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TOPIC: PATTERNS, SEQUENCES AND SERIES Weighting | 25+ 3 | Grade | I2
{Lesson 1)

Term Week no.
Duration | hour Date
Sub-topics Revision of Quadratic Number Patterns

RELATED CONCEPTS/ | Sequence, common difference, consecutive terms, quadratic sequence
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Linear pattern, quadratic pattern

RESOURCES

ERRORSIMSCONCEPTIONSIPROBLEM AREAS

* |dentifying the pattern
* Failing to recall that it is only the second difference that is constant/common in a quadratic
sequence

METHODOLOGY

A sequence or pattern is an ordered set of numbers or variables.
A quadratic sequence is a sequence of nuinbers in which the second difference between any two
consecutive terms is constant

Successive or consecutive terms are terms that directly follow one after another in a sequence.
Consider the following example: 1;2; 4; 7;11; ...
1 2 4 ¥ AL
NSNS NISN S
#1042 43 44

The second difference is obtained by taking the difference between consecutive first differences

1 2 3 4
NANAENA
1 4+ 4l

We notice that the second differences are all equal to 1. Any sequence that has a common second
difference is a quadratic sequence.

The common or constant difference (d) is the difference between any two consecutive terns in a
linear sequence,
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General Term or o™ term of the quadratic sequence is a mathematical expression that describes the
sequence and that generates any term in the pattern by substituting different values for n.

If the sequence is quadratic, the general or nt term is of the form T, = an? = +bn + ¢

na=l T oz o=
T a-i-b-io la+3b-+ ¢ Yu 30+ 0 16 - 4h -+
~ re ~ ~ ™y e
I** difference B Sa 4+ b Ta &b
2 difference s % ~ ™~ 2 ~

In each case, the comimon second difference
Examples: -
1. Determine the second difference between the &

(a) 1;-3; 9 -17, ... 1;9¢; 166 + 1; ..
First difference: -4; -6; -8; ... 4t =1 — (£ = 2); 9t = (4t = 1); 16 -+ 1 ~ 9¢; ...
Second difference: -2 3t4+ 15641 Tt+ 1:....

Second Difference: 2t
2 Complete' the sequenceby filling in the missing term:
(a) 11, 21,35, ....75 (b)3:....-13;-27; 45
53 -3

3. Use the general term to generate the first four terms in each sequence:

(@T,=n*+3n-1

n=1: Ty=1243(1)-1=3

n=2: T,=2243(2)-1=9

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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n

n=3;: T, =3%+3(3)—1=17

n=4 Ty =4*+3(4)—-1=27

ACTIVITIES/ ASSESSMENT

1. Determine the second difference between the terms for the following sequences:
{a) 6:11: 18:27; ... (b)1:4:9;16; ... (c)3;0.-5;-12; ...
{135 S 5 45 b () 0; -6; -16; -30; ... (D3a+1;12a+1;27a+ 1;48a + 1; ...

2. Complete the sequence by filling in the missing term:

(a) 20; ...; 42; 56, 72 (b) ...; 37, 65; 101
(c) 24; 35, 48; ...; 80 (d)...; 11;26; 47

3. Use the general term to generate the first four tenns in each sequence:
(@) Ty =3n%*—2n
(b) Ty =—-n*-5

(€T, ==—2n*+n+1
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TOPIC: PATTERN, SEQUENCES AND SERIES | Weighting | 25 +3 | Grade |12

(Lesson 2)

Term Week no.
Duration | hour Date

Sub-topics Revision of Quadratic Number Paiterns

RELATED CONCEPTS/ | General Tenn
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

General term: T, = an® + bn + ¢, common difference

RESOURCES

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

s ConfusingnandT, _ N
« Failing to recall that the sequence of first differences of :ﬁﬁadraﬁc sequence is linear.

* _Failing to recall that the value of n should be‘-‘g- : mber
METHODOLOGY
The general term (nth term) of a quadratic number pattern lsdf:ﬁued by: Tp = an® + bn+c
=] n=2 n=3 ne=4
Tu a+h+e dad e fa b+ ¢ 6o+ fh+ e
o i ~ -~ S ~
1% difference Ja i b b4 b Ta4-b
2 difference g g

Examples:
I. Given the sequence:  5; 12;23; 38; ...
(a) Write down the next two terms of the sequence.

Find the first differences between the terms:

5 12 23 38
N SN SN T
+7 --11 +15
Find the second differences between the terms:
7 11 1is
~ - ~ -
-4 -t
The next twa terms will be:
57T B0...
/

- ~
+1% “+23

(b) Determine an equation for the nth term of the sequence

a=2 32)+b=7 241+4c=5
b=1 c=2
sTp=2n*+n+2

2. Consider the following number pattern: 2; 3; 6; 11; ...

{a) Detenmine the nth term (general tenm) and hence the value of the 42nd term.

a+b+c—p2 3 6 11
3+ b ——1

\/\/

20 ——p 2

2a=2 Ja+b=1 atb+c=2
a=1 3(V+b=1 D+ (-2)+c=2
b=-=-2 c=2-14+2=3

aTa=1n*—2n+3  and Ty = 1(42)% — 2(42) + 3 = 1683
(b) Determine which tenin will equal 1091.
T, =1091andT, = 1n* - 2n+3
—2n+3=1091
—2n - 1088
n-34)(n+32)=0
n=34orn=-32
an=34

The 34th term will equal 1091

ACTIVITIES/ ASSESSMENT

1. Given the quadratic sequence:  16; 27:42:61: ...

(a) Write down the next two terms of the quadratic sequence
(b) Find the general formula for the quadratic sequence above,

2. Consider the following number pattern: 1; 6; 15; 28; ...

(a) Determine the general tern and hence the value of the 20th term.
(b) Detenmine which term will equal 3160.
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Za=4..2" difference  3a+ b = 7 ... first termn of first difference @+ b + ¢ = 5., first tern
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L8, = E{Za + (n —1)d] ... arithmetic sum formula to n terms

It is also possible to derive a formula to calculate the sum of a finite arithmetic series consisting of n
tenns.
Sm= E“[Za + (n — 1)d] can be written as follows:

Sp=2la+a+(n-14d]
The [ast term (/) is the sth tenn and therefore /=a+ (n-1) d
“Sp=2(a+D

Examples:

1. Find the sum of the first 20 terms of the arithinetic series 3 + 10+ 17424 § .

a=3 d=7
Sn='z—'[2a+(n—1

e

Sz0=2123) + (20~ 1)7]
2. Calculate the sum of the following finite arithmetic

It is necessary to first determine the number of ter| ies before being able find the sum of
the series.

a=3 d=2 T, = 111

T,=a+ (n-1)d.. general formula
111=3+m-1)2
111 =342n-2
110 = 2n
n = 55, there are 55 terms in the series

To calculate the sum of the series, use either one of the two formulae;

Sa=F(at+l) OR Sa=5[2a+ (n-1)d]

S5 =2 (3+111) =3135 Sgs = Z[2(3) + (55— 1)2] =3135

3, Calculate: 5 (7-2m)

titw

Expand so as to identify the type of series:
1
Y-} = (7-2@2)+ (7 ~2(3) + (7 = 2(4)) + (7 = 2(5)) + -+ (7 — 2(100))
n =34+14+(=D+ =)+ +(~193)
This is an arithmetic series witha = 3 and d = -2

Now determine the number of terms: (Number of terms = Top - Bottom +1)
=100-2+1=199
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To calculate the sum of the series, use either one of the two formulae:

S,,:E(a-!-l) OR S,,=-;3[2a+(n—1}d]
Sep =2 (3 +(~193)) OR S99 =2 [2(3) + (99 — 1)(~2)]
= -9 405 =—-9405

4. How many tenms of the arithmetic sequence 4; 7; 10; 13; .... will add up to 1757
a=4 d=3 S, =175
Sn=3[2a+ (n-1)d]
175 = 2[2(4) + (n - 1)3]
175%x2=n{B+3n—-3)
350 = 3n*+5n
3n® + 5n— 350 = 0 ... standard form of a quadratic
(3n+ 35)(n —10) = 0 ... you can also use a quadratic formula
n= —3'35 ort =10

~n=10 ALWAYS REMEMBER: n is a natural number.

n
5. Determine n if Z(ﬁr -1)=456

el

"
Y (6r=-1)=456 = (6(1) — 1) + (6(2) = 1) + (6(3) = 1) + -+ + (6(n) — 1) = 456
r =5+11 4+ 17+ + (6n—1) = 456

This is an arithmetic seriecs witha =5 and d = 6
Number of terms =n—1+1=nand S, = 456

s,= E[Za + (n—1)d]
456 = 2(2(5) + (n — 16]

912 =n(10 4+ 6n—6)

912 = 6n? + 4n

6n*+4n—912 =0

3n?+2n—456=10

(3n+38)(n—12) =0 ... the quadratic formula may be used
n= —? orn=12

sn=12 ... nis always a natural number
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ACTIVITIES/ ASSESSMENT

1. Calculate the sum of the arithmetic series 4 + 7+ 10 + .. + 901,

2. Calculate the sum of arithimetic series: 10 +7 +4 + .... to 32 terms

3. Calculate:
@ Fk+2) 0 F(5-2m)
=1 =2

4. Consider the series: -3 + 1+ 5 + ...+ 313
{a)How many terms are there in the series?
(b)What is the sum of the series?

5. (a) How many terms of the arithmetic sequence 3*1 ;195 will add up to 15807
(b} Determine # if: 4 + 13 + 22 + ... (to a terins) = 539 ;

6. Determine m in each of the following arithmetic sm‘iep__‘;.
i
@ T(Th+5)=1287 (&) ¥ (1-3))=-671
kel i=0

7. The third term of an arithmetic sequence is -7 and the 7th tenn is 9. Determine the sum of the first 51
terms of the sequence.

8. The sum of n ternms of an arithmetic series is 5n% — 11n for all values of n. Determine the common
Difterence

9. The common difference of an arithmetic seties is 3. Calculate the values of n for which the nth tenn
of the series is 93 and the sum of the first n terms is 975.

10. An athlete trains by running 600 metres on the first day, 900 metres on the second, 1200 metres on
the third and so forth.
(a) How far does he run on the 15th day?
(b) What is the total distance that he will run in 15 days?
(c) How long will it be before he can run a marathon of 42km?
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TOPIC: PATTERNS, SEQUENCES AND SERIES Weighting 25+3 |Grade |12
(Lesson 7)

Term ‘Week no.

Duration 1 hour Date

Sub-topics Geometric Series

RELATED CONCEPTS/ | Geometric series, geometric sum formula

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Geometric sequence, common ratio, sum

RESOQURCES

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

* Using method of determining common difference for cormmon ratio
* Failing to differentiate between a common ratio and the common difference
» Failing to differentiate between T, and S,

METHODOLOGY

A geometric sequence is a sequence in which each term is obtained from the last by multiplying by a
constant number called common ratio.

A geometric series is obtained by adding successive terms of a geometric sequence.

3,6.12, 24, ... is a geometric sequence and the sum of that sequence, 3+ 6+ 12+ 24 + ... isa
geometric series (sum of terms denoted by 5,)

it the first term of a geometric sequence is a and the common ratio is 7, then the sequence is:
a;ar; ar®;..;ar" % art
Sp=a+ar+ar? 44 qart 2 4 gyt g9

rSe=_ artaritartectar®™l4ar™ L (2)  multiply each term by r

Spa=rSp=a—ar™.. (1})-(2)

Sp(1—7) =a(l~+") .. taking out a common factor

oyt i ;
Su= %:—1 where 7 # 1 [The general formula for determining the sum of a geometric series]

Similarly, for (2) — (1) the following formula can be derived:

5 = a(r'-1)

e ey wherer # 1
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Examples:
1. Find the sum of the first 12 terms of the series: §+ 2464

a =§ r=3
_ a(r"-1)
Sn= -1
2atig) .
Sy =T =177146,6

2. Calculate the sum of the following finite series 0, 25 + 0,5 +1+ 2 + ..., + 256,

Number of terms is not known. Therefore, it is necessary to first caleulate the number of terms.

a=025 r=2 T, =256
T, = ar™* .. general term of a geometric Seqi
256 = 0,25(2)"1

gn-1 . 256

0,25
Pl 1024 =380

n-1=10
n=11 » There are 11 terms in the series.

In order to calculate the sum of the series, either one of the two formulae may be used:

_ ar-1)

Sn="73

8y = 2BE D - gig.95

2-1
3. How many terms of the geometric sequence -1; 2; - 4; 8; ... will add up to 349 5257
a=-1 r=-2 Sp =349 525

P a(ri-1)

=g
349 525 = MR-

-2-1
—1048575 = —1((—2)" — 1) ... multiply by ~ 3 on both sides
1048575 = (=2)" — 1 ... divide by ~ 1 on both sides
1048576 = (~2)"
(—2)% = (-2

n =20 ... ~ The first 20 terins must be added to give 349 525
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4. Given: ﬁi e 4-1' Determine m.
15 ©s

Generate the series by substituting the value of k:
0.2+ 0,6+ 1.8+ -+ (3)™ 1 = 247
This is a geometric series witha=0,2 andr=13

Numberofterms =m—2+1=m—=1.. & S5 = 24%

alr"=1)
Sn= r-1
agrm-lo1)
Smer ="

1 02(3™1-1)
24 5 3-1

24:x2=02(3""1~1)
242 =3m"1~1 __ divide by 0,2 on both sides

243 = 31 | transpose — |

35 = 3"-1 _ write 243 in exponential form (same bases)

m—=1=5
m==6
ACTIVITIES/ ASSESSMENT

1. Detenmine the sum of each geometric series:

(a) 1 =3+9+ .., eightterms (b)-64+32—16+.

2 2 2 3 3
(c}i—;+;+;+»--m9tenns (d)6+3+5+;+

2. Given the Given the geometric series: —64 — 32 — 16—« = ;15

{a) How many terms are there in the series (b) What is the sum of the series?

10

=4
3. Caleulate: @ 5 %( 5P ® E, 8[ 1) ©

= 2

4. How many terms of the geometric sequence 64; 32; 16; ... will add up to 127-;-?

5. Determine n if: 3 6 4+ + 12 + ... (to n terms) = 765

.. to 10 terms

=+ to |1 tenns

10

E 34-.?

d=0
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6. Detenmine m in each of the following a series:

@ Pt o >':'(-8J[1]H=-15g @ 237 =50
el ) 2 4 il

2 TRV S
7. What is the least value of p for which the series 2 i’g(z) >311

ket

8. Mr Deeds gives his son R1 on his 1st birthday, R2 on his 2nd birthday, R4 on his 3rd birthday, RS on
his 4th birthday and so forth. |

|

(a) How much will he give his son on his lsmwwé ;

(b) Find the total amount of money he will have ﬁvmﬁfmmmat stage?

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: PATTERNS, SEQUENCES AND SERIES | Weighting 25+3 | Grade |12
{Lesson 8)

Term Week no.

Duration | hour Date

Sub-topics Probl involving Simultaneous Equations

RELATED CONCEPTS/ | Elimination, subject of the formula

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Simultaneous equations, common difference, common ratio
General term: Arithimetic Sequence (T;, = a + (n — 1)d) and Geometric sequence (T}, = ar™~1)

Sum Formula: Arithmetic Series (5, = E[Za + (n — 1)d]) and Geometric Series (5, = Elm)

=1

RESOURCES

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

* Using method of determining common difference for common ratio
* Failing to differentiate between a common ratio and the common difference
»_Failing to difterentiate between T, and S,

METHODOLOGY

Examples:
1. The 5 term of the arithmetic sequence is 12 and the 14" term is — 33.
(a) Determine the first 3 terms of the sequence.
Te =12 T4 =-33
Ts=a+4d Tyy=a+13d
at+4d=12.. (1) a+13d =-33 ... (2)

Solve the two equations by elimination method. In elimination method you either add or subtract the
equations to get and equation in one variable/unknown.

(1 -@):

—9d = 45 __. you can also make a the subject of the formula: is the single variable
usually on the left of the equal sign

d = =5 ... divide by — 9 on both sides
a + 4(=5) = 12 ... substitute ~ 5 into (1)
a=12420 =32

T1=32, T,=32+(-5)=27, Ta=27+(-5)=22

+ The first three terms of the sequence are 32;27;22
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{b) Hence determine the 40th term.
Teo = a+39d
=32+ 39(—5) = —163

2. The sum of the first 12 terns of an arithmetic series is 96. The 3rd and 6th terms add up to 12.
Determine the first term and the common difference.

Siz =96 Ty +Te =12
Si2 =220+ (12 - 1)d] a+2d+a+5d=12
96 = 6(2a + 11d) 2a+ld=412 .. add,ﬁ]ﬁke terms ... (2)

16 = 2a +11d ... divide by 6 on both sides () =
(D-@) 4=4d BE T2a ) =12" substifite d = 1
: i

d =1 ... common difference 2=

3. Determine the first three terms of the geometric seq
term is 54.

ich the 7th term is 1458 and the dth
Ty = 1458  and r_,=54

ar® = 1458 ... (1) ar®* =54 .. (2)
(D +@2)x r*=27 a(3)® = 54 ... substitute by 7 = 3
r3=133 a=2 .. divide by 27 (3%) on both sides
r =3 ... common ratio a = 2 is the first term
wTy=2 T,=2x3=6 Ts=6Xx3=18
+ The first three terms are: Z; 6;18

4. The constant ratio of a geometric series is —2 % The sum of the first four terms is 172.
Calculate the first term.
5 _afrt=1) _

F
e e S

“((“‘3’ ~1) g7

it 5

a(38,0625) = —60,9

a=-=106 .. fist term
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ACTIVITIES/ ASSESSMENT

1. Determine the tirst three terms of each of the following arithinetic sequences of which:
(a} the 3rd term of the sequence is 23 and the 26th term is 230,
(b} the 5th term of the sequence is 19 and the 15th term is 59.

2. The 15th and 3rd termns of an arithmetic sequence are 100 and 28 respectively.
Deterinine the 100th terin.

3. The 13th and 7th tenms of an arithmetic sequence are 15 and 51 respectively.

(a) Which term is equal to — 217
{b) Show that 66 is not a tenin of the sequence.

4. The eighth term of a geometric sequence is 640. The third term is 20. Find the sum of the first 7
tenns.

5.(a) If Ty = —4 and S5 = 24 of an arithmetic series, determine the first term and the constant
difference of the series.

(b) The fifth term of an arithmetic sequence is 0 and thirteenth term is 12. Determine the sum of the
first 21 terms of sequence.

(¢) The 1st term of an arithmetic sequence is 6 and the sum of the first five terms is 250. Calculate
the 12th terin of the sequence.

5. The first termn and the last term of an arithmetic series is 5 and 61 respectively while the sum of all
the terms is 957. Determine the number of terins in the series.

6. The sum of the first 10 terms of an arithmetic series is 145 and the sum of its fourth and ninth term is
five times the third term. Detennine the first term and constant difference.

7. Given is the series 1+ 2+ 3+ 4 +5 +...4n
(a) Show that §,, = 242
(b) Determine the sum of the first 1001 terms excluding all multiples of 7.

8. The 9th term and the 6th term of a geometric sequence are 80 and 10 respectively.
(a) Find the first term and the constant ratio,
(b) Find the number of terms if the last term is 5120.

15 s .40 . .
9.1fTy = o Ty = s and the last terin is 7o calculate the number of terms in the sequence if the

sequence is geometric,

10. The sum of the first 4 terms of a geometric series is 15 and the sum of the next 4 terms is 240,
Determine the positive constant ratio.

11. The ratio between the sum of the first three tenns of a geometric series and the sum of the 4th, 5th
and 6th tenns of the same series is 8: 27. Determine the constant ratio and the first 2 terms if the
third term is 8.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: PATTERNS, SEQUENCES AND SERIES Weighting 25+3 | Grade |12 2. Calculate: iz 10%n
(Lesson 9) oot
Term Week no.
=2+0,2+40,02+
Duration 1 hour Date
| Sub-topics The sum to infinity of a Convergent geometric series =2 - . — el mn Bio 5
RELATED CONCEPTS/ | Infinity, converge .1 % e e Yo St
TERMS/VOCABULARY . . .
PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE 3. Convert the recurring decimal 2, 53 into 2 common fraction,
Common ratio ; - . . .
First write the recurring deciinal as a geometric series:
RESOURCES .
; i 2,53 = 2,535353 ... = 2 + (0,53 + 0,0053 + 0,000053 + --)

In the brackets there is an infinite geometric series with a = 0,53 and r = 0,01

; TAF £ ; 6 G _ 053 _33
gl ® T i 1-sol %
ERRORS/MISCONCEPTIONS/PROBLEM AREAS o m 55353
»_ Writing S, = - instead of S = — ' j ' A2,53=24 =2
METHODOLOGY

We have been working with finite sums, meaning that s
only considered the sum of the first n terms, ;i

five determiREd the sum of a serics, we 4. Consider the infinite geometric series: p + p(p + 1) 4+ p(p + 1) +

(a) For what values of p will the series converge?

if the sum of a series gets closer and closer to a certain value as we increase the number of terms in a=p r=p+1
the sum, we say that the series converges.

