of the survey are shown in the table below.

Distance {d) | s<re10 | 5<xclo S<relf | Sgr<ld | Ssreld
Frequency 9 19 13 S 4

Draw a frequency palygon to represent the daga.
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TOPIC: STATISTICS {Lesson 3) | Weighting 20+ 3 | Grade ] 11
Term Week no.

Daration 1 honr Date

Sub-topics Grouped datz: Cumulative Frequency Curve/Ogive

RELATEP CONCEPTS/ | Cumulative fiequency
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESOURCES ' _ ]

e crropg pamirm

e,

ERRORS/MISCONCEPTIONS/PROB

METHODOLOGY

An opive is a graph representing cumulative frequency (2 running total of the frequencies) and not
individual frequencies, and as such are 2lso known as cumulative freqoency curve.

The kast value for the cumulative frequency will always be equal to the total number of data values,
since all frequencies will already have been added {o the previous total.

Example:
The following frequency table represents this the numbers of eBooks sold on an online store per hour

over a 1-day period.
(&) Redraw the table and complete the last two celumns

eBooks sold per Frequeacy { Cumulative | Graph Points
hour frequency

D<x<10 2 2 (L0;2)
10<x<20 3 2+5="7 200D
W<x<30 6 THo=13 (30; I3)
Nz x<4) 3 13+3= 16 (40; 16}
A0<x <50 3 15+3=1% (530; 19)
50 = x < 8 2 19+2= 21 (60; 21)
60gx < 1 21+1=22 (764;22)
70<x <80 2 2242=24 (80; 24)
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{b} Draw an ogive for the data set.

Ogive
5%
§ 0 '[ s T
E 10 '
@ i
% 0 . .
= 10 0 30 40 50 o 10 8a
g (lass mark

(¢) Use the cumulative frequency curve to estimate the median of the number of eBooks sold
per hour.

The median is to be found at the 12-;— position on the y-axis of the ogive.

Yon can read off the approximate median eBooks sold per hour by using the graph, Draw a borizontal
. 1 . N . . .

line from 125 on the vertical axis. Then draw a vertical line down to the x-axis and determine an

approxirmate value for the median, which is between 28 and 29 eBooks.

{d) Use the cumulative frequency curve to estimate:
13 lower quartile 2) upper quartile
() 80% of hours were used io sell a certain nuzmber of eRooks. Determine the number of eBooks.
(D Use the graph to determine the number of hours used to seil
1} Less than 25 eBooks 2) more than 58 ¢Books

ACTIVITIES! ASSESSMENT

L. The table shows the heights of a group of leamers.

Cumnulative
frequency

Height (in cem} | Frequency Graph poinis

140 < x <150 15

1590 x <160 27

160 x <170 18

170<x <180 10

TOTAL

{2) Redraw and complete the table

{b) Draw an ogive on a set of axes.

(c) Use your ogive to determine an approximate vatue of:
1} Median 2) lower quartile

(d) Draw a box-and-whisker to represent the spread.

3) upper quattile
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2. Fifty motorists were asked to record the number of kilametres travelied in one week. The following
table shows the results:

Nurmber of kilometres | Number of motorists | Cumniative frequenc
10<xs20 2 2
W0W<xs520 5
10<x£20 13
10<xs20 26
10<x<20 42
60<x<70 50

() Redraw and complete the table.
{b) Draw the cumulative flequency curvs for the data.
() Use your graph $o estimate the median number of kilometres per week.

1. The table below shows the amount of time it took a group of Grade [ 1's to get ready in the morning,

Time {in Minutes) | Frequency | Cumulative Frequency |
0zx<10 1
10 x<20 2
20< x< 30 12
Wz x<40 L5
40<x< 50 3
50 < x <60 2

(a) Estimate the mean time these Grade 11’s took to get ready in the moming
(b) What is the modal class?
{c) Complete the table and sketch a cumulative frequency graph {ogive) to represent this data
{d) Use your graph to estimate the
1) Median ) lower quartile
(e) 65% of learners took less than a certain amount of time. What i3 this amount?
(f) How many leamers took more than 33 minutes to get ready for school?

4. The table below shows information about the speeds travelied on the N1 BETWEEN Johannesburg
and Pretoria:

Speed (km/h} Frequency | Cumalative Frequency
30< x50 2
S02x<70 11
70 x <90 34
)< x<110 31
110=<x <130 27
130= x < 150 100

{a) Complete the table

(b) Skeich the cumulative frequency graph.

(¢) Use the graph to estimate the median speed travelled

(d) Calculate the estimated mean

{e) What percentage of vehicies travelled faster than 120 km/h?
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5. The following data set lists the 2ges of 24 Grade 11 Mathematics leamers.

2:5; 1, 76; 34; 23, 65; 22, 63; 45; 53, 38
4: 28, 5; 73,79 17 15, 5, 34: 37, 45, 56

Use the given data to answer the following questions:

(a) Using an interval width of 10 construct a cumulative frequency plot.

(b) How many are below 30?

{¢) How many are below 60?

{d) Giving an explanation state below what value the bottom 50% of the ages fall.
{e) Below what value do the bottarm 40% fall?

(f} Construct a frequency pelygon.

6. The cumutaiive frequency graph
alongside shows the titmes between
planes landing at an airpaort.

cumulative frequency

zguypzEs sy

Time (in seconds)

{a} Redraw and complete the following table:

Speed (km‘h) Frequency | Comulative Frequency
&0<¢ <100 5
1004 <140
140 < < 180
180 <s <3220
2 << 260
260 < <300

(b} Determine the estimated rnedian
(¢) How many planes had a time between them of 220 seconds or more?
{d} Caleulate the estimated mean of the titmes berween the planes.