. . i The series will converge if -1< <1
Consider the geometric series: % + % + % + Il:-,‘ e

-l<p+ic<i
5y =05 5, =10,75 S5 = 0,875 Sy =0,9375

~2 <p <0 .. subtract | from all terms
As we continue to add the terms in this way, it seems that the decimal values are tending towards a

value of 1, which is referred to as the sum to infinity of the convergent geometric series. {b) Assuming the series is convergent, calculate the sum to infinity.
If =1 < 7 < 1 then the infinite series will converge. In a convergent geometic series where -1< r <1, PRSI —
the sum to infinity exists. 7 is the ratio of the series, lor: 1=tpdn)  <p
. . : ; o s . 5, A convergent geometric series has a second term of 8 and a sum to infinity of 36.
In a convergent geometric series in which -1 < r <[, the sum to infinity is given by the formula: Determine the possible constant ratio(s).
8o = T'i—; ... general formula for sum to infinity where =1 <7 < 1 T,=8 S, =36
ar =8 .. (I =36 (2
Examples: 8 ] i e )
a=-.a the subject of the formula a=36(1-1)
I. Given the series 18+ 6+ 2+ ... Find the sum to infinity if it exists. 8 36—-136r
¥
1 = 361 — 3612
a=18 T=‘§.., -l<r<i1 35?'2—36?'-!-8:0
9r? = 9r +2 =0 ... 4 common factor
Sw=2-1=27 (3!'“-‘2)(33"‘1):40
1-*
2
- = ; ory==:
31
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ACTIVITIES/ ASSESSMENT
1. Find the sum of each of the following infinite geomeltric series:
@2+3+24- (b)-64+32-16+...
2. Calculate: r o
@ Z g(q)2m () b 3[#
218 (2) =0 2 )
T

3. Convert each of the following recuiring decimals to a common fraction by first writing it as a
geometric series.
(a) 0,23 {b) 4,2 (c) 0,54

4. For which values of x will the following geometric series converge?
@2+3(x+ 1)+~ 1) 4

(C} E 4(3 = "',)i
i

5. (a) The first term of a geometric series is 124. The sum.
Determine the common ratio and the sequence. )
(b) Fora geometric series with 1= 0,22 and 5, = 20,1

e the first tenm.

6. The sum to infinity of a geometric series with pcsiti’v'ﬁ-'is 4% and the sum of the first two terms

is2 g. Find a, the first tenn, and r, the constant ratio between consecutive tenmns.

7. The sum to infinity of a convergent geometric series is 32 andr = % Calculate the difference
between the sum to infinity and the sum of the first five terms.

8. A specific tree grows 1,5 m in the 1st year. lts growth each year thereafter is ;— of its growth in the
previous year. What is the greatest height it can reach?

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TEST 2: PATTERNS, SEQUENCES AND SERIES
DBE PAPERS
MARKS:25 DURATION: 30 MIN.

INSTRUCTIONS:

Answer ALL the questions

QUESTION 1 [12 marks]

1.1 Derive a formnula for the swn of the first n terms of an arithmetic sequence if the first
term of the sequence is ¢ and the comimon difference is d.

1.2 Consider an arithmetic which has the second term equal to 8 and the fifth term equal to 10,
1.2.1 Determine the cominon difference of the sequence
1.2.2 Write down the sum of the first 50 terms of this sequence, using sigima notation.

1.2.3 Determine the sum of the first 50 tenms of this sequence.

QUESTION 2 [13 Marks]
2.1 Given the geometric series: (x + 1) + (x — 1) + (2x = 5) + -~
2.1.1 Calculate the value(s) of x, (x # L or x # —1).

2.1.2 If x = —2, calculate the suin to infinity of the given series.

2.2 Themba is planning a bicyclie trip from Cape Town to Pretoria. The total distance covered
during the trip will be 1 500 kin. He plans to travel 100 ki on the first day. For every
following day he plans to cover 94% of the distance he covered the previous day.

2.2.1 What distance will he cover on day 3 of the trip?
2.2.2 On what day of the trip will Themba pass the halfway point?

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: EUCLIDEAN GEOMETRY (Lesson 1) | Weighting | 4043 [Grade [12

Term Week no.
Duration 1 hour Date
Sub-topics Revise lines and angles
RELATED CONCEPTS/ | Parallel lines, intersect, vertex
TERMS/YOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Types of angles
RESQURCES

ik
23 %ﬁg_
ERRORS!MISCONCEPTIONSIPROBLEM’AEQTP%
Assuming that lines are parallel
METHODOLOGY i
An angle is formed when two straight lines mect ata poin
£

1 F=3
Angles are labelled with a caret on a letter, for example, 4.
Angles can also be labelied according to the line segments that make up the angle, for example
CAB or BAC.
The "£" symbol is a short method of writing angle in geometry and is often used in phrases such as
“sum of £5 in A",

known as a vertex.

Types of Angles
1. Adjacent angles on a straight line are supplementary.

Supplementary angles add up to 180° =
Angles that share a vertex and a common side.
ABC is a straight line. » B\+8, = 180° P

A B <

2. If two lines intersect, vertically oppesite angles are equal.
Two lines intersect if they cross each other at a point.
Vertically opposite angles are angles opposite each other when two lines intersect.

They share a vertex and are equal.
74459

Ey=Fiand £:=E;

3. The angles around a point add up to 360° (Revolution).

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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A
4\3

B +B1 481 +84 = 360°

PARALLEL LINES
Parallel lines are always the same distance apart and they are denoted by arrow symbols as shown
below.

CD || AB. EF is a transversal line,

A transversal line intersects two or more parallel lines.

The properties of the angles formed by the above intersecting lines.
[. Corresponding Angles

Corresponding angles lie either both above or both below the lines and on the same side
of the transversal.

IFthe lines are parallel, the corresponding angles will be equal.
h=d, a=¢ g=c¢andb=Ff

2. Alternate Angles
Alternate angles lie on opposite sides of the transversal and between the lines.
If the lines are parallel, the alternate angles will be equal.
d=éandd =5

3. Co-interior Angles

Co-interior angles lie on the same side of the transversal between the lines,
If the lines are parallel, the co-interior angles are supplementary

If two lines are intersected by a transversal such that corresponding angles are equal; or alternate
angles are equal; or co-interior angles are supplementary, then the two lines are parallel,

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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ACTIVITIES/ ASSESSMENT
Exercise 1: Mind Action Series (Pg. 165)

1. In AABC, EFIIBC. BA is produced to D.

D A E B
S5a—40°N\2 2a y
800
=
&
<

a) Calculate a and hence show that AE = AF. _ [

b) Calculate, with reasons, the value of b, ¢, d,and e.

2. In the diagram below, CD{IEF, DEF = 28°, ABD = 48° and BDE = 160°. Prove that AB|ICD.

a) Prove that PTIIQS

b) Calculate y

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: EUCLIDEAN GEOMETRY (Lesson 2) | Weighting | 40+3 | Grade |12
Term Week no.
Duration | hour Date
| Sub-topics Revise Triangles: Classification, Congruency, Similarity and
Midpoint theorem
RELATED CONCEPTS/
TERMS/YOCABULARY
PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Types of triangles

RESOURCES

f o #
ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Using congruency conditions without understanding

METHODOLOGY

PROPERTIES OF TRIANGLES

A triangle is a three-sided polygon. Triangles can be classified according to sides and also be classified
according to angles.

TYPES OF TRIANGLES according to sides

a) Scalene Triangle: ((b) ) Isosceles Triangle:

Two angles are equal.

All sides are not equal
Angles opposite equal sides are equal.

¢) Equilateral Triangle:

All sides are equal
All angles are equal

TYPES OF TRIANGLES according to angles
a) Acute-angled Triangle

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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b) Obtuse-angled Triangle

=

One angle is greater than 90° and the other two angles ate acute.

¢} Right-angled Triangle &

o
S
N4
RS

One angle is equal to 90° and the other two are acute,

Exterior angle of a triangle.

I.. &L .

B

In triangle ABC, BC is produced to D.
A+ C4Cr=180° (Sumof s of a A)
Ci=A+B (ext. £ of A)
2. CONGRUENT TRIANGLES - 4 Conditions

a) If three sides of a triangle are equal in length to the corresponding sides of another triangle, then
the two triangles are congruent. Side, Side, Side (S, S, S)

b) If two sides and the included angle of a triangle are equal to the corresponding two sides and
included angle of another triangle, then the two triangles are congruent. Side, Angle, Side (S, A, S)

2% %

¢) If one side and two angles of a triangle are equal to the corresponding one side and two angles of
another triangle, then the two triangles are congruent. Angle, Side, Angle (A, S, A)

2N\ A

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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d) If the hypotenuse and one side of a right-angled triangle are equal to the hypotenuse and the
corresponding side of another right-angled triangle, then the two triangles are congruent,

90°, Hypotenuse, Side (R, H, S).

We use = to indicate that triangles are congruent.

NOTE: The order of letters when labelling congruent triangles is very important.

3. SIMILAR TRIANGLES
Two triangles are similar if one triangle is a scaled version of the other. This means that their
corresponding angles are equal in measure and the ratio of their corresponding sides are in
proportion. The two triangles have the same shape, but different scales.
Congruent triangles are similar triangles, but not all similar triangles are congruent,
We use /// to indicate that two triangles are similar.

a) If all three pairs of corresponding angles of two triangles are equal, then the triangles are similar.

Angle, Angle, Angle (A, A, A) i

D

B C E F

b) If all three pairs of corresponding sides of two triangles are in proportion, then the triangles are

Similar. 22 = 22 = 2% Side, Side, Side (S, S, )

NoOTE: The order of letters for siimilar triangles is very important.
Always label similar triangles in corresponding order.

&

4. PYTHAGORAS THEOREM

C
AB? = BC? + AC?

5. MIDPOINT THEOREM

4 <

If AD = DB and AE = EC,

If AD = DB and DE||BC,
Then DE || BC and DE = ;gc

then AE = EC and DE = %sc

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.I. SHANGASE, P.T.C. ZUNGU & 5.M. MQADI

40



Downloaded from Stanmorephysics.com

ACTIVITIES/ ASSESSMENT TEST 1: LINES, AN LES

Exercise I: Mind Action Series (Pg. 166)

I. ABIDE and DC =CB :X MARKS: 25 } DURATION: 30 MIN.
[
- kA

INSTRUCTIONS
a) Prove that AC = CE b) AB =DE 1. Answer ALL questions

2. Round off correct to TWO decimal places
3. Choose relevant fonmula from the FORMULA SHEET

QUESTION 1 [16 Marks]

11 In the diagram below, AB and DC are two patallel lines cut by two transversal lines at X, Y and Z
respectively.

3. In the diagram below, sides PR and QS of l'r-ﬁmgiﬁ rsect at T. PD = SR and

P=35 =090, P

Q ‘R

A
) X
Prove that APQR = ASRQ B
4. Show that the following triangles are similar: . /
x— 20

m 4 O A
[
1o L
" N\ D (\E
; 3N B -c

1.1.1  Determine giving reasons, the value of x in the diagram: (6)
5.1fAABC///ADEC, calculate x and y. 1.1.2  Name one pair of co-interior angles 1)
1.1.3  Name one pair of alternate angles (n

1.1.4  Complete: If two parallel lines are cut by a transversal, then the co-interior angles are ....... (n

1.1.5 Complete: The size of angle XYD = Reason ....ococveveernnes 2)

4l
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[.2  Determine with reasons, the value ot y (XY) in the diagram below. Given that AB = 4 units

and BC =3 units. X and Y are the midpoints of AB and BC respectively, {5)

A

4 1%

¥
|
B Y I —>4
3 |
QUESTION 2 [9 Marks] 3

In the diagram below. AD = CD and PQIIRS: AR and FCammﬁifghflmes,}lS and FC intersect at E also
PQ intersects FC at B. A&

1.1 Determine the sizes of the following angles, giving appropriate reasons:

2.1.1 D, (2)
2.1.2 By (2)
213 4; (2)
2.2 Show that REF = B (&3]

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: EUCLIDEAN GEOMETRY (Lesson3) [Weighting | 40+3 | Grade |12
Term Week no.

Duration | hour Date

Sub-topics Circle Geometry

RELATED CONCEPTS/ | Circle Geometry Theorems
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Grade 11 theorems and application of theorems

RESOURCES

RRORS!’MISCONCEPTIONSIPROBLEM AREAS

Failing to write acceptable reasons and also contusing reasons

METHODOLOGY

Radius: A line from the centre to any point on the circumference of the circle,

Diameter: A line passing through the centre of the circle. It is double the length of the radius.
Chord: A line from the circumference to the circumference.
Tangent: A line touching the circle at only one point.
Secant: A line passing through twe points on the circle.

A

If O is the Centre and OM L AB, then AM = MB
If O is the Centre and AM = MB, then OM L AR

AT
AN ®@ &

If an arc subtends an angle at the centre of a circle and at the circumference. then the angle at the
centre is twice the size of the angle at the circumference.

1.
D

2,

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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3. 4.
A
‘ B R D
'/
c C

If AOC is a diameter, then ¢ = 90°
( £ in semi-circle)

If A, B, C and D are concyclic (lie on a circle) and if AB,

AC, BD and CD are chords of the circle, then A=Dand

B = C (£ in same segment) or (line/arc subtends equal
angles)

c

If ABCD is cyclic, then A + C = 180°
And B + € = 180° ((opp £s of cyclic quad)

tan L rad Tangents from the same point tan-chord

ACTIVITIES/ ASSESSMENT

1. O is the centre of the circle. STU is a tangent at T. BC5= CT, ATC = 105° and CTU = 40°,
A

Calculate the size of: i . ‘
(a) 4; (b) By + B, (c) 44 (@ C,

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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2. ALB is a tangent to circle LMNP. ALBMP. 4

Prove that:
{a) LM=LP

(b) LN bisects MN" P
(c) LM is a tangent to circle MNQ

3. In the figure below, RQ and RB are tangents at the points Q and B respectively to the circle with
centre O. The radius BO produced meets the circle at A and RQ produced at P.

rles

LetQ; =x
(a) Prove that RBOQ is a cyclic quadrilateral.
(b} Name, with reasons, FOUR other angles in the figure which are equal to x,

(c) Express P in terms of x.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: EUCLIDEAN GEOMETRY (Lesson 4) | Weighting | 4043 | Grade |12
Term Week no.

Duration 1 hour Date

Sub-topics Ratio and Proportion

RELATED CONCEPTS/ | Area of triangles, Ratio, Base
TERMS/VOCABULARY
PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Ratio, fraction, area of triangle, parallel lines
RESOURCES

ERRORS MISCONCEPTIONS!PROBLEM AREAS
Failing to recognize triangles with the same base and or same he
METHODOLOGY

Ratio is a comparison between two quantities of the sa
a fraction and is usually given in its simplest form. e.
no indication of actual length. Do not convert a ratin

3t

nid has no units. it is usually written as
Z pronounced as 1 to 2. A ratio gives
imal, )

If two or more ratios are equal to each other, then we say that they are in the same proportion.
Proportion describes the equality of ratios.

The height or altitude of a triangle is always relative to the chosen base.
The area of the triangles can be calculated by using the formula; Area AABC = %base x height

1. Triangles with equal heights have the ratio of their areas proportional to the ratio of their bases.
¢ Two triangles which share a common vertex have a common height.

A Area of AABC =§ac><h
Area of AACD =2CD x h

o

Areaof aABC _ 3BCxh  ge
- 2 D Areaof MACD  lepwn €D

)

¢ Two wiangles between the same parallel lines have the same height.

2 5> Area of AABC = 2BC x h
/i | Area of ADEF = EF x h
,ﬁ }h
:h Areaof 8ABC _ 38Cxh _ e
B 7 — Areaof ADEF — JEPxR T EF

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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2. Triangles with equal or common bases lying between parallel lines have the same area.

n
.

Area of AABC = §Bc x h
! Area of ADBC =§Bc X h

Rea of AABC = Area of ADBC

B Base C

Example:

Given paralielogram PQRS with QR produced to T. RS = 45 cm, QR = 30 cm and h = [0 cm,

o

|. Calculate H.

Areq of ASTR _ 1
Aveaof APRQ ~ 3

Solution:
1. Use the fonnula for area of a parallelogram to calculate H.

Area PQRS = SR x h
= 45 % 10 = 450cm?

Area PQRS = QR x H
450 =30x H
H=15¢cm
2. Use proportionality:
E% = ;‘: .. giventhat TR: RD = 1: ¢4
RQ

2
Then it

2. If TR: RD = |: 4, show that

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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ACTIVITIES/ ASSESSMENT

1. The diagram below shows three parallel lines cut by two transversals EC and AC such that
ED: DC=4:6.
o Determine:

%, = FL
N, AL
i @2
f)\/ﬂ

2. In right-angled AMNP, QR is drawn parallel to NM,
with R the midpoint MP. NP = 16cm and RQ = 60 mumn

(b) AB: AC

(c) The length of AC and ED if it is given that AB = 12mm

Determine QP and RP.

3. Given trapezium ABCD with DA = AB = BC and ADC

A ] (a) Prove that BD bisects D

(b) Prove that the two diagonals are equal in length
(c) If DC: AB = 5: 4, show that

: QA Area ABCD = 2,25 x Area AABC
£} 2 Y

4. In the diagram to the right, APQR is given
with QR k TS.

Show that area APQS = area APRT.
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TOPIC: EUCLIDEAN GEOMETRY (Lesson5) | Weighting |  40+3 | Grade |12
Term Week no.
Duration 1 hour Date

Sub-topics Proportionality theorem

RELATED CONCEPTS/ | Construct
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Ratio, proportional, corollary, parallel lines, midpoint

RESS

e e i
ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Not doing construction correctly, not understanding why construction is done.

METHODOLOGY

A line drawn parallel to one side of a triangle divides the other two sides proportionally.
Reason: (line || to one side of a A)

Given: DE|[BC

Required to prove: % = g

Proof:

In AADE, draw height / relative to base AD and height £ relative to base AE. Join BE and DC to create
ABDE and ACED. \

Area of MADE __ IADXh _ ap
Arcaof 8BDE ~ ipBxn DB

1

Areaof BAED _ FAEXK  AE
Areaof ACED Iecxk e
Area ABDE = Area of ACED (same base, same height

and between parallel lines)
, Areaof 8ADE _ Areaof AAED

" Areaof ABDE ~ Avea of ACED

D AR B C
TR

NOTE: We use the same method to show that:

AD _ AE AB _ AC
AB T AC BD  CE

A corollary of the proportion theorem is the mid-point theorem: the line joining the mid-points of two
sides of a triangle is parallel to the third side and equal to half the length of the third side.

Given AABC: If AB = BD and AC = CE, then BC || DE and BC = iDE,

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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Examples:

1. In AABC, DE||BC, AB =28 mm and
AE:EC=4:3.

Determine the length of BD,

so:%x 28 = 12 mm

2: D and E are points on sides AB and BC respectively 6f AABC such that
AD: DB =2:3 and BE =-; EC. If DK||AE and AE and CD intersect at P,

find the ratio of CP:PD. "

B K E o
P _ CE 2
s ER (line || to one side of a ACDK)
L3
PO EK

EB A
AL
4p ~ sk

2 B,
Ef =_xdp=-£
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ACTIVITIES/ ASSESSMENT

L. In APQR, STIQR.
Calculate the value of x.

P 5
5am 10 cm ..,F 3
-~
T
2em X
< & en 18 o E

4. In AACF, AF||BG and in ACEF, EF||DG.

2. In AACE, BDJJAE. Calculate the value of y.

3. In ADEF, GHJIEF.

Calculate the value of m.
Calculate the value of x.

ED =22¢m, DC = 33cm, BC =15cm and AB = x

' A
L :F i
E D &

5. In AABC, XY||AC and

6. DB||FC, CEJ[FD and AG = 3GF. The diagonals
of parallelogram GCFD intersect at H.

MNJ|BC. AN:; NC = 3: 2
and BY =2YC. AB =15 cm. Calculate; (a) GH: HF {b) AG: GH
Calculate: (a) AM (b) XB {c) AB: BC (d) AE: ED

=
a

i <
E

I

LN >

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.I. SHANGASE, P.T.C. ZUNGU & 5.M. MQADI

52



Downloaded from' Stanmorephysics.com

7. In AABC, AC||DE. In ABCG, CGJEF. 8. In AABC, DEJAB and DF||AC. Prove that
Prove that: AD: DB =GF: FB GB:GD=0D: GC

G A

3 5] c G

9. In AMNF, M = 90° and HJ k MP.
HM:NH=3:1,HM =xand JF= .

0. s 4ABC, X is a point on BC. N is the
mid-point of AX, Y is the mid-point of AB
and M is the mid-peint of BX

M

(a) Calculate JP: NP. (a) Provethat Y BMN is a parallelogram.

Areg ARN)

1
ey (b) Prove that ME = EBC

{b) Caleuiate

COMFILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, 21 SHANGASE, P.T.C. ZUNGU & 5.M. MQOADI

53

TOPIC: EUCLIDEAN GEOMETRY (Lesson 6) | Weighting | 4043 |Grade |12
Term Week no.

Duration 1 hour Date

Sub-topics Proportionality Theorem

RELATED CONCEPTS/ | Sides in proportion
TERMS/YOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Froof of proportionality thegrem, properties of polygons

RESQURCES

ERRORS/MISCONCEPT] [ONS!PROBLEM AREAS

»  Assumning statements and reasens

* Incomect or incomplete reasons for statements

+ Incortect naming of angles

s+ Can’t differentiate between a parallelogram and a cyelic quadrilateral

METHODOLOGY
Given A ABC.
D
B L
AD AE AB AL AR AC
IfDEiIBC,than-E or riabrr 8= B

ACTIVITIES! ASSESSMENT

1. In ADEF, GH|[EF. DG: GE = 3: 3.
DE = 32z and DF = 24mm

2. In APQR, ST]|QR. PG = 35 inm, PR = 25mm
and % = ldqun.

Dretermine the length of DG, GE, DH and HF. Detenmine the leagth of PT.

o p

COMPILED BY PINETOWN DISTRICT MATHENMATICS ADVISORS:
MLB. MPIS], 2.1 SHANGASE, P.T.C ZUNGU & 5.0, MOAD!
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3.in AACE, BF|CE, BC =2 AC
and AE: ED = 4; 3
Determine DG: GB

4. In AQRS, T and U are points on RS and
W is a point on QS such that QTHWU and
QRIIWT. lf QW =12 mm, WS =11 mnm and
TU =6 mm, CALCULATE RS comect to the

nearest whole number. 8
A
U
W,
B F T

R

5. PA=2PQand 2PB=BR,
BC|RA. Detennine:

6. In AABC, P is the midpoint of AC. RS||BP
and AR: AB = 3: 5. Determine:

(3) BD: DQ (a) AS: 5P (B)AS:3C  (©)RT:TC
(b i:::;ii {Hint: construct the commeon height) d :::: f;zf, {Hint: Use area mule)
R
B
I Q

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.1. SHANGASE, P.T.C. ZUNGU & 5.M, MQADI

7. In APQR, PS[VT and QS:SR = 2: 3, 3. % =3, PA: AR = 1: 2 and PMIIAB.
T is a point on PR such that PT: TR =2: 7. (a) Write down values for RA: RP.and
Prove that: QU: UT=23: { ’ RE: BQ

(o) Detennine BM: BR
{¢) Prove that RM = MQ R
P
M
9]
P Q
G 5 v R

9. Q bisects YZ. SR||IXZ.
(a) Show that QR = RZ (2) Prove that YS = %YP (3) IFYS =12 cm, find the length of SP.

Y

COMPILED BY PINETOWM DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, 5. SHANGASE, P.T.C. ZUNGU & S.M, MQADI
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TEST 2: EUCLIDEAN GEOMETEY

MATHSCIECAT TUTORING AND 2015 SEPT. P2 {W()
MARKS: 25 . | DURATION: 30 MIN.
INSTRUCTIONS

I. Answer ALL guestions

2. Round off correct to TWO decimal places

3. Choose relevant formula from the FORMULA SHEET

QUESTION 1 {15 Marks]

1. In the diagram, O is the centre of the circle. X, L and M
are points on the circumference of the circle.
Prove that the chiuse angle at &, KO™M = 2KL"M. (6}

2. In the diagram, RDS is a tangent to circle O at D.
If BC = DC and CHS = 44° , calcufate with reasons
The size of:

1.1 8¢ 3

12¢ 2

i34 2

140, 2)

R s
QUESTION 2 [10 Matks]
In the diagram below, P is the midpoint of AC in AABC, 4
. . AR 3 .
R is a point on AB stuch that RS || BP and B35 RC cuts BP in T.
-3
Delermine, giving reasons, the tollowing ratios;
’

as
215 3 R

RT
2.2 7 (3

T ® "

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
W.B. MPISI, 2.5 SHANGASE, P.T.C, ZUNGU & 5.M, MOADI

TOPIC: EUCLIDEAN GEOMETRY (Lesson?) | Weighting | 4043 [ Grade |12
Term Week no.

Duration 1 hour Date

Sub-topics Similarity of Triangles

RELATED CONCEPTS/
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Properties of riangles, sides in proportion

RESOURCES

ERRORSMISCONCEPTIONS/PROBLEM AREAS

» (onfuse similar and congruent
* Use of proportionality theoremn instead of similar triangle to the ratio
¢ Incosrect labelling of similar triangles

METHODOLOGY

Two polygons with the same nunber of sides are similar when:
e All pairs of corresponding angles are equal, and
#  All pairs of corresponding sides ace in the same propertion.

To prove two triangles are similar, we need only show that one of the conditions is true. If one of the
conditions is true for two triangles, then the other condition is also true.

Equiangular friangles are similar.

=] E AN

Given: AABC and ADEF withA=D, 8 =EC=F

. AB _BC _AC
Required to prove: DT EF = oF
Proof:

Construction: mark G on AB so that AG = DE, and inark H on AC so that AH = DF,

COMPILED BY PINETOWHN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISL, Z.1. SHANGASE, P.T.C. ZUNGU & 5.M. MOADI
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D
B Q - EF
In & AGH and ADEF

I. AG=DE ... Construction

2.A=0D .. Given

3. AH =DF ... Construction
&% AAGH = ADEF ... SAS

JAGH=§
B =E . Given
~AGH =B
~GH I BC ... Coryesponding angles equal
+ 28 22 Prop. Theo
% =5 = an - Prop. Theorem
Az _Ac

S or = pp - AG=DE AH=DF

Similarly, by constructing Q on CA so that CQ = FD, 2nd mark P on BC so that CP = FE.
4 _CB i

Fb T FE
.48 _Ac_ BC

" DE DF_ EP

Therefore, equiangular triangles are similar

NOTE:

*  The symbol for simiar is /.

The symbol for congruency is =,

Be careful to label similar triangles correctly.

If we know that two pairs of angles are equal, then the remaining angle in each triangle must
also be equal. Therefore, the two triangles are similar.

In other words, to prove that two triangles are equiangular, we need only show that two pairs of
angles are equal.

Examples:

L. PQSR is a trapeziom, with PQ [| RS.

Prove that PT: RT = ST: QT.

In APTQ and ASTR:

g1 = &y ... Alternate angles, PQ | RS
PTQ = STR ... Ventically opposite angles
P | =S
N APTQS//ASTR . 2,2,4

COMPILED BY FINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.1. SHANGASE, P.T.C. ZUNGL & 5.M. MQADI!
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m_Te_rg
T = o APTQ//ASTR

~ PT.TR=8T.TQ
2. A, B, C and D are poinis on the circle.
DOC and AOB are chords.
DB and AC are joined. Prove that:

{a) AAOC|IADOB

08 _ oc
b or =52

(a) In AAQC and ADOB

A=1D . 5 onthe same segment
& =C .. £5 onthe same segment

0, =0, .. Sumof 2sof &
S AQC|ADOB .., 2, £,2

(b) 55 = 55 = 5= .. AOC]|ADOB
., 9B oc
" bo T a0
ACTIVITIES! ASSESSMENT
1. In the diagram, PA[BC and B = & . Prove that:

Pe—

{a) APAB|IAABC
(b) PA: AB =98 AC

() AB. AC=BP. BC

2. In the diagram, ABCD is & parallelogram.

BE=BC and BD = AB. 4 = x. Prove that:
{a} AABD|||ACBE

(b) AB. BE =BD, BC

o) BB

AD CE

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B, MPISI, Z. SBANGASE, P.T.C. ZUNGU & 5.M. MGADI
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5. AB is a diameter of circle ABC.

3. In the diagram, EF[{CGD and BECFG.
Prove that:
(a) ABEF[|]AFGD

4. PB iz a tangent to circle ABC. PA|BC.
Prove that:

{2) APAB[JAABC

(b) PA: AB = AB: BC

AF AR

O % =%

DC is a tangent at C and BD 1 CD.
(a) Prove that ABDC]|ABCA

(b} If AB =25¢m and AC = 24cm
Calkulate the lengih of BC and CD

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPIS], Z.1. SHANGASE, P.T.C. ZUNGU & 5.M. MQADI
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TOPIC: EUCLIDEAN GEOMETRY (Lesson 8) | Weighting |  40+3 | Grade |12

Term 1 Week no.

Duration { tour Date

Sub-topics Euclidean Geometry

RELATED CONCEPTS/
TERMS/YOCABULARY

PRIOR-KNGWLEDGE/ BACKGROUND KNOWLEDGE

RESOURCES

DBE PAST PAPERS

ERRORSMISCONCEPTIONS/PROBLEM AREAS

METHODOLOGY

ALL THEOREMS

ACTIVITIES/ ASSESSMENT

1. 1n the diagram, (¥ is the centre of the circle passing through
ABandC. CAR48% and . (OB =nand &y =y

Deteninine with teasons the size of:

{a) x
(b) ¥

2. In the diagram, (3} is the cenire of the circle passing througihs A,
B, C and D. AQD is a straight line and F is the midpoint of chord
CD. and OF are joined. 0DF = 30°, O and F are joined,

Drerermine with reasons, the size of

@ R

by ABC

3. In the diagram, M is the centre of the circle and diameter AB is

produced to C. ME is drawn perpendicular to AC such that CDE is

a tangent to the citcle at D, ME and chord AD intersect at F. :
MB =2BC X

If B, = x, write down with reasons another angle equal 1o x,

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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4, In the diagram, tangent KT to the circle at K is parailel to the
chord NM. NT cuts the circle at L. & KMLE is drawn. M, = 40°
and MET = 84,

Deteninine, giving reasons, the size of.

tay K,
IRA

5. In the diagram, AB and D" are chords of a circle. E is a point on

AB such that BCDE is a parallelogram. DEF = 108° and DAE =
2x + 407,

Calculate, giving reasons, the value ot x.

6. In the diagrain, PQRS is a quadrilateral with diagonals PR
and QS drawn. W is a point on PS, WT is paralle! to PQ with
T on Q8. WV is parallel to PR with ¥ on RS. TV is drawg,
PW:W5 =32,

Write down the value of:
5T
(2) Y

®) 5

(¢) Complete the statement: AVWS///A ...
(d) Determine WV:PR

7. tn the diagram, ABCD is a parallelogram. The dizgonals of

@t \ / L
@ L NV~
(e I

\l“‘*-——-"/

TN

ABCD intersect in M. F is a point on AD such that AF: FD = 4: 3,
Eisapeint on AM such that EF || BD. FC and MD imersect in G,
Caleulate, giving reasons, the ratio of:
M
@) oo
(b o
Afea AFDC
¢ ) Area ABDC

T

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS;
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TOPIC: EUCLIBEAN GEOMETRY (Lesson 9 | Weighting |

40+2 | Grade |12

Term Week no.

Duration . | hour Date

Sub-topics Euclidean Geometry

RELATED CONCEPTS/
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESOURCES

DBE PAST PAPERS

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

METHODOLOGY

ALL THEOREMS

ACTIVITIES/ ASSESSMENT

1. The 1wo circles in the diagram have  common
tangent XRY at R. W is any point on the smal}
circle. The straight line RWS meets the large circle
a1 8. The chord ST is a tangent to the small circle,
where T is the point of contact. Chord RTP is drawn.
LetR, =xand R, = y.

(@) Prove that RT = 252
{b) ldentity, with reasons, another TWO angles
4
equal to y

(¢) Prove that §, =
(9) Prove 0L ARTS = ARQP
{e} Hence, prove that "= :57;

2. in the diagram, M is the centre of the circle and
diameter AB is produced to C. ME is drawn
perpendicular to AC such that CDE is a tangent to the
circle at B. ME ard chord AD intersect at F. MB = 2BC.

Prove that:
(2} CM is a tangent at M to the circle passing through
M, E
{b} FMBD is a cyclic quadrilateral
{c) DC? =5BC?
{d) ABBC//fADFM
{e} Hence, determine the value of %

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
0A.B. MPISI, 2.1 SHANGASE, P.T.C. ZUNGU & S.M. MQADI

64



Downloaded 'frorh' Stanmorephysics.com

3. in the diagram, AASC is drawn. TA and TB are P -
tangents o the circle. The straight line THE is parallel \ 741/ i
fo AC with H on BA and K on BC. AK is drawn, Let \
Ay=x A 7
Prove that:
(2} Kz =
{h) AKBT is a cyciic quadrilateral
{c} TK bisecls 4RB

{d) TA isa tangent to the circle passing through
the points A, K and H

4, ABC is a tanyent to the circlz BFE at B. From C, a straight
line is drawn parallel o BF to meet FE produced to D. EC and
BDaredrawn. £, = B, =xand &, = ¥
(2) Give a reason, why EACH of the tollowing is frue:
N =x
2) BLD = B,
(b} Prove that BCDE is & cyclic quadrilateral
(c) Which TWO other angles are cach equal to x7
{d) Prove that B, = £,

5. In the diagram, HLKF is a cyclic quadrilateral. The e
chords HL and FK are produced to meet M. The line
through F pasailel to LK. meets MH produced to G.
MK =x, KF=2x, ML=y and LH = HG.

(=) Give a reason why GF M = LM
(b) Prove that:

13GH=y

2) AMFH [/ AMGH

6F _ 3x
3 FH T 2y

(c) Show that ¥ = ‘é

6. In the diagram, W is a point on the circle with centre T

0. V 15 a point on OW. Chord MN is drawn sach that - .,
MV = VN. The tangent at W meets OM produced at T
and ON produced at 3,

(z) Give a reason why OV L MN Tar
(b} Prove that:
1) MN#TS
2) TMNS is cyclic quadiilateral e
3. 05.MN = 200, WS BRI

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPIS], 24, SHANGASE, P.T.C. ZUNGU & 5.0, MOADI

TEST 3: EUCLIDEAN GEOMETRY
FROM DBE PAST PAPERS
MARKS: 25 DURATION: 30 MIN.

INSTRUCTIONS

L, Answer ALL questions

2. Round off correct to TWO decimal places

3. Choose relevant fonnula from the FORMULA SHEET

QUESTION 1[17 Marks)

Ir: the diagram, ADE is a triangle having BC/ED and AEAGF.
[t is also given that AB:BE = 1:3, AC = 3 units, EF = & units,
FD = 3 ugits and CG = x unilts.

Calculate, giving reasons:

1.1 the length of CD 3
1.2 the value of x 4
1.3 the length of BC {5)

Areq of 8ABC

1.4 The value of Area of 8GFD

{5)

QUESTION 2 [08 Marks]

In the diagram, HLKF is a cyclic quadrilateral. The chords HL ¥
and FK are produced to meet M. The line through F paratlel so
LK meets MH produced to G. MK =x, KF = 2x, ML =y and
LH=HG.

2.} Provethat GH=y 3
2.2 Prove that AMFH [}/ 6MGH (53

/]

66
COMPFILED BY PINETOWRN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: TRIGONOMETRY (Lesson 1) | Weighting | S0+3 | Grade 12
Term Week no.

Duration | hour Date

Sub-topics Reduction Formulae

RELATED CONCEPTS/
TERMS/VOCABULARY :

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Quadrants, trigonometric ratios, co-ratios

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Mo understanding why trigonometric ratios are positive or negative in guadrants.

METHODOLOGY

of an acute angle,

L]

0
Cresateimnt 11 el |
iy i
" alt :
T ° _ 430
[RLER g
Chaachnt i Cpueleant v

AT
Here is a sununary of the reduction
formulae:

60" - 8

Iy — g

* Reduction formulae of the Function values {180° + &) and (360° — §)

i

1807 . o

Tarre

DD

Bu° —~ 0

Reduction formulze are used to reduce the trigonometric ratio of any angle to the trigonometric ratio

An acute angle is the angle that is greater than 0° and less than 90° (0° < acute angle < 90°) in
measurement. Acote angle is usually represented by 8 in a cartesian plane

3

S8 —F) = snd

Sa{I8F + ) =5 §

(R0 - 8) = ~siné

o3+ 6) = s

os{18F - ) = —conft | cos{100° + 8] = oz

cos{I68 - 8= cor ¥

co[360° +8) = ot

80" 8) = ~tnf | tanf$80°+4) = nd

tan{350° - 8} = -tan ¢

H(I60 4 8) =

* Reduction of the Function values of {- §)

sin(—@) = —sin @ ... 4" quadrant, sin negative
cos(—8) = cos @ ... 4" quadrant, ¢os positive
tan{—8) = —tan @ ... 4 quadrant, tan negative

An anti-ciockwise rofation pives a positive angle. We can measure negative angles by rotating in a
clockwise direction, For an acute angle &, we know that - 8 will lie in the fourth quadrant,

+ Reduction of the Function values of (360° + 8)

We can also have an angle that is greater than 360°, The angle completes a revolution of 260° and
then continues 1o give an angle of 8.
sin(360° + &) = sin@
cos{360° + F) = cos@
tan{360° + 8} = tan g
NOTE:
When determnining function values of (180° + 8), (360° + 8) and (—8) the function {name of
the ratio) does not change,

* Reduction of the Function values (90° + &)

Sinte and cosine are known as co-functions. Two functions are catled co-functions it F(A) =g (B)
whenever A + B = 90° (that is, A and B are compilementary angles),
Therefore, the function value of an angle is equal to the co-function of its complemens,
Thus, for sine and cosine we have:
sin(90° —- @) = cos 8
cos(90° —~ @) = sind
sin{90° 4+ 8) = cos 8 ... 2™ quadrant, sine positive
cas{90° + 8} = —sin & ... 2% quadrant, cosine negative
NOTE;:
When determining function values of (90° 3 8) the function (name of the ratio) changes to its
co-function.

Examples;

(360" =F).5in{H0*—8).cos(5407+8)
cas(20%+5) cos(—8)

_ —sin é.cos D.cos{360"H(180°+ 91}

- -sing.cosé

cos(180° + 8}

1an 135* — cos 320°.00% 40
Shn 220%.cos(=-507}
_ tan(i80°=45")- cor(360°—40%).cos{160"-40%)

sin(150*+407).co5 50°
_ —ran 45%= cog 40 X — cos 407

~ Sin 40%.008 SO°

=L+cos? 40° o . o
= | =sin4
- 4in 40.5in 40 cos 50 0
_ —(3=-cos?40%)
=5in%40

=1.. (1 — cos240° = sin?40%)

—

]

cos@

ACTIVITIES! ASSESSMENT

Simplify the following Expressions without the use of a caloulator and 1o a single trigonometric function
where necessary:

Ean{180°-x).5in(360'—x). cos(00°—x)
sin(—x).cos(90*+x]) tan (180" +x)

23in{90°—@) + cos{160° =8}
T gin{eo*=-8) - cos{x—180%)

cosi-a)
€0s(360%-7)

3 an($40*+a) sin{00*a)
) Sin{1B0*—a)

Z1an 315 sin 225° sin 120*

4 coE 3157 cos 210"

5 <oz 225%sln(-135%)~ sin 330*

6 tan 480°.5in 3007 cos 14%ein(~135)
tan 225° )

sin 104%.cos 220

COMPlLEf:J BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPIISI, Z.1. SHANGASE, P.T.C. ZUNGU & $.M, MOADI
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68



Downloaded“frorr.]' Stanmorephysics.com

INVESTIGATION: COMPOUND ANGLES

{ Polar coordinates |
» (i) The trigonometric ratios are meaning that, with some simple
: dafined as:  sin@= % ST dlgebra, that: Ty m rsing
atd
cos g = %---...___“_ "m'vxzr-cose

tma:.% ROV

Distance formula;

AB= \’(X‘L - 11}2 +{n- J’z)2

or {often more useful)

Cosine rule:

C gt =0 +F —dbccosA

AR = (- %) + (3~ 3,

ACTIVITY:

Refer to the figure alongside. Two angles, « (AOx)

and 8 (BOx), are drawn with a radius of 1 unit on the

Cartesian plane] !

(2) Give the polar coordinates of points A and B.