7. A smal} coffee shop has kept 2 record of sales for s b
the past two months. The daily sales, in rands (notin & “ T
cents), is shown in the following histogram. E 2o
L
300 406 500 600 70 300 300

Dally sales {in rands)
{a) Redraw and complete the table balow
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Speed (km/k) Frequency | Cumulative Frequency
300 < x =400 5
400 <x <500
500 < x <600
600 <x <700
700 < x < B0
300< x9N0 -

{b) Draw an ogive curve for the sales over the past 2 months.
{c) Determing the estimated median value of the daily sales
(d) Estimate the interval of the upper 25% of the daily sales

TOPIC: STATISTICS (Lesson 4) [ Weighting | 20 +3 | Grade | 11

Term Week no.

Doration 1 hour Date

Sub-topics Variance and Standard Deviation of Ungrouped Data

RELATED CONCEPTS/ | Variance, standazd deviation
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESOURCES

[Fresih o

| .
-

i Ea

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

METHOPOLOGY

Measures of tentral tendency (mean, median and mode) provide information on the data vaiues at the
centre of the data set.

Measures of dispersion (quartiles, percentiles, ranges) provide information on the spread of the data
around the centre.

In this section we wiil look at two more measures of dispersion called the variance and the standard
deviation, These measures of dispersion use all data values.

The variance of the data is the average squared distance betweet the mean and each data value.
—2

Z(x - x]
"

The variance is never negative since every temm in the variance sum 15 squared and therefore etther

positive or zero.

Wariance =

The variance is a squared quantity, it cannot be directly compared to the data values or the mean value
of a data set.
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Standard deviation is the square root of the variance. Since it is a square 1oot of the variance, it can be
compared to the mean value of the data set.

i
Standard deviation measures how spread gut the values in a data set are around the mean.

The mean and the standard deviation of a set of data are usually reporied together.

If the data values are all siilar, then the standard deviation wilk be low (closer to zera).
11 the data values are highly varizble, then the standard variation is high (further from zero).

The standard deviation is always a positive number and is always measured in the same units as the
original data,

Examples:

1. A game ranger measured the heiphts of different buck and recorded the results, The heights at the
shoulders are: Xudu 150 em; waterbuck 130 cm; duiker 100 cm; steenbok 50 cm and dik-dik 35 cm.

{a) Determine the mean rounded off to one decimal place.
150+130+100+50+35

x= =93,0
5

(b) Use the table to calculate the standard deviation rounded off to one decimal place.

Heightsinem (x) { z-=x (x - ;]1
150 57 3249
130 37 1369
100 7 19
50 -43 1849
35 -58 3364
TOTAL 9830

02 o I
] H

{c) Determine the standard deviation intervals for the data.

1) One standard deviation intervai; (;:—cr,;c + cr)

(93 -44,5,93+44,5) = (48,5;137,5)

2} Two standard deviation interval: (; - Zcr;; + 20]
(93-2¢44,57,93 + 2(44,5)) = (4,182}
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3) Three standard deviation interval: (; —3oyx+ 30-)
(93-3(44,5),93+ 3(44,5)) = {—40,5,226,5)

(d) Make conctusions about the spread of the dafa about the mean by establishing how many of the
data vaiues lie within or outside of the first standard deviation interval.

One standard deviation interval is  (48;137,5)

3 of the 5 data values lie within one standard deviation of the mean (30, 100 and 130)
This means that 60% of the date values lie within one standard deviation of the data values

NE: The standard deviation intervals are usefu! when the data sct is reasonably large.
You can use a calculator to determning the mean and standard deviation.

ACTIVITIES/ ASSESSMENT

1. A teacher asked a group of leamers how jong in minutes it ook them to complete their mathematics
homework. They gave these answers: 12; 19; 33; 40; 24, 25; 15,38

(a) Determine the mean number of minutes taken by the learners to complete their hormework.
(b) Determine the variance and standard deviation to rwo decimal places by completing the table

-5

below using the formula; &= "

Time taken in X-x

minutes (x)
12
19
33
40
24
25
15
38

=

{c) How many data values fall within one standard deviation of the mean?

2. The times for § athletes who ran a 100 m sprint on the same track are shown below, All times are in
seconds, 10,2; 10.8: 10,9; 10,3; 18,2; 10,4; 10.1; 10,4

a) Calenlate the mean time.
by Calculate the standard deviation for the data.
<) How many of the athletes’ times are more than one standard deviation away from the mean?

3. A group of people were surveyed about the nurmber of WhatsApp messages they send per day.
The following responses were received:
48: 40; 65, 35; 42; 12; 18; 102; 63; 55; 43; 38; 27, 50, 68, 39; 43; 80, 74; 35, 33; 45, 72, 16,49, 5, 58

(a} Calculate the mean and standard deviation
{b) What percentage of data values are within two standard deviation of the mean?
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4. The following data set has a mean of 14,7 and 2 variance of 10,01.
18; 11; 12;a; 16; 11; 19; 14; b; 13

Compute the values of a and b.

5. Five data values are represented as follows:
2 x+lix+2x-32x-2

{a} Determine the value of x if the mean of the data set is 15,

{h} Draw a box and whisker plot for the data values.

{¢) Caiculate the mter-quartile range.

{d) Calculate the standard deviztion for this data, rounded off to one decimal piace.

TOPIC: STATISTICS (Lesson 5) { Weighting | 20+3 | Grade | H!
Term Week no.