(b} Use distance formula to calculate the length of i
AB? in terms of & and /. £

{c} Use cosine rule in AAOB to find the length of
AB? interms of a—g. u

(d) Equate your answers in (b) and {c) to show
that ces{c — B) =coswcos §+sinasin S.

62
COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:

LB, MPISE 2.0, SHANGASE, P.T.C. ZUNGU B 5.M. MOADI

TOPIC: TRIGONOMETRY (Lesson 2) [Weighting | 503 | Grade |12
Term Week no.

Duration 1 hour Date

Sub-topics Compound angles

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE

RESQOURCES

W

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

= Failing to recognize compound angles
» Failing 1o simplify into a compound angle
»  Feiling to write an angle as an acute angle as a compound special angles

METHODOLOGY

Compound angles invoive the tigonometric ratio of the sumn of two angles or the differsnce between
two angles.

cos(a — B) = cosacos B +sinasinf
cos{a + B) = cosacosf —sinasing
sin{e ~ ) =sinacosf —cosasinf

sin(a + f) =sinxcosf +cosasing

Examples:
[. Expand the following:

(a) sin{d — 20

(b} cos(2a + 45%)
= sinAcos20° — cos 4 sin 20°

= cos 2a cos 45° — sin 20 sin 45°

= -";ECOSZCE - ‘,—fsin 2a

2. Express the following as a single trigonometric ratio:

{a) cos 70° cog x -+ 5in 7H° sin x

{by sin3x cosx — ¢cos3xsinx
= cos{70° — x)

= sin{3x — x}
=sin2x

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, 2.1 SHANGASE, P.T.C. ZUNGU & 5.M. MOAD!
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(c) cos 65° sin 85° 4 sin 65° cos 85° {d) cos 320° cos 20° + sin 140° sin 200°

= sin{65° + B5*} = cos{360° — 40°) cas 20° + sin(180° — 40°) sin(1806° + 20%)
= 5in 150° = ¢05 40° cos 20° — sin 40° sin 20°

= sin{180° — 307) = cos{40° + 20°)

=3in30 = cos 60°

_1 =1

T2 2

ACTIVITIES/ ASSESSMENT
L. Expand each of the foliowing using the compound angle tormulae:

(a) cos(x - 40°) {b} sin{10° + B}

(c) cos(60° — 4) (d} sin(x + 45%)

{e} cos{x + x) (£} sin(é + 9}

2. Use the compound angle formulae to simplify each expression to one term only:

{a) cos20°cos40® — sin20°s5ind(°

(b} 5in 10 *cos 80° +-cos 107 sin 80°

{c} cos(45° — x} cosx — sin(45° - x) sinx
(d) ¢os?15 — sin?15

L]

- Caleulate each of the following without the use of & caleulator:

(a) sin 5S¢ cos10 + cos 50 sin 10

(b) cos 70° cos 40° + sin 70° 5in 40°
{c} —sin40° cos 10° + cos 40° sin 10°
{d} (cos 20°sin 65° — sin 20° cos 65°)%
{e} —cosB0°cos35° —5inBO°sin 35 °
{f) sin55°sin 5% — cos55° cos 5°

4. Show that cos(60° + 8) — cos(60° — §) = —/3 sin 8

5. Caloulate sin 75° without vsing a calculator.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISGRS:
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TOPIC: TRIGONOMETRY (Lesson 3) | Weighting | 50 + 3 | Grade 12
Term i Week no.

Dration 1 hour Date

Sub-topics Double Angles

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Coinpound angles, square identity siné + cos26 = 1

RESOURCES

t
¥

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

»  Failing to recognize a double angle if not written as a double angle
+ Failing 1o simplify to a double angle/work backwards

METHCODOLOGY

Donble angels are expanded using componnd angle identity.

sin 28 = sin{# + 8)
sin28 = sin# cos & + cosF sind
~sin28 =2sin@cosd .., add like terms

cos28 = cos(6 + @)
& co5 28 = cos?0 — sin?d

2 2
E identity sin2g 291, stn‘d = 1 - cos?@
roin the identity $in®8 + cos?d {caszﬂ = 1 — sin?8
€0s 28 = cos20 ~ sino
cos28 = (1 —sin®8} — 5sin*6¢  AND 0520 = cos?8 — (1 — cos28)
cos2¢ = 1 - 2sintg cos28 = 2cos%8 -1

Therefore,
€050 — sin®@
5in 28 = Zsind cos § cos2é¢ = 1 - 2sin?g
2cos®G —1
Examples:
{, Expand the following:
(a} sin 50° (b) cos 46
= sin(25° 4 257 = cos(28 + 26}
= s5in2(25%) = cos2(28)
== 2 5in 25 cos 25° = ¢cos?28 — sin?28

b

Simplify the following without the use of a catculator;

cos28 = cos@cosf —sinfsing
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{a) cos#15° — sin15° (b) 25in22,5%cos 22,5° TOPIC: TRIGONOMETRY {Lesson 4) | Weighting i 50%+3 | Grade |12
= cos(15° + 15%) = 5in{22,5° 4+ 22,5%) Term Week ne.
— ' = cf @
- 3?5 30 slm s Vi Duration 1 hour Date
=3 A Sub-topics Trigonometric Ratios and Pythagoras
(c) {sin 75° — cos 75°)2 RELATED CONCEPTS/ | Quadrants, Cartesian plane
= §in?75° — 2.5in 75° cos 75° + cos275° TERMS/YOCABULARY
=1 —35in2{¥5") PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE
=1 —5in150° : Right-angled trfangle, hypotenuse, opposite side, adjacent side,
=1 fin 3;0" .. sl 150° = sin(180° — 307 RESOQURCES
. .o Sin2x-ginx
3. Simplity eorri gogx_l _ u , i 5
= SEMESSEERE expand sin 2x MR
2cosx—1 2l L, -
__ sinxf2coza—1) k it factor A —r Fomm - 4
T Zeomsa—1 - AK€ outa common facto ERRORS/MISCONCEPTIONS/FROBLEM AREAS
=sinx Failing te choose the correct quadrant, don’t understand the meaning of the given condition.
METHODOLOGY
ACTIVITIES! ASSESSMENT In a right-angled triangie: i
1. Expand the following using double angle formulae: . A
hypotenuse " .
{a) cos 4x {b) sin 70° : e Joppaosite
i :
(c} 4 5in 22° (d) 2 cos 44° (e} — cosB6” acjacent
2. Determine the value of the following without using a caloulator: . oppasite side _ adjacent side __ opposite siide
siné = kypotentse cosé = hypotennse tan g = adjncent side
(a) cos222,5° + sin?22,5° (b} 2 sin 75°5in 75° {c} (sin 15° + cos 15°)2
For amgles are on a cartesian plane;
3. Simplify the following expressions: _ o)
0% Zx sln 28 1—cos2d - r
(@ coSxX+sinzy {b) 1+cosf © sinza rd Y
X
sing =2 cos@ =32 tang =%
r r x
Quadrant 1; All ratios are positive -
(A
Quadrant 2: sin @ positive Jemm— Ouemdeani 1
{tan@ and cosP are negative)
5 A
abd! al
Quadrant 3: tan 8 positive w = —
(cos 8 and sin@ are negative) vt | oo
. uadeant L Cuadrany IV
Quadrant 4: ¢35 & positive
{5sin @ and tan @ are negative} w0
73
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Special Angles: (2) sin{—25") = —sin 25° {b) cos50° = cos 2(25°) = cos225° — sin225°
o my 2 [Tt
vz, -5 < - (Z2) - om s
) - (d) cos155° = cos(180° — 25°) = —cos25° = —m
Sin30° = 1 sin45e = 2 2 ACTIVITIES/ ASSESSMENT
.2 vz i L. Simplify the following without the use of a caleulator:
x B I, L
sin30° = 2 cos 45° = V2 {a} 25ind5° % 2cos45®
(b) cos*30° — sin60°
' 1 o _ 43 a1 . .
tan 3% = = tan 60° = T = V3 tan45° = = 1 (0] sinéd® X V2tand5® + 1 — sin30°
Examples: 2. Point M {2; -1} is a peint on the cartesian plane, Such that XOM = g, ¥
L. 117 cos@ = —B and & € (180°;360%). Without the use of a calculator and with the aid of 2 Calcutate the following without the nse of 2 caleulator. 8
diagram, calculate the value of nl
(a) cos &

’ bf 21
(a)8tané —17sin@ {b) cos 28 {c) sin(180° — 28} {d) tan 26

() 1 sin@

-8 - s
cosfd = = § - X IS negative in quadrant 2 and 3

3.if5tand = 12 and ¢ < (90% 270°}, determine the value of c::a - c; r

r*=x%+ 32 . Pythagoras

(17)2 = (=8)2 + 2 4. Given: 55in8 + 4 = & and c6s8 > 0. Determine:
¥

-
223,5:;15 @) o
¥ = =15 .. 3" quadrant oo

(b} 18sind - 25c0s29

(a) Stand — 17 sing {b) cos28 = cos?6 — sint@ ) 3 s ) . R .
5. ifsin@ = -3 for 8 € (0%270°), and cosp = T3 f07r sinf < 0, determsine the value of cos@ + sing
=8 _ 975 3 = ‘_)2..(:.1_5)2-_-,:_12
-8 17 17 17 89 6. 1 cos38° = p, with the aid of the diagram write the following in tenns of p.
. o na o _ sin28 {a) tan{-38) (b) cos 52° {c) 5in 38°
(c) sin(180" — 268 = sin 28 (d) tan28 = vy
(d} cos 76° (e) sin 104° (£} cos 68°
indg = . =240 161
sinf = 2sinf cos @ ) =25 T 2o
S -5 om0 2o 289 o (g) co5142° {h) tan 236° {1} 2 5in 19° cos 19°
T IX T X s = %09 X 61 = a1

iy 2cos%26° - 1 (k) 1 - Zsin?19° (1) (sin?26" — cos?26%)2
2. If cos 25° = i, determine the following in tenns of m without the use of a calculator

7.iftan 22 = k, write the following in terms ofk by first deawing a diagram,
{a) sin{—25°} (b) cos S0° {c)cosiss®
m ) ) (a) cos22° {b) tan 68° {c) sin22°
cosZ25% = 7 =7  Therefore, we need w detennine ¥ by Pythagoras Theorem
x22+ yzz——- rzz. .. Pythagoras Theorem (d) tan 202° (e} sin 44° {fy cos §2°
me4+yc=1
oy =y — me
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TOPIC: TRIGONOMETRY (Lesson 5) | Weighting | 50 +3 | Grade [ 12 Whenever expanding cos 28, one must decide whesher to use cos*8 — sin®6 OR 2cos?0—1 OR
Term Week no. 1-2sin’e
Duration i 1 hour‘ .I‘)at.e i _ i Examples:
Sub-~topics ‘Frigonometric [dentities including {dentities Involving Compound
and Double Angles Prove the following identities;
RELATED CONCEPTS/
TERMS/VOCABULARY 50 _ng
PRIOR-KNOWLEDCE! BACKGROUND KNOWLEDGE Tcos®  1ltsinf
Compound angles, Double angles 1 cosd
L.H.E: — ———— ___ choose one side and simplify it to get the other side
casf  L+sing
. i(1+sin B)—cosBicos 8} . .
ey ey S LCD is [cos @ (1 + sin &)] product of denominators
_ 1l4sind—cos?d
: ) L T cos8(1+sin 8)
ERRORS/MISCONCEPTIONS/PROBLEM AREAS _ 1tsin0-(1-st'0)
Incowrect use of identities T cosé1+singd)
METHODOLOGY
An identity is a mathematical statement that equates one quantity with another. — Sinf+sinis
cog @(1+sin &)
Trigonometric identity — an equality which is true for all values of an vnknown variable, for which sin0(1-sin 8)
both sides of the identity are defined {50 no zero denominators). = prerrorrrr i take cut common factor on the numerator
Trigonometric identities aliow us to simplify 2 given expression so that it contains sine and cosing - =
. . : N =tan# =RHS
ratios only. This enables us to solve equations and also to prove other identities.
l-cog2y tan
Prove the following ldentities: CTonax o anx
»  Apply algebraic factorization, where necessary \—coszx
« |deatity LCD, where necessary LHS: T
s Use lgn@ = Eg and sin®@ + cos®@ = 1, where necessary
P -
« LUse compound and double angles, where necessary = ﬁ ... apply double angle formula, numerator must have sin because of RHS
" _ 25inx *sjﬁ—tanx
tans =% AND $in8 + cos2@ =1 asinwcosx  cosx
145026 _ cos8ising
sin*8 =1 — cos?9 .. make sin2@ the subject of the formula “Tcos28 | cosb-siné
€058 = 1 — sin®@ .. make cos%0 the subject of the fonnula LHE. Srg+cos?0425in 6 cos apply identity and double angle formulae
coy2@-sinif
{COS{{I - '8} =cosa COS'B +sina Sinﬁ - $In*8+2 510 B cog @ +cas?d
cos{a + ) = cosacosf —sinasing = cos2@—sind
COMPOUND ANGLES: ) )
{sm(a - B) =sinacos§ - cosasing = m?ﬁs:}% ... factorise perfect square trinomial and difference of two squares
sin(e + ) = sine cos § + cosa sin § {cos—sinF)(cos §+sin 8}
2 2 _ sinddcosg
cosca — sin‘a = wosf—sind
DOUBLE ANGLES: sin 2a = 2sinacosa cos2e =1 Zeosta—1
1-2sin’a
77
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ACTEIVITIES/ ASSESSMENT

Prave the following [dentities

TEST [: TRIGONOMETRY
FROM: MIND ACTION SERIES [NEW EDITION]

1.5ind.cosé.tan@ = 1 — cos*s GRADE 12 LEARNER SUPPORT STEP AHEAD — 2021
1 DBE FEBRUARY/MARCH 2G5
2tanfxr+1= Py
MARKS: 25 DURATION: 30 MIN.
COsX  _ idginx

"1-sinx T eosx

4, _Sinwksinae t INSTRUCTIONS
“Treosxicosza | M ¥ .
1. Arswer ALL questions
i-sin2é . . 5
“Sinfocoss — S8 —cosd 2. Round off correct to TWO decimal places
sinza 3. Choose relevant formula trom the FORMULA SHEET
“ltcos2a tana
Losx 2
Ttanx+ =t QUESTION § [22 Marks]

1~tan@ _ cos2d
Tiftand  1-sin28

t.t [fcos16° = p, write the following in terms of p:

l.1.1 cos32° ()
1.1.2 sin(—74%) 2)
1.1.3 5in 8% cos 8° (&)

[.2 Simplify without using a caleutator

1.2.1 sin{(180° — x). sin{—x} — cos{188° + x} . sin(90° + x) (5)

tAn{—560%) cos 156° cos 2947
122 ey {8)

QUESTION 2 [3 Marks)
Prove thatM =2tanx [&3)
I-sln=x
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TOPIC: TRIGONOMETRY (Lesson. 6) [ Weighting | S50+3 [Grade {12
Term Week no.

Duration 1 hour Date

Sub-topics Trigonometric Eguations and General Solution

RELATED COMCEPTS/ General solution

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Trigonometric ratios, period of the graph, equation,

RESOURCES

"

3
ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Application of basic algebra is a prablem

METHODOLOGY

Trigonometric equation is true only for certain values of the unknown variable.

The periodicity of the trigonometric functions means that there are an infinite ninber of positive and
negative angles that satisfy an equation. If solution is not restricted, then the general solution needs to be
determined to the equation. it is known that the sine and cosine functions have a period of 360° and the
tangent function has a period of 1807,

The period is the number of degrees needed for a trigonometric function to complete one cycle.
Steps for determining general solution:

» Simplify the equation as far as possible

s Determine the reference angle

» Identify the possible quadrants {where the funciion is positive or negative, based on the sign of the
given function)

« If sin@ = x,then
§=sin"x+ k360° forkeZ
Or 8 = 180° ~ sin1 + k. 360° fork e Z

o [If cos8 = x, then
g=costx+ k360 forkeZ
Orf =360°—cos lx+h360°forkeZ

If tan 8 = x, then
& =tan"! + k. 180°

COMPILED BY PINETOWN DISTRICT MATHEMATICE ADVISORS:
#.B. MPISI, 21, SHANGASE, P.T.C. ZUNGU & 5.M. MOADI
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Examples:
1.3cos8 = 25ind

Note that cos and sin have the same angle, thersfore, divide by cos @ on both sides to get tan 8

-
o cesE

3
tan# = I
8 =tan? %) ... shift tan G} en the calculator

# = 56,31° ... Reference angle
6 =5631°+k180%keZ

2, c083x = sinx
Note that cos and sin have different angles, therefore, write sin in terms of cos

cos 3x = cos{(%0° —x)

3x = {90° —x) ... Reference angle
L 3x=090"—-x)+k360°keZ IV:3x=360°—(30° ~x)+ k.360,k € Z
3x = 90°—x + k.360° 3x = 360° — 90° + x + k. 360°
4x = 90° + k. 360° 2x = 270 + k. 360°
x =225 + k. 90° x =135° + k.180°

3. 2sin®8 +5ing8 = 0
Note that the quadratic is in a standard form

sind{2sin@ + 1) = 0 ... common factor sin 8.

sinf =0 or 2sing+1=¢

8 = 0°...Ref. angle sinS:—%

L8 =0°+k360%k€Z @ = 30° ... Ref angle (shift sin G) on caleulator)

1:8 =180+ £.360° k€ Z :8=180"+30"+ k360 k€ Z
= 210° + k. 360°
V:8 =260° =30+ k. 360k €2

= 330° 4+ k. 360°

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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4. 2¢c05%x + cosx =3
Remember that quadratic equation must be in a standsrd form,
Zeos*x +cosx—3=0Q
(Zcosx + I)(cosx — 1) = 0 .. factorise
2cosx+3=0 or cosx—1=10
cosx =1

cosx = —3
Tz

No solution ¢os has a minimun value of -] x=0"+k360%ke?

ACTIVITIES/ ASSESSMENT

L.sind +cos8=¢

2. sin(3x +30°) = —cos 2x
3.25in%x +sinx = 3

4.1 +sin§ = cos?8

5. 2c05%x = cosx

1d2sinx.cosx 1

sinx4cosx

6, Consider the identity

6.1 For which values of x will the identity be undefined?

1+2elix.cosx —

6.2 State the general solution of =
sinadcosx

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPIS!, 2.1 SHANGASE, P.7.C. 2UNGU & S.M, MQADI
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TOPIC: TRIGONOMETRY (Lesson 7) | Weighting | 50+3 [Grade |2
Ferm Weeli no.

Duration 1 hour Date

Sub-topics Trigenometric Equation Involving Compound and Doubie angles
RELATED CONCEPTS/ General solution

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Trigonometric ratios, period of the graph, equation, Compound and Double angles

RESOURCES

ERRORS."MlSCONCEPTlOﬁSr‘PROBLEM AREAS

Can not recognize factorization in frigonometric equations

METHODOLOGY

Trigonometric kdentities allow us to simptify a given expression so that it contains sine and cosinG ratios
culy. This enables us to solve equations and also to prove other identities.

cos{a — B) = cosacosf + sinasing
[cas(a +p8Y=cosacosf —sinasing
COMPOUND ANGLES:
sin{a — B) =sinacosf ~ cesasinf
{sin(a +pBY=sinmcosf + cosasinf

cas?a — sin‘a
cos2e =y 2costa—1
1-—2sin*a

DOUBLE ANGLES: sin2a = 2sinacoser
Examples:
I.sin2a +2sina =0

2singcosa+ 2sina=0
Zsina{cosa +1) = ... common factor
2sing =0 or
a ={0° . reference angle
o =0+ k. 360°or ¢ = 180° + k. 360°

cose+1=0

cosa = —1

a =87 reference angle

a = 180% — 0° + k. 3560°
ore=180"+0°+k360%k e Z

~the solutionise = 0°+ k. 360 or o = 180° + £.360%k 6 2
2.25in28 = 3cash
2(2sinfcosf) —3cos@ =0

4sinfcosd —3cosd =0
cos#(4sinfd—3)=0

cosé =10 or 4s5ing—3=4§

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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@ =90° . Ret Angle

g =90°+ k.360
or@=270"+k360%k€Z

3.1 +s5in2x —4sin®x =0

1+ Zsinxcosx ~ 4sin?x = 0

sin®x + cosx + 2sinxcosx — 4sin®x = 0
ros®x + 2sinx cosx — 3sinx =0

{cosx —sinx){cosx + 3sinx) = ¢

cosx —sinx = or

cosx = sinx
1 = tanx ... divide by cosx on both sides
x =45°

x=45"+ k360 KEZ
S Orx=360°—45° + k.360%kKEZ

sing = %
8 = 48,59° . Ref Angle
8 =485+ k360°keZ

Or =180"—4859°"+k.360% ke Z
# =13141°+ k. 360°

cosx +3sinx =0
cosy = =3sinx

l=-3tanx
tanx:—%
x =1843"

x=180°-1843°+k360°%k €Z
Orx=360°-1843°+ k. 300°keZ

ACTIVITIES/ ASSESSMENT

Deiermine the general solution (correct to two decimal
l.sing =sin28

2.5in60° cos x 4 cos 60°sinx = 1

3. 3s5in2x—2sinx =0

4,co528 =siné+1

5. sin?f — 2sin 28 +cos?f =0

places):

sin 2x oS X
6. (a) Show that ——— = ——==
(b) Hence, deterinine the general solution if -———-c:l';iti =1

7. Given: cos 26 sin @ — cos 8 sin 28 = 4,5, Solve for 8 {f § € [-180°%; 270°].

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: TRIGONOMETRY {Lesson 8} | Weighting | 50 +3 | Grade 112
Term Week no.
Diiration 1 hour Date

Sub-topics The values for which Identities are undefined

RELATED CONCEPTS/
TERMS/VOCABULARY

PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE

| Asymptotes, undefined

RESQURCES

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Can't explain when or why is the expression undefined. Meaning of asymptote

METHODOLOGY

An identity is an equation which is always true for any value substituted into the variable, except for
those values the identity is not defined for.

* The tangent function is undefined at its asymptotes {(at 90° + k. 180° where k € Z)

+  An identity is undefined for values for which the denominator is zero.

»  Therefore, to determine values of the variable for which an identity is undefined, solve for the

denominator.
Examples:
t. For which values of & is the identity 1;::;8 = tan # undefined?

sin2@ = 0 ... undefined if the depominator is *0” for tan 8 if § = 90° 4 k. 180° whereh € Z
268 =0°4 k. 360° or 20 = 180° + k. 360% k € £

¢ =0°+ k. 180° g =90°+ k. 180°
2. Determine the values of x for which the identity E?ﬁfié?s:._:_.:;_l = m: - undefined?
sinx — sin2x = 0 ... denominator equai to ¢ tanx =0

x=0"+k180°kEZ
x =90° + k. 180° ... asymptote

sinx — 2sinxcosx = 0 ... double angle tormula
sinx {1 —2cosx) =8 ... cormmon factor
sinx =17 or 1-2cosx=10
x=0°+k360°%kE€Z cosx =3
Orx =180+ k300 ke 2 Lx=60"+360%keEZ
IV, x=360"-60"+4360°keZ

= 300° + k.360°
ACTIVITIES/ ASSESSMENT
Determine the values of the variable for which each of the following identities ave vndefined,
=82 _ cosx 4 sinx 2tand + 28 2
cosx-sinx sinf  sin2f
3,222 _tanx 4. For which values of 6 in the interval [0% 360"} is L - tan?g undefined?

1+cas 2x 1+c05 28

COMPILED BY PINETOWMN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: TRIGONOMETRY (Lesson 9) [ Weighting [ 50 +3 | Grade L2
Term Week no,

Duration [ hour Date

Sub-topics Trigonometric Functions: Sketching

RELATED CONCEPTS/
TERMS/VOCABULARY

PRICR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Amgplitude, period, doinain, range, vertical and horizontal shift

RESOURCES
H

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Find it difficult to shift the graph horizontally, Etfect of q on minimum and maximum values

METHODOLOGY

In Grade 19 you did aznplitdde (a), period and vertical shifis () for the three trigonometric functions.

Effects of a and 7 on the graph of y = aslnx + q,¥ = acosx + qandy = atanx + g forx €
[0° 360°).

L. THE EFFECT OF “g"

“tRopa. s

@ =

Loa 42

& changes the minimum and the maximum value.

Write down the range of each function represented by the graph,

2. THE EFFECT OF "g”

Lazlat

q > 0 shifts the graph up and q < O shifis the graph down
Refer to the graphs above and write down the amplitude and the range of each function.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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3. THE EFFECT OF "p" on the graph defined by ¥ = @ sin(x +p) + g,y = acos{x + pl+
gandy = atan{x + p) + ¢ for x € [0° 360"],

y
1. The graph of ¥ = sin x and —
The graph of ¥ = sin{x + 30°) }
‘LT~ Tl 7 =dn ]
Write down the domain and the period « -
. gl B S S S § zﬁs&iﬁﬁ"
Of each graph. [ Aestlizabidnd LA A
¥
2, The graph of ¥ = cosx and Cﬂl Lead
The graph of ¥ = cos{x — 60%) + _{' r 607
Writs down the dosnain and the - >
period of each graph. S T Tl A T TR T2 T2 D e T i
. N, .
T

p > 0 shifis the graph to the left and p< @ shifts the graph to the right.
4. THE EFFECT OF "k" on the graph defined by ¥ = sin 2x, ¥ = cos 2x and ¥=tanix

’

Sketch the graph of y = sin2x for x € [-180°; 180°) .
Use a calculator: MODE— Table — sin2x —=-rstart x
(—180%) ~= end (180°) = step (45° = %) T AT ‘x‘\“"

Therefore, all your x- values (domain} must be 45°
apart. ?

The period = 2° = 180°

Sketch the graph of y = cos 3x for x € [0° 360°]
Use a calculator to find the corresponding y-values.

First x- value after 07 is *2v = 30, Therefors, all N L
your x- vaiues {domain) must be 30° apart.

The period = 25~ = 120°

t
3
1
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!

T

Sketch the graph of ¥ = tan 2Zx for x € [§°; 180} 4

—
S

The peried = -132—“° =90°

iF"_""“'«--.. B |
=

ACTIVITIES! ASSESSMENT
In 2ach case, sketch the graphs on the same set of axes:

1. f(x} = =2sinx and g(x) = sinx — 2 for x € [-50°180°]

(a) Write down the amplitude of g.
{b) Write down the period of f
{¢) Determine the domain and the range of f and ¢
{d) Determnine for which values of x is
1) flx)=gx)
2y flx)> g(x}
3) flx).g(x) ¢

2. f(x) = 2tanx and g(x) = 1 — tanx for x € [-90° 180°]

{a) Write down the period of f and g
{b} Deiennine for which values of x is
) flx) <g(x)
2) fx)=29
»fnzt

3. f(x) = —2sin (x — 30°) and g(x) = %cos(x + 30°) for x &€ [—90%;180°]

(2) Write down the range of g

(b) Write down the period of f

(c) Determine the x values for which
B f) =0
2) glx)> 0
3) fx)gx)z 0

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TEST 2: TRIGONOMETRY

FROM PAST PAPERS
MARKS: 25 DURATION: 30 MIN.

INSTRUCTIONS

1. Answer ALL questions

2. Round off corvect to TWO decimal places

3. Choose relevant formula from the FORMULA SHEET

QUESTION | [2] Marks]

1.1 Detenmine the generat solution of:
1.1.1 2sin®x —Ssinx+2 =0 {6) F/M 2017
1.1245inx+2cos2x =2 (6} F/M 2016

L.2.1 For which values ofx will 35‘%’5;%3 be undefined in the interval 0° = x < 180° (3) F/M 2015

1.2.2 Prove the identity 2225028 _ panx (6) F/M 2015

Zsintx
QUESTION 2 [4 Marks]
Consider: g(x) = —4cos{x +30%)

2.1 Write down the maximwn value of g{x} N

2.2 Sketch the graph of g(x), indicating the intercepts with the axes and the rning points (3)

20
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TOPIC: TRIGONOMETRY (Lesson 10) | Weighting ] 50+ 3 | Grade |12
Term Week ng.

Guration | hour Date

Sub-topics Trigonometric Functions: Graph Interpretation

RELATED CONCEPTS/
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

RESQURCES

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Fergetting the etfzct of the coefficient of the angle. Writing 8 nepative amplitude

METHODOLOGY

Examples:

The diagram below represents the graphs of: {x) = tanx and gx) = sin 2x for x € [~90% 180°}

y
1. Write down the period of f 1 4.{
2. Write down the range of g E /

3. Determine the general solution of the -

equation tanx = 5in 2x

4. Solve this equation for x & [—90°; 180°) i
. Determine the value(s) of x for which; "K o ' B *
a) fFx) < 0., .

(b} g(x) < f(x)

Ln

(© FG).9(x) >0 / . /
13 3 ¥

1, t80° 2. -90% 5 v < 180°
3, S 2sinxcosx

[4er7 4

sinx = Zsinx cos?x

sinx — 2sinxcosix = (

sinx(l-— 2cos*xy =0

sinx =0 or ces2x =0

x=0°t+k360°keZ
Orx = 180° + k. 360° ... (180° ~ 0°)

2x =90+ £k.360°% k€ Z
x =45+ k. 180°
Or1V: 2z = 270° + k. 360° ... (360° — 90%)
x =135 + k. 180°

4keZ fork=1 3607, 540°, 225% 315°
k=0 O°, 180°% 437, 135°
k=-1 —360°, -180°, -135°, —45°
Sx = —45%,0° 45,135°, 180°

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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(a} —90° < x < 0%0r 90° < x < 180°
(b) —45° < x < 0% or 135° < x < 180°

€ -9 <x < 0%0r0° < x < 90%0r 90° < x < 180

2. The graphs of tunctions f(x) = atanx and P _;/ f‘
g{x) = beosx for 0° £ x < 270° are shown fn the  + i
diagram below. The point (225% 2) fiesonf. The . /! /
graphs intersect at points P and Q. x \‘\“,{ ,

{a) Detennine the values of & and b, 4 PN Paaall
{b} Detenmine the range of gfx} + 2 q o Y /

(c} Determine the period of £(3x)

it ‘/
(a) a=2and b=4 3 \“-:\
b)y€[-2:6)/~2<y<6 - r/ e
{e} Is0* . H
ACTIVITIES! ASSESSMENT

L. Given: f(x) = cos(x — 30°) and g{x) = sin3x

(a) Sketch the graphs of f (x) = cos(x — 30°) and g(x) = sin3x on the same set of axes for the
interval —60° < x < 120°

{b) Hence, determine graphically the values of x for which cos (x—30°) =sin3x
2. Given: f(x) = —tanx and g(x) = sin2x

(a) Sketch the graphs of £ (x) = —tanx and g{x) = sin2x on the same set of axes for the interval
[=%0°;90°]

{b) Hence, detennine the values of x for which — tan x = sin 2x
{c} Write down the period of g(;)
(d) Write down the asymptote of f(x — 30°)

3. The diagram belaw represents the graphs of:
flx) =tanx - 1and g(x) = sin3x for x € [-90° 180°]

(a) Deteninine graphically the value(s) of x  for which;

COMPILED BY PINETOWRN DISTRICT MATHEMATICS ADVISORS:
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) tanx =cosix+1

2) Flx)=<0

3 f0) 2 g() jy 41'
4} flx}=~1

5 £(2).96x) < 0 _ /
6 gl —flxy=2 * ]

(b} For which values of x1s:

1]
1} Graph of f increasing? ‘ V
2} Graph of g decreasing?

'

24

i

"

[ 4. The sketch below shows the graphs of
Flx} = sin(x — 30%) and g{x) = —cos 2,

(a) Write down the

1} Period of f
2} Amplitude of g

(b) Write down the comdinates of A, Band C
{c) Datermine x coordinates of P, Q and R
(d) For which vaiues of x, in the interval
[—90%135°%, is;
) fix) < g{x)
2) flxrgx)z0

(e) Use the graphs and caleulations above to determine the values of x, in the interval [—90°; 1357,
for which
1) ¥3sinx —cosx = -2

2 cosxy —VIsinxy = 2cos2x

{f) Explain how the graph of f must be transformed to produce the graph of

h(x) = ;%sinx + %cusx

(g) Explain how the graph of g must be transformed to produce the graph of p(x) = 2sin?x

3. The diagram shows f{x} = a.sinx and
£x}=sin {x — b). « At
fa} Determine the values of g and &
{by Write down the coordinates of A. T
{c} Detennine the coordinates of x for which
flx) =z g(x)
{d} What is the period of g(x)?
(e) What is the range of ffx)?

%

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: TRIGONOMETRY (Lesson 11) | Weighting | 50 +3 | Grade E
Term Week no.

Duration | hour Date

Sub-topics 2-Dimenslonal and 3-Dimensional Problems

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KENOWLEDGE/ BACKGROUND KNGWLEDGE

Sine, Cosine and Area Rule, quotient identity and square identity

RESQURCES

X

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Contusing the sine rule and the area tule. Don’t know when to use which rule,

METHODPOLOGY
- __ oppesite side __ adjacent side _ opposite side
sing = hvpotenise cos 6 = hypotenise tang = adfrcent side

NOTE: The definitions of opposite, adjacent and hypotenuse are only applicable when working with
right-angled triangles! Always check to make sure your triangle has a right-angle.

The sine, cosine and area rules can also be used to solve problems in three-dimensional space.

Area, sine and cosine rule 4
c b
B r C
AREA RULE SINE RULE COSINE RULE
Area of ABC =2absine | sine _sinb _sinc | c*=a?+b*—~2abcosC
F — i —
a b c
Area of AABC = Zbesina a b c b?=a®+c¢? —2accosB
2 T S I e
sing  sinh . shne

a2 =p? o2 —2becosh

Area of ABC = Zacsinb

Use sine nile when:
» two sides and an angle are given (not the included angle)
*«  two angles and a side are given

Use cosine rule when:
= two sides and the included angle are given
s three sides are given

Use area rule when:
*_no perpendicular height is given

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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A o8 _ 10 — 5,76
Examples: 3) In ABCD: = - sinnso*‘ (b} tana = 6.5z
1dxsin 40° °
1. [n the diagram, AD represents a flag polé of length 5 metres BC=——- =652 a = 56,26
which is perpendicular to the horizontal piane. An observer C
notes that the angle of elevation of D is 35°, while another In AACD: 4D? = AC? + CD? .. Pythagoras (2) Angle of depression from A from B
observer at B, in the same hatizontal plane as C, finds that =9,762 + 6,527 = Angle of elevation of A from B = 43°
the angle of elevation of D is 42°. BA'C = 65° = 137,768
{a) What are the angles DPACand DAB equal to? AD =11,74m
{b} How far is each observer from the foot of the
féa? p&:le? %oué}d oft 1o b:vo dw:}:m places, (d) n AABD: AD? = AB? + BD? — 24B. BD cos ABD (¢)Area AABD= §.AB. BDsinABD
te the dista tw -
fe) Caleutate the dist B (two deolmal pluees). 11,742 = 13,142 + 102 — 2(13.14)(10) cos ABD =113,14.10.sin59,13°
(d) Calculate the area of AABC to the nearest whole number. cosABD = &-12!(_’1*3'_?‘_“);::_;7'*’ = 0,5130593607 = 56,39 m?
ABD = 59,13°
(2) DAC = 90° and DAB = 90°
. L ACTIVITIES! ASSESSMENT
{b} The length of AC and AR needs to be calculated. L. Aand B lie in the same horizontat plane as F, the foat T
In ADAC AND ADAR of a building TF. TB = 18 m, AFB = 40° and ABF = 80°
A _ A 8B AD AB 1s perpendicular to BC.
SinCBA " sinaco #nADC  sinagp (a) Calculate the height of TF (two decimal places).
Ac 5 AF & {b) What is the distance between A and B?
SnES . singe Sinde  slnaz {c) Calculate the angle of elevation of T from A.
_ Sxsin55* _. Sxsin4g® o
AC = ——=T.14m AB = ——- = 5.55m
Then, fill in your answers on the sketch.
2. In the diagram below, AB is a straight line 1 500 m
{c) CB? = AC* + AB? = 2 x AB x ACcosCAB (d) Area of AABC = §AC X AB 5in 65° !Oni AD 13; vemcal!torer “;‘Cl;l C 133and Egpgmtsm
1 A - in the same hornzongal plane, =13 m, = 44
= (7,14-]2 + (5,55)2 —2x7,14 %555 cos65 = z =% 7,14 x 5,55 x sin a5 and EBC =110°. The angles of elevation of A from €
= 48,28791229 = 18n? is 35° and the angle of elevation of A from B is 8.
BC = 6,95m
(a} Determnine ¢he length of
2. In the sketch alongside, AC is a vertical linz. ABCD lies in a horizontal o i) AC 2} AD 3)AB
plane. BD = 10m,CED = 40° and CDB = 60% . The angle of ¢levation (b) Find the value of & {fwo ducimal places)
of A from B is 48° and the angle of elevation of A from D is o
(@) Caloulate the lengthof: 1) AR 2)AC 3)AD
(b) Calculate the size of @ _ 3. In the sketch alongside, DF is a verticat flagpole and E, b
(¢) Write down |‘he: angle cg depression of B from A. ‘ Fand G are three points on ground levet, DF = 7m, EF = ém,
g g::z:::::: $e :lze Off‘Af f ARD " o 5 FDG = 38° and FEG = 42°. ECF = 0, where is an acute
¢ area ol angle. Calculate: 38
. P o_ AC '
(a) mgicn‘ BLO‘D = B0 2) tan 48° = == (@) the magnitude 7 m
e s—_"i.:sw AC=879 X tan48° = 9,76m (b the length of EG
BC = 2oxsiner _ o oo {c) the magnitude of EDG
sio ao® (d) the 2rea of AEDG
. o _ 879 {¢} the angle of elevation of D from E.
In AABC; cuss‘i-f =—
AR = —_— T 13,14

95
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TOPIC: TRIGONGMETRY {Lesson 12} | Weighting | 50+ 3 [ Grade [12
Term Week no.

Duration 1 kour Date

Sub-topics 2-Dimensional and 3-Dimensional Problems

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE
Sing, Cosine and Area Rule, quotient identity and square identity
RESQURCES
2 F 1

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Confusing the sine rule and the area rule. Don't know when to use which tule,
METHODOLOGY
Examples:

i. In the diagram, P(Q) is perpendicular to the horizontal
plane RQS. (S = x metres; QRS =a. QSR=§
and the angle of elevation of P from R is 6.
{a) Determine the length of RQ in terms of
a, fand x

{b} Hence, show that: Q@ =

xsinf.an b
slna

. fQ @5
(a) In ARQS: sing "~ sina
RQ - xxsin f§

sing

(b) tan @ =£-g— then P = RQ X tan @
= 135'-;- Xtan®
2. The sketch shows a vertical {lagpole AC with height. B, C
andl D are theee points on ground level. AB =2x, BD = 3x
and ABD = a. The angle of elevation of the top of the
flagpole (A} from point D is .
{a) Show that h = xsinf 13 - 1Z cosa
() Calcuate the angle of elevation of the flagpole {A}
from point B if @ = 48°, § = 56%and x = 10 .

(a) InAABD: AD? =2x* +3x% —~ 2 x Zx X 3xcosa
= 4x? + 9x? — 12x? cosa
AD? = 13x? - 12x%cosa

AD = f¥?{(13 ~ 12 cosa)

sinf = % therefore, A = sinf x AD

=sinf x x13 =12 cosa

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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(b} The angle of elevation ot A from B is AEC.
o afie o B xsinff13-1Zcosa
sindABL = s
sinABC = MEEIEOT < 0,9241475528
~ABC =67,54°

ACTIVITIES! ASSESSMENT

 (c) If AD =3 units, calculate the size

1. 1a the figure alongside A, B and C are three points in the same
horizontal plane. AD represents a lamp pole that is perpendicular
to the horizontal plane, B0A = ABC = 8,BA = fand BC=ax.

{a) Write BAC in terms of @ and §

xsing
sh(f+f)

{b) Show that AB=

{c} If AB = AC, show that

1 AR =X NAD =2

2c05% 2sinx

2. In the diagram shown, PS is a vertical line, ASGR lies in 2
horizontal piane. Q85 = 6,508 = g and PS = 4. SQ = SR

(a) QR = 2htanfcosa

(B It =45%a=30and h = +3 units, determine the
length of QR without the use of a calculator,

3. AC represents a vertical tower which is A
perpendicular to the horizontal plane BCD  aC.
AB is 2 units. BLD = 90° — 8, BBC = 24
and BAC = 6.