Duration 1 hour Date

Sub-topics Symmetric and Skewed Data

RELATED CONCEPTS/ | Skewed data, Symmetric distribution
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Mean, median

RESOURCES

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Confusing the skewness of the datz {positive and negative skewness)

METHODOLOGCY

it is important to deseribe how the data values are distributed thronghout the range, relative to the
median.

There are 3 categories that describe the shape of the data dismribution:
* A symmetrie distribution is onc where the left- and right-hand sides of the distribution are
roughly equally balanced around the mean.
This means that Mean = Median or median is halfway between the first and third quartile
WEM AN ITE

NB: Minimam and maximum values do not have to be equally far away from the median

Skewed data values are more spread out on one side than on the other.
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Skewness hlas an effect oo the mean,
The more skewed the data, the less reliable the mean becomes as a measare of central tendency

» Skewed to the right or pasitively skewed data is 2 mass of data values predominanily on the left
side of the distribution with fewer higher values on the right.
INB: For aright skewed distribution, the mean is greater than the median.

[ ——

i PR |
—p——_—t

»  Skewed 10 the left or negatively skewed data is & mass of data values predominantly on the
right side of the distribution with fewer bigher values on the left.
NB: For a right skewed disiribution, the mean is less than the median.

$o] e

The median remains relizble as a measure of central tendency, regardless of the skewness
Examples:
1. A small grade 11 class achieved the following marks for Mathematics test:

40 41 41 42 44 48 54 62 72 90

{a) Calculate the mean and the median mark
{b) Comment on the distribution of the data
{c} Which measure of central of tendency best represents the marks achieved by the class for this test?

(a) Mean=1534 Median = 46
(b) Positively skewed {Mean > Median)

{c) Median {The mean is too high because the data is positively skewed).

2. The data set belaw represents the speed (kmvh) at which motorists travelled past a school on
specific moming.

46 65 B2 68 74 53 18 6364 76 81 50 40
{2) Draw a Box-and-Whigker diagram 1o represent the data.
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{b) Comrment on the distribution of the data.
(¢} Which measure of central tendency best represents the speed at which the motorists travelled?

"3 @ 65 W T ?a w1 =
i

Lossswr hidd’ Q. L'ppwer il i

Tl oo C1Ered quasrtile {2} i s median of the bwer half of e Laea:

I8+ 50
- - =

N 0 4% 50 i3 63 Q= 9

The upper (thicdbguartile (001 i e neadion of sl wpper hall ot the Jati:

R Y TR S VO = o 3 ek A

-+ G4 75
13 T 1 HE
T T T 71 0 T T Ty T
AW 20 32 24 In ZM M NX N4 30 AR dib A2 J4 de dB S8 ST S S0 SH Ol &2 dd ae

[ =
4
H
H

{b) Negatively skewed
{c) The median (the mean is o low because the data is negatively skewed)

ACTIVITIES! ASSESSMENT

L. Consider the data below:
27 28 30 32 34 3% 41 42 43 44 46 53 S50 62

(a) Draw a bax-and-Whisker diagram to represent the data below,
(b) Is the data set symmetric, skewed right or skewed left? Motivate your answer.

3, The Mathematics Paper 1 June results for Mr Mogodi’s class of leamers are recorded below, The
exatn was out of 150,

W0t 90 85 97 85 &5 &4 8% 23 96 93 81 8% 92 88 96
92 77 85 91 81 80 §7 88

{a) Draw a Box -and — Whisker diagram
{b} Comment on the distribution of data,

3. Fifizen households were surveyed in suburb A to find out how much each one spent on electricity for
a ten-day peried. The results in rand are:

90 102 30 125 147 220 196 78 137 142 {23 i57 11§ 165 12l

(a) Determine:
1% the median 2) the lower quartile 3} the upper quartile.
(b} Draw 2 box-and-whisker diagram te {llustrate this data.
() Calculate the mean expenditure on electricity for the 15 bouscholds.
{d) Determine the standard deviation for the data to two decimal places.
(2} Calcutate the percentage of househalds whose expenditure on electricity falls within one standard
deviation of the mean.
{f) Comment on the distribution of data.
{g) Which measure of central tendency best represent the amount spent o electricity for 2 1en-day

period?
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TOPIC: STATISTICS (Lesson 6) | Weighting 20 +3 | Grade i1
Term Week no.

Duration 1 hour Date

Sub-topics Scatterplot and outliers

RELATED CONCEPTS! | Scatterplot, line of best fir
TERMS/VOCABULARY

PRIDR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Box-~and-whisker diagram, set of axes, variables

RESQURCES

=

vam

ERRORSJ’I\HSCONC-EPTIONSJPROBLEM- AREAS

METHODOLOGY

An outlier is a dat value that does not Tollow the pattern or trend of the rest of the data but a vafue that
is far away from the rest of the values in the data set.

Cutliers can be identified in a:
« Box-and-whisker diagram

In a box and whisker diagram, outliers are nsually close to the whishers because the whiskers
represent the extremes — the minimur and maximam — of the data.

+ Scatierplet
A scatter plot is & graph that shows the relationship (correlation) between two random vatiabies. We
call these data bivarizte {literally meaning twa variables) and we plot the data for two different
variables on one set of axes. T

Data couid follow a limear, quadratic or exponential trend. . Lie of tunt 1it

The streagth of the linear relationship between the two
variables in a scatter plot depends on how close the data poisnts
are fo the line of best fit.

sOullier

.\
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Line of best fic is a line that goes through the centre of points of a scatter plot.