{2} Determine BC in tenns of 6

(b) Show that BD = 1 unat,

of 48D without using a calculator, B

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TEST 3: TRIGONOMETRY
FROM PAST PAPERS
MARKS: 25
INSTRUCTIONS

DURATIHON: 30 MIN,

1. Answer ALL questions
2. Round off correct to TWO decital places
3. Choose relevant formula from the FORMULA SHEET
QUESTION 1[7 Marks]
Drawn are the graphs of f(x) = —3sin ix and
g(xy = 2 cos(x — 60°) for x € [-180°%180°].  ..L ’
T (p; q) is a turning point of g with p < Q.
1.1 Write down the period of Fand g (2) " d o
i - [i] 1
:i \l}’sr::h‘:og‘::p:]:t?:iizig;e the vtlzllle(f) in \\ / \ \
the interval x € [-186°;180°] for which: —
) B

flxy>o

QUESTION 2 [18 Marks] MJ3 2015 and M/J 2017

2.1 A comer of a rectangular black of wood is cut off and shown A
in the diagram. The inclined plane, that is, AACD, is an isicseles
riangle having ADC = ACD = 9. Also ACB =3,AC = x +3
and CD = 2x,

2.1,) Determine an expression for CAD interms of 6 (1)

=X
2.1.2 Prave that cos 8 = v (4)

2.3 Ifitis given that x = 2, calculate AB. {5)

2.2 In the diagram, B, E and D are points in the same hotizontal plane.
AB and CD are vertical poles. Steel cables AE and CE anchor the poles
&t E. Another steel cable connects A and C. CE = §,6m, BE = i0m,
AEB = 40°, AEC = 70° and CED = 27°, Calculate the:

2.2.1 height of pole CD )
2,2.2 length of cable AE {2)
2.2.3 length of cable AL {4y

COMPILED BY PINETQWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, ZI. SHANGASE, P.T.C. ZUNGU & S.M. MQAD!

TOPIC: ANALYTICAL GEOMETRY (Lesson [} | Weighting | 40+3 | Grade | L2

Terma Week no.
Pruration | hour Date
Sub-topics

Revision of Grade 10 and 11 Work

RELATED CONCEPTS/
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Distance/length of a line, Midpoint a line segment, Gradient of 2 straight line, Incliration, Equation of a
straight line.

RESOURCES

L N i

RRORS.-‘M[CONCEPTIONSIPROBLEM AREAS

Writing gradient 25 change in x divided by change in y. Subtracting x value and y value in the midpoint

METHODOLOGY

L. DISTANCE/LENGTH OF A LINE

Formula: 48 = /(i — 1,32 + (72 — .2 ¥ .Pf?uz;yz}
2. MIDPOINT OF A LINE B
Formula: M (:‘E&.:i'”T"%) L M (s, 9}
3. GRADIENT OF A LINE e
Formula: m = ﬁ- 1‘1(;'-'1»91] m.mnl’.?(:rz;m)

(a) Faraliel lines; Same/equal pradients
B

(¢) Coltinear points:

T4g = Mep
A

/
c—‘/,//D o

{b} Perpendicular lines: Product of the gradients is - |
[ind

Mg = Nlge = Mye

Map X Ntep = —1

4. EQUATION OF A LINE

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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Formula: y = mx + ¢ (m is the gradient and ¢ is the y-intercept}
¥ = ¥y = m{x — %) [passing through point {x,; y1}

5. INCLINATION & OF A LINE is the angle between the line and the positive x-axis, measured in the
anticlockwise direction. tan & = m and & € [0°; 1807]

ya s
p —

m < 0:0 = tan~'m + 180°

m > 0:8 = tan"nt

Example: '
1. In the diagram alongside, A (4;5), B {-3; -2) and C {§; -5)
are the vertices of &4 ABC, AD is drawn perpendicular to BC. RYTeEY

{a) Calculate the gradient of BC
{b} Determine the equation of BC
{c} Detennine the equation of AD
{d} Detennine the coordinates of Dt
{e} Caleulate the size of BAD

¥
Bido

(f) Caiculate the coordinated of point E if D is the )
midpoint of AE. L i
(&) mge = 222 gradient formula )y — ¥, = mlx — x;) ... equation formula

y—(-2) = =3(x=(-3))
“5-2) _ 3 1 y+2=—ax+$

T e-(-3p 9 3
y=-tx-1-2
y=—§x—3
{c) AD 1 BC {d) D is on line AD and on line BC

1
Aty =3 3x-7=-3x-3
¥ =y =mx — %) Gx=2l==—x-9

y—5:=3{x -4} 10x = 12
y=3x—1245 x:%
6 17 .
y=3x-7 3’=3(§ -7 =2 substilute x-value
6 17
D($-%)
N Mz _ & Sty _ 17
(ymap =70 B =3 aND 22 = 2
=§§=§=1 204+5x=12 25+ 5y = —34
tand = Sx= —8 5y = ~59
6 =45" x=-% y=_§
mﬂD=3
tan § =
8 =7157°

COMPILED BY PINETOWRN DISTRICT MATHEMATICS ADVISORS:
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BAD =71,57-45
= 26,57°

ACTIVITIES/ ASSESSMENT

1. Consider the following points on a Cariesian plane: A {1;2), B (3:1}, C {-3; k) and D (2; - 3).
Determine the value(s) of & if:
{a) (-1; 3} is the midpoint of AC
(b)) AB is parallel to CD
(¢) AB is perpendicular to CD
(d) A, B and O are collinear

(&) CD =52

2.A(1;4),B (-2 2),C(41) and M ( x;¥} are the points on the Cartesian plane. Use analytical
methods to determine the coordinates of M so that ABCM, in this order, is a parallelogram.

3. ABCD is a thombus with A (= 3; 8) and C (5; — 4). v
The diagenals of ABCD bisect each other at M. '\f'a"‘k;,____
The point E {§; 1) lies on BC. i \ T — .
(a) Caiculate the coordinates of M. ] o~ 7

(b} Calculate the gradient ot BE.

(¢} Determine the equation of the tine AD inthe
formy =mx + ¢

(d} Determine the size of 6

4, Determine
A
(a) Thesize of & \] "’
(b) The size of 8 5 9
(c) The size of 8
3
- 8 o

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISGRS:
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TOPIC: ANALYTICAL GEQMETRY (Lesson 2) [ Weighting | ~ 20 +3 | Grade ] 12

Term Yeek no.
Duration 1 hour Date
Sub-topics Circles

RELATED CONCEPTS/ | Centre at the origin
TERMS/YOCABULARY

PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE
Radius, centre of the circle, Distance formulz
RESQURCES

i ] :
ERRORS/MISCONCEPTIONS/PROBLEM AREAS
Faiting to understand that for the equation, you need to calculate the radius.
METHODOLOGY
1. Equation of the circle with Centre af the origin

Congider a poini P {x; v) on the circum$erence ’ Bleir}
of a circle of radius r with centre at O (0: 0}

OP% = {x - 0)? + (¥ ~ 0) ... Distance formula o x
ré=x®4yt . pPi=g2

 Equation of the circle with centre at (0; 0)

Examples:

1. Detenmine the equation of the circle with centre the origin and radius 5.

x* 4 y% = r¥ . Equation of the circle with centre at (0; 0)

x2 + }"2 = 52
x? +y? =25
2. Determine the equation of the circle with centre (0; 0y
and passing through the point {-3; 4). 24
4y =yt %
-3 +4* =12
I+16=r2
25=r%

axt4ri=25%

3 (b; - vrB-) is 4 point on the circle with equation 2% + 2 = 17. Determine the possible values of 5.

b2+ (—v8) = 17
b2=9
b=+43
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ACTIVITIES! ASSESSMENT

L. Determine the equation of the circle with centre at the origin, and;
{a) aradius of 1¢ units {b) passing through the centre (5: -§}
(c) a diameter of 30 units (d)

2. Write down the radius and the coordinates of the centre of the circle with equatior x% + y* = 4

3. Detennine the equation of the circle in:

(@ {b)

LN _

1
/w
"

3
P
k / ¥

4. Point {a; 5} lies on the circle x2 + y* = 21. Determine the value(s} of a.

5. P (-2; 3) lies an a circle with centre at (0; 0).
(a) Determine the equation of the circle,
(b) Sketch the circle and Jabel point P.
{e) If PQ is a diameter of the circle, determine the coordinates of Q.
(d) Calculate the length of PQ.
(<) Determnine the equation of the line PQ.

(f) Deterznine the equation of the line perpendicular to P} and passing through the point P.
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TOPIC: ANALYTICAL GEOMETRY (Lesson3) | Weighting | 4043 [Grade [ 12
Term Week no.
Duration 1 hour Date
Sub-topics
Clircle with Centre at any peint (a; 5}
RELATED CONCEPTS/!
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Distance formula, radius, midpeint, diameter, completing the square

RESOURCES
F F

] ! : i ;
ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Forgetting that the equation of the circle needs value
METHODOLOGY

of the centre and the radius

2. Equation of the circle with centre (a; b)

Consider a point P (x; ¥} on the circumference
of a circle of radius r with centre at C (a; b}

If P (x; ¥) is a poiat on a circle with centre C (a; b
And tadius 1, then the equation of the circle is:

{(x—a)® +(y— %= ¥? ... distance formula
Examples:
1. F{6; -4) is a point on the circle with centre (3; -4).
{a) Determine the equation of the circle.

x—a +(r-bt =1yt

)

(x— 32+ {y ——4)2 = r? ... substitute centre (e 5) by (3; -4}
(6 —3)2 + (—4 +4)2 = r2 __ Substitute point F (6; -4) tox and

9+0=r?
Therefore, {x — 32 + (v +4)* =9

{b} does the point G g ; -—2) lie on the circle? Motivate your answer.

It G(E; —2) lies on the circle, then it will satisfy the equation of the circle:

-3+ (r+4P =9

3 z
LHs=(3~3) + (-2 +4?
RN
=24e=2

REHS=9 ~  LHS#RHS
Therefore, point G G —2) does pot He on the circle.

COMPILED: BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.8. MPISI, Z.I, SHANGASE, P,T.C. ZUNGU & 5.M. MGADI

105

2. Determine the co-ordinates of the centre and the length of the radius in:

W (x—42+(y+3¥ =18 {by x2 + y2 — 6x + 5y — 4 = 0. complete the square
Centre (4; -3) x?—6x+yt+S5y=4
T2 2 2 z
Radius = VI8 = 3vZ -sx+(3) +r2+5x+ () =4+ (F) + ()

2
(- 6x+ (-3 + 0P +5x+{3) =449+
b
(x-3)2+(y+§) =¥
Centre (3; —;) and radius = E=?

3, Detennine the equation of the circle with (-3; -7} and (3; 1) the endpoints of one of the diametsrs.

The midpoint of the diameter is the centre of the circle.

Centre (-3—:3, _?: 1) ... midpoint formula
0; -3) A= 0y = =3 =r?
(-3 =0)7 4 (-7 432 =72
9+ 16 =1y
rf=25

Therefore, equation is X + (¥ +3)% = 25

ACTIVITIES/ ASSESSMENT

1. Determine the coosdinates of the centre and the length of the radius in:

(@) (x—4)*+ (¥ +3)* = 25 (D) x2+(y—22-10=10
P+ (32 —4x+2y-5=0 d (x+2)2+ {2 =49

2. Detenmine the equation of the circle
{a) with centre (-2; -1) and radius of 4 units.
(b) with centre {-2; 3) and passing through the point (4; 5).
{c) with {2; -3) and (8; -1) the endpoints of cne of its diameters.

) &

3. The equation of a circie with radius 3vZ units x® —éx + ¥2 + 2y —m =10,

(a) Determine the coordinstes of the centre of the circie.
(b) Calculate the value of m.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: ANALYTICAL GEOMETRY (Lesson 4) | Weighting | 40 3 | Grade | 12

Term Week no,
Duration | hour Date
Sub-topics Equation of Tangent to a circle

RELATED CONCEPTS/ | Tangent is a straight line
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Equation of a straight line, tangent 1 radius
RESQURCES

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Forgetting thar gradients of perpendicular lines have a product of -1,
METHODOLOGY
A tangent to a circle is a stiaight tine that touches the circls at only one point.
A tangent is always perpendicular to the radius at the point of contact. e
Therefore, Mg X Atpgy = —1

Examples:
L. Determine the equation of the tangent to the circle (x — 2)% + {y + 5)% = 10 at the point (5; -6).

Centre: (2; -5) passing through point (5; -6}

—6—(-5) __
s~z 3
Mg = 3 ... tangent L radius

1

Mypgg =

(5. - 14)
Equation of tangent: ¥ = mx + ¢
=6 = 3(5) + ¢ ... passing through (5; -6}
c=21
Therefore, y = 3x + 21

2. The straight line y = x + 2 cuts the circle X + y2 = 20 at P and Q.
a) Caleulate the coordinates of P and Q.

Solve equations simultanecusly: x2 + (x + 2)% = 20 ... substitute y=x+2
22 +x¥+4x +4—20 =0 .. simplify the bracket
2x* + 4x - 16 = 0 ... standard form
x4+ 2x -8 =0 ... commeon factor
x4+D(x—2=0
r=—dgrx=2

Substitute x values to any of the wo equations to get v valses: y = x + 2
—442= -2

ory=x+2
=2+2=4

Therefore, P (~4; -2) and Q (2;4)

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B, MPIST, Z.I. SHANGASE, P.7.C. ZUNGU £ $.M. MQADI

07

) Determine the length of 2Q,

PQ=J{—4-2)2 4 (-2 4)2
=36+ 36
=VIZ =62
¢} Determine the coordinates of M, the mid-point of chord PQ.

—4t% =244 .
Mpo (T'_i") = Mpe{—1;1)
d} If O is the centre of the circle, show that PO 1 OM.

O(&;0) ... centre at the otigin

1-¢ -4 _ =4
o = o= = -1 3ndmpq=_4‘2=‘:‘s‘= 3
moMmeQ=—1x1=—l
Therefore, PQ L OM

€) Determine the equatians of the tangents to the circle at P and Q.
-2-¢ 1 .
o then Myaparp = —2 .. tangent L radius
Equation of the tangentat P:y — y; = m(x —x,) ... equation of straight line
y=(-2)=-2(x — (~4})
y+2=-2x—-8
y==Ix—10
Mgy = ﬁ =2, then mpgp g0 = -% ... tangent L radiug
Equation of tangentat Q: y = mx + ¢ ... equation of a straight line
4= —%(2) + ¢ ... substitute gradient of tangent at Q and Q (2;4)
c=4+1=5
¥ —ix +5

Mop =

f) Determine the coordinates of $, the point where the two tangents intersect.

—2x—10 = — %x + 3 ... tangents are equal at the point of intersection
—4x ~20 = —x + 10 ... multiply by LCD all terms
~3x =30
=-18

Substitute ¥ = —10 to ant of the two equations to get 1 y = —2x — 10

y==2(—10)—-10=10
Therefore, S (-10; 10)

g) Show that PS = Q8.

PS = J(-10-CTpTx (10— (-2))2 P(-4;-2)and (S = V(=10 -2)2 4+ (10 —4)2 Q(2;4)

=+/36+144 =+144 + 36
=65 = 6v%

Theretore, PS = 08

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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3, Consider a circle with equation x% — 2x + ¥ + 63 = 4 A rangent
is drawn from (2; 4) to point A (x; ') on the circle. Detenmine the o
length of the tangent TA. i

First, detennine :glc centre of the cirg:le and the 1e121gth of ;he radius.
o2 (2 e o =ae (@ )

x— 1P+ (y+3)72=14

“Therefore, centrs is M (1; -3) and the radins AM is V14
TM2={2~1)%+ (4 —{-3)* |
TM?=1+49 =50 and AM? = 14

TA* =TM? — aM?
=50 — 14 = 36 units

ACTIVITIES/ ASSESSMENT

{. Determine the equation of the tangent to the circle:
(a) (x+4)? +{y+ 2)* = 50 at the point {-9; 3).
{b) x* — 2x +y% + 4y — 5 = 0 at the point (-2; -[)

2. {2) A citcle with cenire (8; -7) and the point (5, -5) on the circle are given. Determine the gradient of
the radius.
(b) Detertnine the gradient of the tangent fo the circle at the point (5; -5)

3. Given the equation of the circle (x +4)% + (v + 8)* = 136
{a} Determine the gradient of the radius at the point (2; 2) on the circle
{b) Determine the gradient of the tangent to the circle at the point (2; 2)

4. The straight line y = x = 2 cuts the ¢irele o

%%+ 9% = 20 at A and B.

(a) Determine the coordinates of A and B

(b) Determine the length of the chord AB

(¢) Determine the coordinates of M, the
midpoint of the chord AB

(d) Show that OM L AB if O is the origin

{2) Determine the equations of the tangents
to the circle at A and B

{fi Determine the coordinates of C, the
point of intersection of the tangents H

—a

. A circle with centre P (-4; 2) has the point O (0;0) and
N (-2; b) on the circumference, The tangents at O and N
meet at B.

Detennine;

(&) The equation of the circle
(b) The value of b

() The equation of OR

(d} The coordinates of R

Lh
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TOPIC: ANALYTICAL GEOMETRY (Lesson 5) | Weighting | 4043 [Grade |12

Term Week no.
Duration 1 hour Date
Sub-tepics

The Relationship between Two Circles

RELATED CONCEPTS/ { Relationship between two circles
TERMSIVOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Radius, distance between two points

RESOURCES

e T

LWr

I-ELRRORSJ’M[SCONCEP’I‘IONSfPROBLEM AREAS

Failing to caleulate the distance between the radiuses of two circles and degcribe the relationship.
METHODOLOGY i

TWO CIRCLES

Two circles with the same centre Circles touch internally. d =R -7

./‘ N\ !
N

J I

Circles touch externaily. d = R +r

- Circles do not intersect and the smaller circle
Lies outside the larger circle. d > R + 1

Circles intersect at swo points: R—r <d < R+7r

The circles do not intersect, the smaliler circle
Lies inside tha larger circle. d < R — 7

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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Examples:
L. Describe the relationship between the two circles in:

@E+1)2+y+3)=9and (x —2)+ (y— 1 = 4
R=13] r=2

R+r=35 R-r=1
Centres: (-1; -Jand 25 1) d = (-1 - 22 F {3~ 1)2 =5

Therefore, d = R + r, the circles touch externaily
) (x+ )%+ (¥ —3)* =9 and (x + )%+ (¥ — 2)F = 36

r=3 R=6
R+r=46 R-r=3

Centres: (-1;3) and (3;2): d=f{=1+3)2 + (3-2)? = V5= 2,24

Therefore, d < R —1, the circles do not intessect and the smailer circte lies inside the larger circle.

© % —10x +y*~ 14y +49 = Oand x® + y? = 9
2 =14

-5+ (-T7¥ =125

R=S$ r=3
R+r=8 Rer=2

Centres: (5; Ty and (0: 0): d = /(5 — 0)2 + (7 — 0)% = ¥74 = 8,60
Therefore, d > R + 1, the circles do not intersect and the smaller circle lies outside the lacger circle

2. Show hat the circles (x — 1)* + (y ~ 2)* = 25 and (x + 112 + {¥ — 132 = 16 intersect in two
points without calculating the points of intersection.

R=5 r=4
R+r=9 R-r=1

Centres: (i; ) and (-5 1 d = J(1+ DI+ (2— 1)E =45 = 2,24
Therefore, R - r< d < R + 1, the circles intersect in two puints

3. For which values of & wilf the circle (x — 132 + (¥ + 3)% = k touch the ¢ircle
(x+2)7 + (¥ — 1)* = 49 internally if & < 597

R=7 r=vk Centres; (1; -3) and (-2; 1}
(A+2)2+(-3-1)=5
For the circles to touch intemally d=R —r
Therefore, 5 = 7 — k&
ViE=1
k=4
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ACTIVITIES/ ASSESSMENT

1. Describe the relationship between the two circles in:

@ 4+ + -1 =1lad(x— 12+ (y—4)% = 16

M) x+2P+yP=tand (x -2+ (y+3)2=9

€ 2+ (-0 =fdand (x—3)2+ (y+2)> =9

@) ¥ +4x+y*+6y=12andx? +2x + yP + 4y = -1

(& ¥*+y>~6x+4y~12=0andx?+y* +d4x+ 2y~ 95 =0

2. Determine the value of # if the circle x2 — 4x + y2 — 2y = g touches circle
{x = 140% + {y — 10)% = 100 extemally.

3. For which value of p will the circle {x + 5)2 + (y + 2p)? = 225 touch the cirele x2 + y—-p¥=4¢

internally,

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TEST: ANALYTICAL GEOMETRY
FROM: PAST PAPERS
MARKS: 25 DURATION: 30 MIN. -
INSTRUCTIONS
1, Answer ALL questions
2. Round off correct io TWO decitmal places
3, Choose televant forula from the FORMULA SHEET
QUESTION 1 [15 Marks]

1.1 The points P {=3; 2), Q {9; 10) and R {a, 4) lic on the
circwmnference of the circle, as shown in the figure below.
PR is a dizmeter of the circle with centre C,

1.1.1 Show thata= 13 (3)

1.1.2 Determine the equation of the circle in the fonu
(x—a)? +{y— b =r? )

12 In the diagram below, A {~1; 0), B, C (2; -2} and D are the vertices of a y
trapezitum having AB | DC. The length of DC is three times the length of . (7(/”
AB (ie., DC=3AB). ADC=4.E (2;2) is the midpoint of AD. The angle Ry
of inclination of DC is a. sty ol ;’2\
1.2.1 Determine the coordinates of D {2} / 7

1.2.2 Determine the equation of AB inthe form y = mx+¢ {3)
BL_“"‘““ -

1.2.3 Calculate the size of &, correct to ONE decimal place.  (3)

QUESTIGN 2 [10 Marks)

In the figure below, a citcle with centre M is drawn. The equation of " n
the circle (x + 2)2 + (¥ — 1% = v, §(1;-2)is a point on the
circle. SR is a tangent to the circle.

2.1 Write down the coordinates of M and the radivs of the circle

cantre M. (2}
2.2 Detetmine the equation of the tangent RS in the form
y=mx+c (3)

2.3 The cireles having cenires P and M touch externally at point 5.
SR is a tangent to both these circles, If M5: MP=1:3, determine
the coordinates (g; b} of point P. (5)
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TOPIC: FUNCTIONS, GRAPHS, INVERSES (Lesson 1) | Weighting | 35+ 3 | Grade | I2

Ferm Week no,
Duration 1 hour Date
Sub-topics Functions and [nverses

RELATED CONCEPTS/ | Set-builder notation, [nterval Motation, Functional Notatior, Vertical Line
TERMS/VOCABULARY | Test

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Dromain, Range, intercepta with the axes, gradient.

RESOURCES

ERRORS.-‘MléCONCEPTIONSIPROBLEM AREAS

Writing the inverse in the form y =.... Understanding of set-builder or interval notation
METHODOLOGY
What i3 a function?

A funetion is a relation in which ro x- value has more than cne y- value ... i.e. no element
of the downain is repeated.

This means that functions are relations with one-to-one or many-to-one cerrespondence.
Vertical Line Test is used o the graph to see whether it is a function or not.

= Ifany vertical line cuts the graph only once, then the relation is a function {one-to-one
of Many-t0-one}.
« I the vertical {ine cuts the graph more than once, then the relation is nota function.

The demain of a function is the set of all independent x-vakues from which the function produces 2
single y-vaiue for sach x-velue.

The range is the set of afl dependent p-values which can be obtained using an indepeadent x-value

Set-Builder Notation
1 € R, x > 0 The set of all x-values such that x is an element of the set of real aumbers and is
greater than 0,
3 < y < 5: The set of all p-values such that p, is greater than 3 and is less than or equal to 5.

Interval Notation

It is important to note that this notation can only be used to represent an interval of real numbers.
(3; 11): Round brackets indicate that the number is not included. This interval includes all real
nusbers greater than but not equal to 3 and less than but net equal to [,
{—eo; ~2}: Round brackets are always used for positive and negative infinity. This interval includes
all real numnbers less than, but not equal to -2.
[}; 9): A square bracket indicates that the number is included. This intervat includes all real

nuibers greater than or equal to 1 and less than but not equal to 9.
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(b) Sketch both graphs on the zame set of axes.

The two praphs are reflection of each other about the line
¥ = x, meaning they are symmetrical in the lins v = %
y= 2x —4
x- intercept (p = Q) and y-intercept (x =0)
2x—4=0 y=2(00—4
x=2..(2:0 y=—4 ,.(0.4)
'."“ -t
y =23t <
x-intercept (¥ = 0} and y-intercept (x = 0}
x=-4.. («4;0 y=2..(0;2)

ACTIVITIES/ ASSESSMENT

1. Consider the function; f{x} = 5x + 4

{a} Determine the equation of £ ™.
{b} Sketch the graphs of £ and £ ~! on the sane set of axes and show the line of syminetry
{¢} Determine the coordinates of the point of intersectior of hoth graphs.

2, Given the function F{x) = i-x +3

(a) Determine the equation of £ 2. .
{b) Sketch the graphs of f and £~! on the same set of axes and show the line of symmetry
(c) Dretermine the coordinates of the point of intersection of both graphs.

3. (a) Sketch the graph of the function £ {x} = 3x - 1 and its inverse on the same system of axes. Indicate
the intercepts and the axis of symmetry of the two graphs.

T (% ;3) is a point on £ and R is a point on f~1. Defermine the coordinates of R if R and T are
symraetrical.

4, Given: fM{x) = —2x +4

(a} Deteninine f(x).

(b} Determine the intercepts of f {x) and £~1(x)

(¢} Determine the coordinates of T, the point of intersection of £(x} and f~2(x)

(d) Sketch the graphs of £ and F~ on the same systern of axes. Indicate the intercepts and point T on
the graph.

(&) Is £~ an increasing or a decreasing fimction?
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TOPIC: FUNCTIONS, INVERSES, GRAPHS (Lesson 3) | Weighting | 35+ 3 | Grade | 12

Term Week no.
Duration 1 hout Date
Sub-topics Inverse of a Quadratic Function: ¥ = ax?

RELATED CONCEPTS/ | Restrict Domain,
TERMS/VOCABULARY '

PRICBR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

inverse of a function, Functional notation, maxima, minima, intercepts with the axes, average gradient

| RESOURCES

w :

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

» Confusing ¥ = x% , x > 0 with y = 2%
« Failing to recognize that ¥ = +/x is a quadratic fonction

METHODOLOGY

A quadratic fimction is a many-to-one function and its inverse is rot 4 function.
Examples:
Given the function: y = x?2

{a) Determine the equation of the inverse of this fonction,

x=y% . swopxsandy
y=tfx,x=20

(b} Sketch the graphs of y = x? and its invesse on the same set of axes. Draw the line of symmeuy

Funetion Inverse
-1,0 {0 -1}
;0 ()]

(1 -mn =1y

{) Write down the domain and the range of ¥ = x2.

Domain: xe(—oo; ) fxe R Range: v = 0

{3y s the inverse of a function a funciion? Motivate

The inverse of ¥ = 22 is not a function because a vertical line will cut the graph in two points
as it moves from left to right.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z1. SHANGASE, P.T.C. ZUNGY & 5.0, MOADI
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{d} Calenlate the coordinates of P

Solve g(x) and g™ (x) simultaneously

—3xt = —=2x

x% =24-1Ix
2 . R
{x?)? = (2¥=2x)" ... squaring on both sides
x* = —8x
182 =0
xfx3 +8) = 0 ... common factor
x=0o0rx*=-8
= ~2
y=- é {—2)% = -2 . substitute x = -2 1o any of the two equations
P(-2;-2)

(e) For which values of x is g(x) = g™ (x)

—2=x<0

ACTIVITIES! ASSESSMENT

1. Consider the function f{¥) = 2x*

{a) Write down the inverse of f(x} in the form y= ...

(b) Sketch the graph of the function and its inverse on the same set of axes,

(e) is the inverse a function? Justify your answer.

(&) Restrict the domain of the given function in twe different ways to fonn one-to-one finctions
(&) Skeich the graphs of each new function and inverse on the same set of axes.

{f) Rewrite the equation of each inverse function in the form f “1(x)

{g) Write down the domain and the range of each graph drawn

2. Given f{x) = -%xz,x =0

(@) Determine f1(x}

{b) Detennine the point of intersection of £ (x} and £~ (x)

{c) Sketch F(x} and £~1(x) on the same set of axes

(&) Use the sketch to determine if £(x) and £~2(x) are increasing or decreasing finctions
(e) Determine the gradient of f ~1{x) between the two points of intetsection.

3, The sketch shows the graph of F(x) = ax?, with a restriction on its A 5 f
dotnain, and the graph of £~*, f passes through the point (vZ; 4). P is 34}
the point of intersection of f and f~1,

{a) Write down the domain of

{b} Determine the valve of &

{¢) Calculate the coordinates of P

{d) For which values of x is £(x)} > f~1(x)?

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
MB. MPISI, 2.0 SHANGASE, P.T.C. ZUNGU & 5.M. MOADI
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TOPIC: FUNCTIONS, INVERSES, GRAPHS (Lesson 4) | Weighting | 35 +3 [ Grade | 12

Term : Week no.
Duration ] hour Date
Sub-topics lnverse of the Exponential Function: y = b* for b > 0,b =1

RELATED CONCEPTS/ | Definition of Logarithm, verticai asymptote
TERMS/VOCABULARY

PRIOR-KNOWLEDPGE/ BACKGROUND KNOWLEDGE

Asymptotes, average gradient, increasing/decreasing function

RESOURCES

[ By

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

»  Find it difficult to write log function as an exponential function
= Failing to differentiats between an increasing and a decreasing exponential/log function

METHODOLOGY

The graph of the exponentiai function: f(x) = b

NOTE: The value of b affects the direction of the graph:

¥

v If b = 1, f(x) is an increasing function

« If<b<l,f (k} is a decreasing function. = *

Consider the function y = b*

The inverse is x = b ... interchange the values of x and y. The logarithmic function allows us to
rewrite the inverse with y as the subject of the formula:

x i5 the number
b isthe base
y is the exponent

exponent = 10g,qc, Number
eg,8=29
Sy =loggx

Examples:
1. Comsider the function: f{x} = 2*
{a) Determine the equation of the inverse in the fonn y= ...

(b) Sketch the function and its inverse on the same set of axes, clearly show the line of symmetry.
{c) Write down the domain and the range of £(x} and of its inverse

{d) State whether the function of f(x} and its inverse are increasing or decreasing.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISQORS:
M.B, MPISI, Z.1. SHANGASE, P.T.C. ZUNGU & 5.M., MOAD!
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TOPIC: FUNCIIONS, INVERSES, GRAPHS (Lesson 3) | Weighting | 35+ 3 | Grade | 12

Term Week no.
Duration 1 hour Date
Sub-topics Functions, Graphs and Inverses
RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

« Properties and characteristics of linear, quadratic, hyperbolic or exponential functions/graphs

mAsgm@tes and turning points
/R

RESOURCI

+ Writing the equation of asymptotes as p= ... andforq = ...
« No real understanding of line of symmetry
» _Horizontal shift in graphs is also a challenge

METHODOLOGY

Linear Function: ¥ = ax + g, ¥ = mx + ¢, where ¢ or g is the y-intercepts (vestical shiff)
a or m is the gradient of a line

Quadratic Function (Parabela):

v = alx + p)? + q , where (p;: g is the turning point.
p is the axis of symmetry, also shifts the graph horizentally
g is the maximumsminiinom valve, also shifis the graph vertically

y = ax®+ bx + ¢ , where ¢ is the y-intercept

. A B
Equation of axis of symmetry: ¥ = ——=

(=2 7(~ 42} is the turning point
¥ = aix — x){x — X2} , where ¥, and x, are x-intercepts

Hyperbolic Function: ¥ = -;:—_; + g , where p is the vertical asymptote.

q is the horizontal asymptote

Equation of horizontal asymptote: x = -
Equation of vertical asymptote: y =

Equation of line of symmnetry: ¥y = £(x+p) + ¢
Or substitute (p; ) intoy = +x+ ¢

Exponential Function: ¥ = 0. b**? + ¢
4 5 a herizontal asymptote
q is the horizontal asymptote, also shifis the graph vertically

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. WPISL, 2.1 SHANGASE, P.T.C. ZUNGU & 5.\, MOADT
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Examples:
1. Given: f{x) = {;{%-— 3

(a) Write down the equations of the asymptotes for £

(b) Caleulats the x- and y-intercepts of £

(¢) Sketch the graph of £

(d) 1f = ~x +  the equation of the symunetry of £, determine the value of' k.
{¢) Write down the domain and the range for /0

() Determine the equation of & where & {5 the reflection of fin the x-axis.

7. The diagram shows F(x) = —x? + 10x + 24 and g(x) =2x + 4.

¥ {a) Calculate the length of AB

{b) Calculate the coordinates of C

{c) Express the equation of f inthe formy = a{x +p) +q
(d) Determing the length of PR if OQ = 3.

(e} For which values of x will £2 = 12
F)

N {f) Write down the equation of k(x) if f{x} is moved 2 units
to the right and 3 units down.

{(g) Determine the equation of q{x), the reflection of A{x} in
the x-axis

3. The graph of an increasing exponential F{(x) = a.b* + ¢ function with equation has the following
properties:
+ Range'y >» -3
» The poinls {¢; —2) and (1; =1} lic on the graph of f.

{a) Determine the equation that defines f{x)

g = -3 ...horizontal asytnptote

flxy=a b*-3
-2 = a.b® — 3 ... substitute poiat (0; -2)
g=1
fxy=b*-3

—-1 =58 =3 ... substitute {1; -1)
b=3
Therefore, f(x) =2 -3

(b} Describe the transformation from f{x) to h(x} = 2,2¥ +1

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISDRS:
M.B. MPIS], Z.l SHANGASE, P.T.C. ZUNGU & 5.M. MOAD!
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TOPIC: CALCULUS (Lesson 1) | Welghting | 35+3 |Grade |12
Term Week no.

Duration 1 hour Date

Sub-topics The limit concept

RELATED CONCEPTS/ | Limii
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/! BACKGROUND KNOWLEDGE

« Factarisation
» Simplification of Algebraic Expressions

RESQURCES

sz

‘B, 2

ACTIVITIES! ASSESSMENT
Evaluate:
2 ; — 242 foEed
1. J]J_I}}(Zx +4) 2. ,}.,]_133(3 2x) 3. bﬂ[x 1)
xteg . . Bxt—4x
s e 6=
- . 2 . k4R
7. e&r& cos28 8. }:I_I']’é (Zah +h* 4+ a) 9. LI_I:% "
10. lim 4 11 lim 12. lim -2
x—=0 X x40 XE4x
L xion? o 4xt-1 4x?—0
13. DE‘: X 14 llinl 1-2x L6. JLE 243
T 2

EORS!'MlSCONCEPTIONSIPROBLEM AREAS

» Incorrect muitiplication of a binomial square e.g., (x — 4)* =x2 4+ 16
« Having zero on the denominator
»__Forgeiting to put 2 negative sipn when changinge.g., (3—2) = {x — 1)

METHODOLOGY

Calculus is one of the central branches of nathematics and was develeped from algebra and
geometry. [t is built on the concept of limits,

There are some functions where the value of the function gets close to or approaches a certain value
as the nwnber of terms mereases,

The limit of the function is therefore the value of y 10 which the graph approaches as the valuss of x
approach a certzin value from both the lett and right.
Examples:

Detennine the foilowing limits:

. _ P . . P LA i) e - ) W
1. Lli[}_(x +4)=5 2. limer=2=0 Llmmr=—r =18
Simplify the expression as the depominator will be
zero if x =3 and division by zero is undefined.
z
4. Jim (L2 5.lim 10
= H=¥
3
= hi ﬂil—ﬁ-’l—iﬁ S{xy =10 i a horizontal line. For any point on this line,
= Al_t:z;ll Ej@ the y-values will always be 10,
=lim4h + 12 =12 : o~ lim10 =10 )
L0 X2

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.1. SHANGASE, P.T.C. ZUNGL & 5.M. MOADI

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:

LB, MPISI, Z.1. SHANGASE, P.T.C. ZUNGY & 5.M. MQADI




Downloaded'frbm Stanmorephysics.com

CET

V0N "'S '8 NONNZ 'J°L'd ‘ISYDNVHS 12 IS1din '2° I
*SHOSIAQY SDILYWAHLYIA LIINISID NMOLINI A2 Q2TI4NOD

rnod Lue ye ydead oq) jo juspead - ¥g— = (E37]

D
YE + xG—1uy =

fe=3f

1 10108] LOTEIWIOD NG 34eY ™ )y ==

1
fje—x9-)y

VI =1
—_——ull] =
HE T~

il o=y
—_—— e [} =
TREHI— Y=Y Eg— XTT

oy
e Ul =
(gXE=T)— NE—yx9—pxe g ~ ~

ey fif = (0.4
HE—YXG —¥g ~1 =
GY+yxz+,0e~1=
U+X)E~T1 =+ x)]
‘oXE — T = ()] Jo saneaniap s ‘sapdsounsd ysny oy woy ‘emuusag(e) ¢

=) S~
3y o=
Y soprupy < oo WL =
m)[ﬁ&lq FAOTIST b ul.'(..l_! =

E+EZ—E~NT+XT

Y =17

WLID} AL Ul 2101 SUNORANS U2l 1950Ex] 8 nd ~ T W =

o=y
f.x}l—?wx) = (.4
E—yr+xg=
E-{U+ T =y +x)f
sefdiound exg wio ¢ — xz = (x) £ Jo WaIpesE oY) surreleq 7

E= () v

y D=y
‘[—Emll =

-1

1 %li[l =

AJTjdults PUS BIIILIOY S5 OIIL AAMNSNG ** Zter

- i oy _
sapdroussd 51y Fuisn saneALIp SYs Surpuny Jog BN ULy Ty W = {x3,4
Ye +xg =
U+ =y+2)J
"so1diound 1810y mog xg == (X) f 30 2A1BALAD oY) AP0 |

serdwexy

TET

IAYDN IS B NONNZ " L°d ‘ISYONYHS *I'2 ‘IS1dN g
SHOSAQY SIUYIWIHLYIW 12141510 NMOIINIE A8 O3 HIWGD

3 UONOUNY 9t JO FNYBA- Otf) syuesaadal (x) f JOQWIAS 21, X T JSIL PAAND
213 Jo yuaTpead om 92 [[oM 5B X 2 SAIND 2 01 yuodue) a1 jo 1AprLd o simessadal (x),f [oquuks oy

“uonap A Fuisn 1o sdR UG ISITY WSy WONRHIRINIIP PIfRS ST
POTISUE SIY1 P UODELURISLIP P2163 51 UONOUN] USALT © O SANEALIAD 2 Fmunrnap Jo ssasoad sy
Y [ U, |
Grara T = (.4
14q pauyap 51 pue (x),f 58 HXLIAM 51 (X).f UOHIENY ¥ J0 JANEALIRD UL
*IANEALIM TR Po|[RI

5! (wongauny ywatpesd Jo) worsserdys spy | qdeid 3w uo mnod Lue ve (dead oz 01 Juofue; s Jo Jwspesd
U1 30} ydeas ay; yo JEa[pead oy saquIIsap ey uorssIdRe Ue SUIMLISISP O} P3SN Aq Ued eINULIO} S1 |

1 ')u'ﬁ'! = jutod ¥ 3¢ Juspes
SymTrEYaa S PEID

"m0} oY) Suist aNULLISP 9 1D X 18 (X)] = £ notenbs gLk AN ¥ 0) JusTur) a1 Jo Judpesd ay]

Jmod e e oama ayx
03 JuaBueg ay yo yuarpeas sy srTunHIEp 0 g SPIPALO) PUS) Y 357 03 SHWITL Jo 3P0 J00 350

Futed UaAIT 31 38 2AIND Al 03 JUAFUE) 3110 Jo JuagpeaD St 5t sAINS B 1o Juted ams v e Juapead sy,

Il L Xeipkx
O -fynd T od-aens T

w
Y4 X PUR X
Sui0d 043 U2MIaq f TONOUNY €30 Jupeid aBvasat a1 SUTPULL 20) BINULIG] [¥a3uaE ¥ SUILUGIOp O,

*siutod yroq yBnoay sassed 1ap
SUN JYBPERS avy Jo JudpesE A Ag ueald 51 9ano v uo syujod oal AR TosMINq uapead sdesoae ]

ADCTOQOHLINW

(51932614 THIAOWRI) 1015 UGHEIGHARNS G013 [FONEION

SYIHY WATIOUJ/SNOLLEZONQISIN/ISHOTE R
;

g

'

ouT] IAIE5 JUSEGE] ‘B[NULIO] JUAIPELLy

ADAATMONHA GNNOUDAIVL MDA TAMONH-HOTHd

AAVINAYIOA/SINEAL,
VORENUSILID FATICALP ‘Julod ¥ 3% USpTIO) | /SLEINOD GALY IR

UONIHNY BIALE ¥ 0) JUITUE) B JO JuaIpead o) pue Juarpea? afurony sordoy-gng
BT mey | uanvIng

*0U Hadp, ua |,

71 RG] EFSE | SUpHARM | (7 20552 T) SYHNYIVD *OIdOL




Downloaded from”Stanmorephysics.com

(b) Henee, cajeulate the f'(—4) {derivative of f at x = —4],
flix)=~6x
Fi{—4) = —6(—4) = 24

(c) What is the gradient of the tanpen{ at x = 57

f'(5) = —6(5} =-30

TOPIC: CALCULUS (Lesson 3) | Weighting | 3513 |Grade [12
Term Week no,

Duration ! hour Date

Sub-topics Dertvative from First Principles

RELATED CONCEPTS/ | Gradient of a horizontal line
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

f{x)=lim &k;—_’lﬂ ... formula for finding the derivative uging first principles

ACTIVITIES! ASSESSMENT

1. Detsrnine the derivatives from first principles if:
@ fx=x : ) flx)=-3x {©) flx) = 2% + 1

fe} f(x} = ~5x* e} fFla) = 3 —a? f) flr)=2x2+3x+1

2. Consider: flx) = x% —x
() Find the average rate of change of fover the interval [1;2].
{b) Find the instantaneous rate of change of f atx =1 by using first principles.
F(3+R)=F(3)
"

{c} Detennine llli_'ng and intérpret your answer.