& The closer the points are to this ling of best fit, the stronger the relaticoship.
« [fthe points are farther away from the line of best fit, the weaker the relationship.

1. Consider the following scatterplot of information
obtained by a publishing company which recorded the
nurnber of books sold per week.

Rumber ol bowks sald

{(a) Draw a line of best fit
(k) Indicate an outlier on the scatterplot.

2. The table below represents the temperature on certain days and the sales on an ice cream shop on
each of those days.

e [fthe line of best fit slopes to the right and has a positive gradient, then the linear relationship is

positive.
s Ifthe line of best fit slopes 1o the left and has a negative gradient, then the linear refationship is

negative,

"" 4 n'\‘

° L]
L]
L ]
- ¥ .o bt
-
a . - .-
-
L - =
* a
-
X B
Strong positive association Strong nepative association
Examples:

Temperature ("C) [ 18 20 21 22 24 26 28 29 30

Sales (in Rands} 1500 12000 {3500 {3000 | 4600 14800 {1000 |6800 | 7500

{a) Draw a scatterplat to represent this data.

aumber of bouks sold

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
WLB. MPISE, 21 SHANGASE, B.T.C. ZUNGU & 5.M. MOADI

{b) Draw the line of best fit

{c) Identify any outlier(s). Give
2 possible reason for the outlier(s).

A2 | S LU { B L e e . . LI

Tewiperaac:

ACTIVITIES/ ASSESSMENT

1. For the following data sets, draw a box and whisker diagram and determine whether there are any
outliers in the data.

198 166 175 147 125 154 119 170 142 148

2. Draw a box and whisker diagram of the following data set and explain whether it is symmetric,
skewed right or skewed left. 15 12 5 3 18 23 11 4
3. Consider the box-and-whisker plot below.

5 30 15 60 00
{a} Write down the five-number summary.
(b) Determine the semi-quartile range.

{c) Comment on the spread of the data. What kind of data, do you think, rmight this represent?
{d) Comment on the skewness of the data.

.

4. Draw scatter plots for the fellowing sets of pairs. Indicale any outliers.
{a)

1 F 3 2 1 2 3 2 1 2 3 2z
{b)

4 2 5 g 1 25 |5 & 85 |z g 4

1 1 1 ] [} 0 3 7 2 9 5 [H
[¢]

1 5 2 6 2 2

3 g 6 3 6 6 5
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5. The table below shows the acidity of eight lakes near an industrial plant and their distance from it.

Distance (inkm} | 4 34 17 60 ] 52 42 31
Actdity (in pH} 3.0 4.4 j2 7.0 32 6.8 5.1 4.8

(a) Draw a scatter piot to illustrate this data.

(b} Draw a line of best fit on the diagram,

{c) Use your line of best fit to predict the acidity of the lake at a distance of 22 kilometres.
{d) Describe the comelatian between the distance and acidity.

TEST: STATISTICS
MARIKS: 25
NSTRUCTIONS

DURATION: 30 MIN

5 Answer ALL questions
6 Unless stated or otherwise, round off answers correct to TWO decimal places
7 You may use an approved scientific calculator

QUESTION 1 [16 Marks]

1, Mr Mgwane is the sales manager for 2 furniture shop. Every month his 15 staff members report en the
number of customers who visited during the previous moath.
The results were given as follows:

12 15 15 19 22 23 26 26 32 33 33 33 33 35 3
1.§ Detetmine the:
1.1.1 Draw 2 box-and whisker diagram 3
1.1.2 interquartile range )
1.1.3 mean of the data ()
1.1.4 standard deviation of the data. (2)
1.1.5 Comment on the skewness of the data. {1}
1.1.6 Are ther¢ any outliers in the data set? Explain. {2y
1.2 Determine the percentage of customers who visited the fumiture shop that are
outside one standard deviation of the mean. (&)
[16]
QUESTION 2 [9 Marks]

Mary wants to buy a car and visits a popular website. She finds a nomber of advertisements
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for the make of the car that she would like to buy. She summarised the seiling prices

(in thousands of rands) of the cars on sale in the cumulative frequency table.

2.1 Write down the values of a and b

2.2 Draw 2 cumulative frequency graph {ogive).

Selling Price (in Frequency | Cumulative

thousands of rands Frequency

S0<x <60 3 3

60=x<70 4 7

T0<Lx <80 a 14

80<x<50 14 33

S0 =x <10 12 b

100<x <110 5 50
2)
3)

2.3 Mary wanis to spend a maximum of R95 000. Use the cumulative frequency graph

tp estimate the number of cars that are on sale in the price range that Mary can afford. (2)

2.4 Use the graph to estimate the median selling price. 2}
1]

TOPIC: PROBARILITY {Lesson 1} | Weighting | 20+3 [ Grade | 11
Term Week no.
Duoration 1 hour Date
Sub-topics Grade 10 Revision
RELATED CONCEPTS/
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKCROUND KNOWLEDGE

| RESQURCES

METHODOLOGY

Sample space; the set of all possible outcomes of the experiment.

Event: & subset of a sample space/ set of outcomes of an experiraent.

Outeome: the different ways an experiment can iurm put.

Probability of an event: a real number between 0 and | that describes how likely it is that the event will

DCCUT.

s A probability of  means the outcome of the experiment will never be in the event set.
o A prabability of | means the outcome of the experiment will always be in the event set.
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Tiumber o f oibcomes in the event

Frobability of an event =

number of sutcomes in the sample space
niE)

PRy =
5 ni s

Mutually exclusive events: evants with no outcomes in common, that is (A and B) = #. For example,

the event that a number is even and the event that the same number is odd are mutually exclusive, since
a pumber can never be both even and odd.

Complementary events: two mutually exclusive events that together contain all the outcomes in the
sample space. For an event called A, we write the complement as “not A”. Another way of writing the
complement is as A

Complementary Rule: Flnotd)=1- P{4)

Addition rale: Also called sum rule:
P(A or B)=P(A) + P(B)-P(A and B)

P{A or B)=P({A) + P(B) (mutually exclusive events}

Examples:

1. Two events, A and B are such that P(A}=0,3, P(B)=0,4 and P{A and B) =1,]
Determing P{A or B)
P(A or B} = P(A) + P(B) - P(A and B)
=03+04-0,1=06

2. At a restaurant, 4% of customers order a starter and 30% order dessert. 60% of customers order at
least one of the two, What percentage of customers order both a starter and dessert?

Let starter be 5 and dessert be D.
PSorDY=P(S}+P(D)-P(Sand D)
06=04+05-PSand D)
P(SandD}=09-06=03

3. Two mumally exclusive events, A and B, are such that P{A} = 0,3 and P(not B) = 0,4.
Determine P{A or B}
P{A or B} = P(A) + P(B) - P(A and B)
=0,3+PB)-0
P{notB) = 1 - P(B) =03+ 06=09
P(B}=1-P(notB)=10,6

Exhaustive events: events which use up the full sample space, that is, al! possible outcomes

ACTIVITIES/ ASSESSMENT

1. In a random experiment it was found that: P(A) 0,23; KB} 0,5 and = = P{A or B) = 0,625

{a) Calculate P(A and B)
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{b) Determine, giving reasons, if cvents A and B are:
1) mutually exclusive
2)inclusive
3) complementary

2. The probability that Joe will taday see a movie is 0,7. The probabitity that he will go to a restaurant is
0,%. The probability of him seeing a movie and going 1o & restaurant is 0,6. Determine the probability
that:

{a) he doesn’t go to a movie or a restaurant.
(b) he only goes to 2 movic.

(¢} he only goes io a restaurant.

(d) doesn’t go to a movie.

{e) doesn’t £o 10 a restaurant.

(f) he goes to cither one or the other.

3. IfD and F are rautually exclusive events, with F(not D) = 0,3 and (D or F) = 0,94, find XF).

4, The probability of event X is 0 43 and the probability of event Y is 0,24. The probabiiity of both
oceurring together is 0,10, What is the probability that X or Y will ocour?

5. B(H) = 0,62; P(J) = 0,39 and P(H and J) = 0,31. Calculate:

(a) R(CHY {b) P(H or J} {c) P{H or J'y td) P{H or J} (&) P(H' and 3%
TOPIC: PROBABILITY (Lessou 2) [ Weighting | 20 +3 | Grade | 11
Term Week no.

Duration i hour Date
Sub-topics Independent Events
RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE

RESOURCES

. VP bR
kAl
% " : PR |
ERRORS/MISCO LEM AREAS
Confusing mutually exclusive svents and independent events

METHODOLOGY

Two successive events A and B are said to be independect if the outcomes/resuits of the first event do
not influcece the outcomes/Aesults of the second event.

Example

If & card is drawn from ore pack and replaced, and then a second card is drawn, the possibilitics of
whichever card is drawn second will not be affected by the card that was drawa first, so these two
events are independent.
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The product rule for independent events
Two events, A and B are independent if and only if P(A and B) = P(A)x P(8)

Examples:

[. A box contains three blue smarties and two gresn smarties. A smartie is drawn at random and then
replaced in the box. Another smastie is then drawn at random and replaced in the box.
Detcrmine the probability oft

{a) first drawing a blue smartie and then a green smartie.

{b) first drawing a green smartie and then a blue smartie.

{c) drawing a blue smartie and then another blue smartie.

(d) not drawing a biuc startic on the first or second draw.

{2) drawing a blue and then a green ar 2 green and then a blue,

(2) P(B and G) = P(B)x P(C) (b) P(G and B) = P(G)x P(8)
3.2_6 238
N - T55 28

(d) P(oot B and not By = P(5 )x P(B)
2.2 4
=——r—
55 25
{d) P(B and G} or P(G and B) = P(8)x P(G) +P{G)x P(B)
3.2,23_6 6_12

=Ix T4 ixTE=—t—=

55 55 25 25 I3

2. Events A and B are such that P{A) = 0,5, P(not B) =0,3 and P(A or B)=0.8.
Are A and P independent events?
NB: Check ifthe rule P{A and BY = P(A)= P(B) applies
F{B}=1-P(not B}
=1-03=07
P(A or B) = P{A) + P(B) — P(A and B)
0,8=0,5+0,7-P{Aand B)
PAand B)=05+0,7-08=04

P{AY* P(B)=05%0,7 =035
P{A and B) = P(A)x P(B)
Thercfore, events A and B are not independent
NOTE: Mutually exclusive events and independent events are two different concepts.

MUTUALLY EXCLUSIVE EVENTS A and B: P{A and B) =0

INDEPENDENT EVENTS 4 and B: P{A and B) = £(4)x P(B)

ACTIVITIES! ASSESSMENT

1. A cain is tossed and a dig is rolled. Determine the probability that the outcome will be:
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{a) a bead on the cain and & 5 on the die
{b} a tail on the coin ot 4 prime number on the die
{¢) a head on the coin and not a & on the dic.

2. A bag consists of five green marbles and cight blue marbles. 1f ene marble is drawn, then replaced,

and a second marble is drawn, determine the probability thar:

(a) both marbles are blue

(b) the first marble is blue and the second marble is preen

(c} the first marble is green or the second marble is green.
3. Two events, A and B are independent. P(A) = 0,3 and P(not B)=0,4. Determine P(A or B)
4. A and B are two independent events such that P(A) = 0,6 and P(A or B) =76. Determine P{B)
5. B{not A) = 0,16 and P(A or B)=0,92. Determine P(B) if:

() A and B are mutually exciusive (b) A.2nd B are independent

6. P(M) = 0,45; P(N}= 0,3 and P(M or N) = 0,613,

Are the events M and N mutually exclusive or independent?

TOPIC: PROBABILITY (Lesson 3) [ Weighting | 2043 | Grade |11
Term Week no.

Duration 1 hour Date

Sub-topics Venn Diagram

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESQURCES

e i : Poys .
ERRORS/MISCONCEPTIONS/PROBLEM AREAS

METHODOLOGY

A Venn diagram is used to show how events are related to one another and can be very helpful when
doing calculations with probabilities.

A Venn diagram representing a sample space (the full set of the data), 8, as a square and events as

circles. The intersection of the two circles contains eutcomes that are in both A and B.
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NB: When using a Venn diagram, always start at the intersection.
Examples:

1. The manager of a hotel in Pretoria recorded the number of guests sitting down for breakfast, lunch
and supper on a particular day. Of the 300 guests,

29 did not arrive for any of the three meals.

153 were at hreakfast

161 were at lunch

145 were at supper

93 ware at breakfast and lunch

80 were at lunch and supper

52 were at supper but did not arrive for the other two meals,
70 were at al!l three meals

{a) Draw a Venn diagram.
{(b) Calculate the probability that a guest chosen at random will have:
1} been at both breakfast and lanch, but not supper.
2% been at both breakfast and lunch.
3} been at breakfast only.
4) besn at ane or more of the meals.

{a) The best way to do this is to start with the intersection, i.e., 70 guests and then develop from there.

35 1 44 19 2
1) === = L
® ]300 12 ) 300 &0
y 453 y1o 2.2
300 20 300 300

2, Two independent events, A and B, are such that P(A) = 0,6 and P(B) =0,4.
Determine Plnot A) or B) 5

P{A and B) =06 x0,4 =024 A K B on-0u
()
nin @ ni-nx
q |g [ 3 R U TR
Plnot A) or B) = 0,4 +0,24 = 0,64... P(B) + 0,24 2
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ACTRIVITIES! ASSESSMENT

1.

We know the following facts about a group 632 learmers:

* 12 of them like hamburgers

* 16 of them like hotdogs

* § of them like chips, but not hamburgers and hotdogs

« 7 of them like chips and hamburgers

« 13 of them like chips and hotdogs

» 2 of the learners who like hotdogs and hamburgers atso like chips
« All the learners like either hotdogs, hamburgers or chips

(a) Draw a Venn diagram to represent this information, using A for hamburgers, B for hotdogs and C
for chips.
(b) Explam with reasons why:
1} A, B and C are exhaustive evenis
2) A, B and C are not compiementary events
3) B and C are independent events
4) A and B are not independent events.

2. A group of 70 leamners were asked about their subject choice. Their responses showed that: 32 take

3

Physical Sciences, 43 take Mathematics, 23 take Life Sciences and 6 take none of thess three
subjects. Alse, 18 take Physical Sciences and Mathematics but not Life Sciences; 12 take Life
Sciences only and 5 take Physical Science and Life Sciences.

{a) Draw a Venn diagram to represent this information. Use the letters 5, M and L to represent
Physical Sciences, Mathematics and Life Sciences.
{b) Determine:
1} the number of learners who take Physical Sciences, Mathematics and Life Seiences
2) the probability that 2 learner who takes Life Sciences does not take Mathematics
3) the probability that a lcamner taking Life Scignces and Mathematics does not take Physical
Sciences.

. A group of 80 athietes entered the 100m, 200m and 400m sprints as follows:
6 entered all three events.
21 entered none of these events,
10 entered the 1¢0m and 200m
11 entered the 200m and 400m
Of the 21 who entered the 100m, 10 entered nothing clse.
27 entered the 400m

{a) Represent the above situation using a Venn Diagram.
{b) How many atbletes entered the 200m event?
{c) What is the probability of an athlete, selected at random, running in a1 least twao of the sprint events?

4. There are 200 registered delegates for an upcoming seminar on Financial Management to be held at

the Sandton Coavention Centre. The most popular courses in the seminar are usually Share Market
Basics, Retirement Planning and Debt Management. There are other less popular courses, which
some of the delegates attend. The following information was extracted from the repistration forms:
07 delegates registered for Shaze Market Basics (3)

S0 delepates registered for Retirement Planning (R)

63 delegates registered for Debt Management (D}

35 delegates registered for Retirement Planning and Share Markert Basics
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23 delegates registered for Share Market Basics and Debt Management

15 delegates registered for Share Market Basics and Retirement Planning and Debt Management.
190 delegates regisiered for Share Market Basics or Retirement Planning or Debt Management.

x debegates registered for Debt Management and Retirement Planning, but not Share Market Basics

(a) Draw a Venn diagram.

{b) Calculate the value of x.

() How many of the delegates have not registered for any of Share Market Basics, Retirement Plapning
and Debt Management?

(d) How many of the delegates have registered for Retirement Planning and Debt Management, but not
Share Market Bagics?

(e) What is the probability that a delegate selected at random registered for at least two of the following
courses: Share Market Basics, Retirement Planniag and Debt Management?

5. Two events, A and B, such that P{A}=0,3; P(B and A)= 0,2 and {B)=10,7
{a) First draw 2 Venn diagram to represent this information.
{b) Determine the value of (B and (not A)).
6. Two events, A and B, are such that P{A or B) = 0,59, P(B)=10,3 and P(B and not A) = 0,1%.

(a) Draw a Venn diagram {b) Determine P{A)
{c) Are the events A and B independent? Motivate.

7. R and T are two independent events with P® = 0,3 and P{R or T) = 0,72, Determine:

{a) KT {(byP{uot R or not T) {c) P{R and not T)
TOPIC: PROBABILITY (Lesson 4) | Weighting 20+3 [ Grade | 11
Term Week no.

Daration | hour Date
Sub-topics Tree Diagram
RELATED CONCEPTS/

TERMS!VOCABULABLY

PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE

RESOURCES

RORSJ’MISCONCEPTIONS)‘PROBLEM- AREAS

METHODOLOGY

When mors than one event takes place consecutively ar simultancously, it is useful to represent them
as a tree diagram. We represeat cach event by a column of branches, and the number of branches is
determined by the number of possible outeomes for that event,
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Tree diagrams are very helpful for analysing dependent events. A tree diagram allows you to show
how each possible cutcome of one event affects the probabilities of the other events.

Examples:

1. A bag has 6 red and 4 biue marbles. A marble is drawn at random but not replaced. A second marble
is then drawn and not replaced. Caleulate the following probabifities:

POSSIBLE

QUTCOMES

R ———RR

(a) P(first marble drawn is red)
(b} P(bath marbles are blue} .
(c} Plone marble is red and the other is blue)

(a) P(first red): 6.3 B ———RE
o 4 3 12 2 R—ER
(b) P{both marbies are blue}: Ex_li:_:_..

(c) P{{R and B) or (B znd R))
P(R) x P(B) + P(B) x P(R}

B———BB

ATk

10 9 169
_24.24 48 8

50 90 90 15

ACTIVITIES/ ASSESSMENT

1. A bag contains 6 blue, 5 red and 9 white marbles. A marble is drawn and not replaced, and another
marbie 15 then drawn.
Draw a tree diagram to represent this information, and use it to answer the questions.
{a) Explain why drawing 4 second blue marble is not independent on drawing a biue marble first.
{b}) What are the probabilities that:
1} both marbles are white
1) one blue and one red marble is chosen

2) both marbles are bive
4) neither of the marbles chosen is red?

2. There are eight houses in & school, five for day scholars and three for boarders. Each house has
chosen a Head of House, From these Heads of Flouse, the learners must sefect a Head prefect and a
Deputy Head prefect. Assume that each Head of House has an equal chance of being elected. Draw a
tree diagram showing the probabilities of each position being filled by & boarder or a day schotar.
Then answer the questions.

(2) Determine the probability that the Head prefect of the school will be 2 day scholar.

{b) Is it true 1o say that the election of the Deputy is independent of the election of the Head prefect?
Give a reasan.

{c) What is the probability that both positions are filled by boarders?

{d) What is the probability that at Jecst one of the positions is filled by a boarder?

In a box of smarties, there aze § blugs smarties and 6 red smarties. A smartie is randomly drawn from
the box, the colour is written down and the smartie is replaced. Another smartie is randomly drawn
and the colour is recorded
{a) Draw & tree diagram, showing all the possible outcomes.
{b) What is the probability of drawing
1} Two blue marbles
3) two smarties of the same colowr

b

2) a red smartie followed by a blue smartie
4) two smarties of different colouss
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4. Calculators are manufactured in a factory, two machines, A and B, are used. 40% of the calculators
are produced by machine A. 5% of all the calculators produced by machine A are faulty and 10% of
all the calculators produced by machine B are faulty. What is the percentage of calculators
manufactaced in this factory will be faulty?

3. In a town, if it rains on 2 particular day, the probability that it will rain on the next day is 40%. If it
doesn’t rain on a particular day, the probability that it will rain on the next day is only 10%. If it rains
on Monday, what is the probability that it will also rain on Wednesday.

TOPIC: PROBABILITY (Lesson 5) ! Weighting | 20+3 [ Grade | 11
Term Week no.

Duraiion i hour Date

Sub-topics Contingency Table

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIDR-KNOWLEDGE! BACKGROUND KNOWLEDGE

RESOURCES

ERRORBRS/MISCONCEPTIONS/PRO BLEI;HI- AREAS

METHODOLOGY

Contingency tables are statistical tables that represent the relationships between two ar more variables.

It is another tool for keepng a record of the counts or percentages 1n a probability problem.
Examples:

1. A survey of 100 peopls was done to analyse the relatonship between gender and right- or left-
handedness. The resulis were represented in a contingency table be:
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{a} Determine the probability of a male - ——
. ewmils ALie lal Alwe kit
chosen at random bcmg lefthanded. um::p:‘hmlalnmnbn o mdnl:,v:]t\l.

Thi resurerds the Lote
o e etmid st

E m, thet L pume ol

53 ! tenuten wieryrd,

Tatal

Tha irpetents e

batal pumber 6f ey 8

Thuk s pre-ats e Lot o Whe suparyeit, and n the (olal
Pagrod eahum, R 1, Lhe Lt & the 1 ight-bumd celonin
anel B baylhom rove

Thik reprean: the Lok o e
st eohammn, Lhat v, dhe lal
fuknber o ighl-hanied peopk. ruembeer of JeRebhamdrd propls,

2. A Duzban gym recorded the number of members (men and women} who use or don’t use the gym on
a regular basis. The results are recorded in the foliowing centingency table:

Men Waomen Total
Use the gym 70 150 220
regularly
Don’t use the 110 40 150
aym regularly
Total 180 190 370

Catculate the probability that a member sclected at random from the sample of 370 members:
(2} uses the gym regularly.
22 22

37 37

{(b) uses the gym regularly given that the member is 2 woman.

150 15
190 19

{c) doesn’t use the gym regularly given that the member is a man.

no_n
180 18

ACTIVITIES/ ASSESSMENT

1. A school investigated the number of learners whe arrived at schoal on time, arrived late or were
absent during a particular week. The results are recorded in the following table. There were 100
leamers.

Boys Girls | Total
Ontime | 40 25 65
Late i8 T 25
Absemt |7 3 10
Total 65 15 108

{a) Calculate the probability of a leamer arriving late for school.

(1) Calculate the probability of a learper amiving on time.

{c) Calculate the probability of a learner being absent if the Jearner 15 a boy.
(d) Calculate the probability of a leamer artiving on time if the learmer is a girl.
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{e) Calculate the probability of a learner arriving late or being absent.
(f) Calculate the probability of a learner arriving late or being absent if the leamer is a boy.

2. Consider the following table and answer questions that follow:

5. A stdy of speeding fines issued recently and drivers who use car phones was conducted by the
Johannesburg Traffic Department. The following data was recorded.

Speeding fines | No speeding fines [ Toral
B NotB | Total Car phone user 23 280 303
A ) 3 4 Mot car phene user 45 405 450
Not A 12 36 48 Total 70 o835 755
Total 13 39 52
Cetermine: Calculate the probability that 2 person selected at random:
{a) is a car phone user.
{b) had no speeding fines.
EE]) Eég; EE? ;(: ::I : 0:::;;;3 ) {c)isa car ::)]?leom? user give_n that the person had‘a speeding fine.
(¢} P{A and B) (&) P(not A and not B (d) had no speeding fine given that the person did not use a car phone.
(d) P(A or B) 6. Mathematics teacher suspect thar participating in Drama may put leamers at a higher risk of failing

3. Survey was conducted emongst learners at a school. The aumber of leamers coming late to schoo!
and the number of leamers using public transport are recarded below:

Use public transport Don’t use public transport Total
Late for school a 100 250
On time b d e
Total 600 = 1000

A learner is selected randomly from the schaol.

(2) Datermine the values of ato e

{b) What is the probability that the selected lsarner was late for schooi?

() What is the probability that the learner was on time and doesn™t use public transport?

{d) What is the probahility that the Jeamer was on time, if he/she is one of the leamers using pablic
transport

{&) Are events ‘laie for schopl” and ‘use public transport” independent? Motivate.

4. The hair celour of thirty learners was recorded in the following contingency table:

Bays Girls | Total
Black & 2 8
Brown 3 4 12
Blonde |4 6 10
Total 18 12 30

Calculate the probability that a Jearner, chosen at random:
(@) will have black hair.

(b) will have brown hair given that a girl is chosen.

{c) will have blonde hair given that a boy is chosen.

{d} will be a girl given that the hair colour chosen is blonde.
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Mathematics, due to the long hours of rehearsing. The following data was gathered;

Passed Maths | Failed Maths | Total
Participating iz Drama 27 3 30
Does not partizipate in Drama 108 12 120
Total 133 15 150

Does the data support the claina that participating in Drama has an effect on Mathematics petformance?
Motivate.

TEST L: PROBABILITY
MARKS: 26 DURATION: 30 MIN
INSTRUCTIONS

{e) Answer ALL questions
(fy Unless stated or otherwise, round off answers correct to TWO decimal places
(g) You may use an approved seientific caloulator

QUESTION 1 [20 Marks}
1.1 For any two events, A and B, it is given that P(A) = 0,48 and P(B} = 0,26.

Determine:
1.1.1 P{A and B) if A and B are independent events. (2)
1.1.2  P(A or B} if A and B arc mutualily exclusive events. (%)

1.2 A survey was condusted among 130 Grade 11 learners to establish which snack
They prefer to sat while they waich television. The results were suramarised in the
Venn Diagram below. However, some information is missing.
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2.2.1 It is a girl and participates in sport? {1
2.2.2 The pupil does not participate in spost and is not female? {1

MNuts (N)
Chips (C

» Diried fruit (D)

1.2.1 If 29 ieamers prefer at least two types of snacks, calculate the value of x and y. (4
1.2.2 Determine the probability that a leamer who does not eat nuts will either

have another snack or ne snack while watching television, {3)

1.3 A group of 200 tourists visited the same restaurant on two consecutive evenings.
On both eventngs, the tourists could either choose beef (B) or chicken (C) for their
Main meal. The manager observed that 35% of the tourists chose beef on the first
evening and 70% of them chose chicken on the second evening.

13.1 Draw a troe diagram 10 represent the different choices of main meats
Made on the two evenings. Show on your diagram the probabilities
Associated with each branch as well as all the possible outcomies of
The chaices, (4}

1.3.2 Calculate the number of tourists who chose the same main meal on both evenings {3
1.3.3 Show that moere tourists opted not to change their choice on main meal during

Their two visits to the restaurant, {2}

QUESTION 2 [6 Marks]

A survey was egnducted amongst 60 boys and 60 girls in grade § relating to their
participation in sport. 20 girls did not participate in any sport and 50 boys did
participate in a spert.

2.1 Complete a two-way contingency table for the above survey, {5
2.2 What is the probability that if 2 grade & pupil is chosen at random that:
215
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