3. Considet the funetion f(x) = ~2ax® + 2x
{a) Determine }ll_qlo M

(b} Detennine £(3) and £(3)

(c) the gradient of the tangent to f'at x = —4

{d} the rate of change of f atx =2

COMPILED BY PINETGWN DISTRICT MATHEMATICS ADVISORS:
W.B. MPIS, 2.1 SHANGASE, P.T.C. ZUNGH & .M. MOADI

ERRORS/M ISCONCEPTIONS}PROBLEM AREAS

Notational error, simplifization etvor (retmoving brackets)

METHODOLOGY

Examples:
Differentiats the foilowing from first principles:

LFx)=3 2. flx) = —x*
Fle+R)= —={x-+h)?

=~ +3x%h + 3xh2 4+ 18
= —x% — 3x%h — 3xp% — A

The graph of y = 3 is a horizontal line
with a gradient of zero,

'y e Nag SiEER-F(X)
0 = g it

— ) . — FlHN—fx)
flx+h)=3 fx) = lm=——==

' .o 3=3 o =k =3xth= 3k == (=xF)
x) = lim— =
fx) = fim= Jimy P

=3xZh--3xh?+h?
= = llm———
h—D k]

h{—3x2—dxh+h?)

= lim
A= L

filey = -3x*

3. flxy=2x° 4 ==1
fe+ Ry =20+ K)? fle+hy=——2
= 2(x 4+ h){x + B}(x + k)
= 2(x + R)(x® + 2xh + h?)

= 2(x* + 222k + xh? + hx? + 2xR2 4+ %) Flo= ?“&m

COMPILED BY PINETOWN DISTRICY MATHEMATICS ADVISORS:
M.B. MPISI, 2.). SHANGASE, P.T.C. ZUNGU & S.M. MQADI
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If the question does not specify how, we must determine the derivative, then we use the rules for
differentiation.

Examples:

1. Detenmine the following

(@) fx) = 35° @ k=5

ORIGE

Fix) = 5.3x571 gy =22 Ko =2
fi(x) = 15x* g =12 k) =2x

W =5 @ o) =V~ 2

i 3 .
g{x} = x= —= ... remove root signs
2

fle) =5x72

3 1
Flx)=—-28x"2"¢ glxy=x2—3x"2

£10x) = —102~3 g0 = %xi-l - (=1
gixy= %xi + ix_:
_ x*2ix—3
(B hx) ==———=
hix) = 212212 common denominator
x x x
RO = 2 4+ 255 4 3272
2
R{x)=x+2x7543x7!
Ky =1~2 2yl 13511
R = 127 —3x2
ACTIVITIES! ASSESSMENT
1. Dstermine the derivative of the following:
(a) £(x) = 82* (b) 9y =228 @k =2

@hy == (&) fO) =6 o=

COMPILED BY FIMETOWN DISTRICT MATHEMATICS ADVISORS:
B, MPIS, 2.1 SHANGASE, P.T.C. ZUNGU & 5.M. MQADI
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(g blx) = 1257 + 7x W) k(x) =3x* -1

ik h{x] - {x+212

i glx) = -7x =

2. Detennine f'(x) if
(a) Flx} =% — 2%
(©) x{x — 2) + 5x

xF=Extb .
—— determine g’

Given: g(r) =

) F) =3x* =2

Whix)=1—x+3x*

(0) ) = 222

W f =V + 5

COMPILED BY PINETOWN DiSTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.1 SHANGASE, P.T.C. ZUNGU & 5.0. MQADI
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TOPIC: CALCULUS (Lesson £) | Welghting 35+3 |Crade [ 12
Term Week no.

Duration 1 hour Date

Sub-topics Equations of tangents to graphs of functions.

RELATED CONCEPTS/ | Gradient of the curve
TERMS/VOCABULARY
PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Gradient of the tangent, differentiation, equation of a straight line, subject of the formula
RESOURCES

ERRORS/MISCONCEPTIONS/PROGBLEM AREAS
Failing to equate the gradient of a function to a given gradient or to the gradient of a line paraliel to the
ent.
METHODOLOGY
At 3 given point on & curve, the gradient of the curve is equal to the gradient of the tangent to the
curve. mtaﬂgmt = Iﬂ(x)
To determine the equation of a tangent to a curve:
» Find the derivative using the rules of differentiation.
«  Substitute the x-coordinate of the given point tnto the derivative to caleulate the gradient of the
tangent.
*  Substitute the gradient of the tangent and the coordinates of the given point into an appropriate
form of the straight line equation.
» Make y the subject of the formula.
Examples:
1. Detennine the equation of the tangent 1o the cusve ¥ = 3x2 at the point (1; 3).
o = 6% ... derivative

= 6(1) = 6 ... substitate x = 1 into gradient

y=mx+¢

3 = 6(1) + ¢ ... substitute gradient and a point into appropriate straight line form
c==3

~ ¥ = 6x — 3 ... equation of tangent

2. Determine the equation of the tangent to f{x) = x* — 2x + 1 if the gradient of the tangent is
negative and the y-coordinate of the point of tangeacy is 4.

x¥—Ir+l=4
x2=2x—3=90
{x—~3{x+1)=0
r=3orax=-1

m=? x =1 y=4

To get gradient of the tangent, deisrmine f'(x) aud then substitute the two x-values into this expression
to detenmine the gradient of the reguired tangent.
Fi{x) =2x—2 .. derivative

F-l)=2-1 -2 =4 fBy=23)—-2=4

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPIS], Z.L SHANGASE, P.T.C. ZUNGU & 5.M. MQADI
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y=mx =
4 = —4(—1) + ¢ ... gradient is given as negative
c=0 ooy = —4x ... equation of tangent
3. Determine the value(s) of p if the line y = 3% + p is a tangent {o the graph of f(x) = 222 — 3x ~ 1.
m=3 Flix)=4x-3
4x—3=3
6_ 3 £\ 32 3 1
x=y=3 FE=203) -20@)-1=3
Equation of tangent ¥ = m¢ + ¢
7 3
1=3()+e
c=-1
y=3x—1 .'.p=——-1
ACTIVITIES! ASSESSMENT

1. {2) Determine the equation of the tangent to f(x) = x? —6x + S atx=2
(b) Detennine the equation of the tangent to the curve ¥ = 2x% — 21x? + 59x — 20 atx =5.

2. {a) Determine the equation of the tangent to the curve ¥ = 3x% —2x + 2 atx=—4,
{b) Hence determnine where this tangent cut the x-axis,

3 Deterl_mine the point where the gradient of the iaugent to the curve:
@ f{1=1-3x" isequalto 5

® g i =$x%+2x + Lis equalto 0.
i
4. De e the equation of the tangent to the curve ¥ = x? — x2 — 35x — 50 at the point where
x =1, Ifnd the coordinates of the point whesre the tangent mneets the curve again,
5. (a} mine the equation of the tangent to the curve g(x) = x2 + 4x'— 5 if the gradient of the

t i3 negative and the y-coordinate of the point of tangency is -8.

({b) Determine the mﬁtiﬂn of the tangents to the curve f{x) = x* — 3x — £ at the points where
Six=0.
6. (a) Deterinine the point on the graph of » = 4+/% for which the slope is L.
(b) Determine the points on the graph of xv = 4 for which the gradient is -4 .

7. Determine the point{s} on the curve f{x) = (2x — 1) where the tangent is:
* {a) paraliel to the line y =4x - 2.
{b) perpendicular io the line 2y + x-4=10,

8. Detennine the equation of the tangent to the curve f{x) = —x? -+ 3x which ig parallef to the line
y=x+2
9. (a) Find the value of p if ¥ = p - 9x is a tangent toy = —x* + 3y ~ 2.
(b) The geaph of £(x) = x? + 6 has a tangent at x = a. The tangent passes thraugh the point {2 ;1).
Determine the equation of the tangent.

10. The tangent to f{x} = 4 — x? at (a: f(a)} passes through (4; - 3). Determine the equations of the

fangents.

COMPILED 8Y PINETOWN DISTRICT MATHEMATICS ADVISORS:
1.8, MRISI, Z.1. SHANGASE, P.T.C. ZUNGU & 5.0 MQAD)
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2. Determine the x-value of point of inflection of:

(@) f(x) = 2° — 6x* +5x (Byy=—x*—4x*+3x+8

Fre) =322~ 122 +9 =35 -8x+3
i) =6x—12 g=—ﬁx—8
F{x) =10 ... point of inflection 3% = {1... point in inflection
bx—-12=0 —bx—~8=10
% =2 ... x-value of the point of inflection x= ot
ACTIVITIES/ ASSESSMENT
1, Calculate the second derivative for each of the following:
(@) g{x) = 5x* byy =8x -7

© fFlxy=x{x—-6}+10 @) = —x*4x—1

©@y=-3 ) f(x) = ¥Z + 522

2. Determing the x-value of point of inflection of:
(@) g(x) =223~ 5x* — 14x + & (B h(x) = —x* + 4zt +x— 4
(c) Flx) =% + 2x* — 10x dy=x*~5x2+6

(&) flx) = x%~16x

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.1 SHANGASE, P.T.C. ZUNGU & S.M. MOADI
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TOPIC: CALCULUS (Lesson 8) [ Weighting | 35+3 {Gade |12

Term Week no.
Duration 1 hour Date
Sub-topics Sketching graphs of cubic functions (third degree polynomial)

RELATED CONCEPTS! | Stationery points, point of inflection, local iaxitaum, tocal minimum,
TERMS/YOCABULARY | concavity

 PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

[nitercepts, furning points, minimum and maximwn point

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Failing to relate point of inflection and concavity.

METHODOLOGY

The cubi¢ function has the general equation £(x} = ax® + bx* + ex + d.
The effects of a on a cubic graph;

a> Graph increasing a<h
twice. Graph decieasing twice

The graph of a cubic function has twe stationary points called turning points (local maximuim and
pinimum) as well as a point of inflection.

To determine the coordinates of the stationary point(s) of f(x):

+ Determine the derivative f'(x)

+ Equate the derivative to zero { £'(x) = 0) and solve for the x-coordinates of the stationary
points. '

o  Substitute values of x into the original/given function f(x) to caloulate the y-coordinates of the
stationary points.

¢ Ifthe function has two stationary points, establish whether they ar¢ maximum or minimum
turning points by referring te the shape (4> 0 or a < G).

MNOTE:
For cubic functions, we refer to the tuining (or stationary) poinis of the graph as tocal minimum or
local maximum turning points.

To determine the coordinates of the peint of inflection of f(x):
s Determine the second derivative ().
» Equate the second derivative to zero (f(¥) = 0) and solve for x —coordinate.
s  [fthe cubic function hag only one stationary point, this point will be a point of inflection that is

also 4 stationary-point.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
LB MPISI, 2.1, SHANGASE, P, T.C. ZUNGY & 5.M. MOADI
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TOPIC: CALCULUS (Lesson 9) | Weighting | 3543 |Grade [12

Term Weelk no,

Duration | hour Date

Sub-topics Sketching graphs of polynomials of third degree
RELATED CONCEPTS/!

TERMS/VOCABULARY

PRIOGR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Intercepts, turning points or stationery points, point of inflection, local raximum, local minimum,
concavity, miniraum and maximum point,

RESOURCES

B

ERRORSIMISCONéEPTlONSﬁPROBLEM AREAS

Failing 1o relate concavity ard point of inflection. lncotrect x-intercepts

METHODOLOGY

Examples:
1. Sketch the graph of the function f{x) = —x* — 4x? + 3x + 18.

x-intercepts: y =
¥~ 4x*+3x+18 =0

yeintercept: x = 0
FO) =—-0% —40% 4 3(0) + 18 = 18

(0; 18) X3+ 4x?—-3x—18=0
(x = 2)(x* + bx +9) = 0 ... factor theorem {x + 2)
b=4- (—2] =6

(x=2)x*+6x+N =0
x=2Mx+3x+3)=0
x=20rx=-3
(Z;0) or (—3;0)

Stationery point: Point of Inflection:
Fx)=-3x>-8x+3 f'x)=—6x~-8
~Jxf—8x+3=0 -fx—8=0
32 +8x—-3=0 —-bx =8
Gr—DE+3)=0 x=-1
1 _ 5 _ 3 ©? P
¥=gorx=-3 , F(=9=-(=3) ~4(-3) +3(-9+1s
1 1 1 1 - 1._4_- _— l
f(§)=:(§) ;4(5) +3(§)+13_1327 _92: ,
G183 (3957
F=3) = —(=3)> —4(~3)> + 3(=3} + 18 = 0
-3:m

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
1A, B, MPISI, 2.1, SHANGASE, P.T.C. ZUNGL & 5.M, MOAD}
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T

X

=3;0) Y 103

2. Sketch the graph of g{x) = —x% — 1.

y-intercept: x = 0 x-intercept: y = 0

gy =-0°—-1=-1 0= wx?
{0; -13 =1
r=-1

fl-D=—~(-1)*-1=0
(@3]

Stationery poiats: Point of inflection:
fix) = —32% fixy=—6x

~3x%=10 —6x =0

x e x=10
FO {03 ~1=~1 flO)=-0°-1="-1
(K +1) ;-1
. .
©i=1)
ACTIVITIES! ASSESSMENT

1. For each of the following functions given below:
o Detennine the intercepts with the axes.
¢ Determine the coordirates of the stationary points and establish whether they are maximum or
minimum tumning points, or points of inflection.
+ Determine the coordinates of the point of inflection which is not a stationary point.
* Now sketch the graph of the function on a set of axes. Write down the values of x for which the
function ingreases and/or decreases.

@) =23 —3x2 44 b =2 —12x - 16

) flxy=x3~2x%~4x 48 () Fx) = —2x% +x2 + Bx — 4
{e)glx) =1—x8 Do) =xF—3x2 +3x— 1

Efx)=2x%—3x% + 2x - 3 h)

COMPILED 8Y PINETOWN DISTRICT MATHEMATICS ADVISORS:
I.B. MPISI, Z.1. SHANGASE, P.T.C. ZUNGU & 5.0, MOADI
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TOPIC: CALCULUS {Lesson 11) | Weighting | 3543 [ Grade [ 12
Term Week no.
Duration 1 hour Date

Sub-topics Interpreiing graphs of eubic functions

RELATED CONCEPTS/ | y = afx —x;)(x — x3){x — x5
TERMS/IVOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Intercepts, tuming points or stationery points, point of inflection

RESOURCES

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Failing to find the product of 3 lincar expressions
Failing to notice that repeated x-intercept becomes the turning point of the graph.

METHODOLOGY

Examphe;

The sketeh shows the graph of a
cubic function, {, with a tumitg
point at (2; (), going through (5; 0)
and (Q; 207,

Detenmine:
(a) the equation of f,

(b} the coordinates of turning point A.

@y = alx — 2}(x - 2)(x—5) ... substitute x-intercepts
=20 = a{0 — 2}(0 — Z)(0 — 5) ... substitute y-intercept
~20 = ~20a
a=1
¥y= = 2)(x—2){x~5)
= (x% ~4x +4}(x — 5}
= x% —4x? + 4x - 52 + 20x — 20
A flr)=xt - 9x? 4 24x - 20

(®) f/(x) = 3x2 - 18x + 24
3P —1Bx +24=0.. f ) =0
x*—6x+8=0._3isacommon factor
{(x-2(x—4)=0
x=2orx=4
F&) = 4% — 9(4) + 24(4) — 20 = 4
A4 —4)

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B MPISH, 2.8 SHANGASE, PT.C ZUNGU & 5.0, MOADE
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ACTIVITIES! ASSESSMENT

1. The sketcit below shows the curve of
Bx) = - (x+2) (x - 1} (x « 6) with twming
points at C and F. AF is pacalla] to the x-axis.

Deteninine the:

(a} length of OB, OE, EG and CD

() coordinates of C and F

(c) length AF

{d) average gradient between E and F,
{¢) the equation of the tangent at E,

2, Given the graph of a cubic function
with the stationaty point (3; 2), sketch
the graph of the derivative function if it
is also given that the gradient of the graph
B-5atx=0.

3. Use the information below to skeich a graph of each cubic function (do not find the equations of the
functions).
(a) g(—6) = g(~15) =0
g-H=g40y=20
gEy>0forx < —dorx>1
gy <0for—4<x<1

®) A(=3) = 0, h{8) = 4, h(—1) = 3,h"(~1) = D and K"(—=1) = 0
R(x) > 0 for all x values axceptx = —1

COMPILED BY PINETOWN DiSTRICT MATHEMATICS ADVISORS:
M.B. MPI5), Z1. SHANGASE, P.T.C. ZUNGU & S.M. MQADI
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TEST 2: CALCULUS
FROM: PAST PAPERS
MARKS: 25 DURATION: 30 MIN.
[NSTRUCTIONS

1. Answer ALL questions

2. Round off correct to TWO decimal places

3. Choose relevant formula from the FORMULA SHEET

QUESTION 1 [11 Marks]
Given f{x) =23 - 3x2 4+ 4

I.1 Deterinine the intercepts with the axes. €3]
1.2 Detenmine the coordinates of the tuming points of f. {4)
1.3 Draw & neat sketch gragh of £, Clearly show ali the turning points and intercepts. {3}

QUESTION 2 [14 Marks]

The graph below, not drawn to scale, represents the cubic function fwith
equation £ () = x¥ ~ 4x% — 11x + 30. The graph intersects the x-axis at
(5; 0.

9

2.1 the values of a and b, the x~intercepts of § {4)

2.2 the values of ¢ and d where (¢; d) is the turning point of f %)
2.3 the values of x for whick;

23,1 F(x) <9 ()

jum ¥
222 f{x)=0 . {1
2.4 The graph of g with equation g(x} = mx + ¢ is a tangent

to f at the point (3; 0). Caleulate the value of m. {2}
2.5 Determine the values of p for which x* — 4x* — 11x + 30 = p

will have only one negative sojution. 2)

COMPILED 8Y PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPIS!, Z.I. SHANGASE, P.T.C. ZUNGU & 5.M. MOAD!
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TOPIC: CALCULUS {Lesson 13) { Weighting | 35 +3 | Grade Fi2
Term Week no.
Daration ! hour Date

Problems involving maximum and minimum values:

Sub-topics
' Two dimensional probiems

RELATED CONCEPTS/ | Optinisation
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KXNOWLEDGE

Area of polygons, subject of the fonmula

RESOURCE,

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Do no finish reading the given siatement or faifing to comprehend the given statement.

METHODOLOGY

We have seen that differential calcalus can be used to determine the stationary points of functions, in
order to sketch their graphs. Calculating stationary points also lends itselt to the solving of problems
that require some variable to be maximised or minkmised, These are referred to as optimisation
problems.

Determining maximum or minimum values

The quantity that is to be minimised or maxinised must be expressed in terns of only one variable.
In order to maximize or minimize an object a(x), detennine a’(x) and equate it to zero and solve for x.
The value(s) of x obtained can then be investigated to establish whether they will yield maximum or
minimum values of that given cbject.

Examples:

L. Michael wants to start a vegetable garden, which he decides to fence off in the shape of a rectangle
from the rest of the garden. Michael has only 160 m of fencing, so he decides to use a wall as one
barder of the vegetabie garden.

Caleulate the width and length of the garden that corvesponds to the largest possible avea that
Michaef can fence off.

Area of a rectangle is given by formula: 4 =1 x w
Perimeser of a rectangle is given by the forwula: £ = 2(! = w)

The fencing is only required for 3 sides and the three sides imust add up to 160 m.

t+i+w=160
2i+w =160
w=160—2¢
Area= (160 — 21} ... substitute w = 160 — 2! into area formula

= 160{ — 2%
% = 160 — 4{ ... maximising the area of the garden
160 — 4! = 0 ... equate the derivative to

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
MLB. MPISI, 2.1, SHANGASE, P.T.C, ZUNGU & 5.M. MOAD!
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TOPIC: CALCULUS {Lesson 14) [ Weighting | 35 +3 [Grade 12 ACTIVITIES! ASSESSMENT

Term Week no. 1. A piece of rectangular sheet metal with dimensions 80 mm by 50 mmn is used to create a rectanguiar
Duration T hoor Date jewellery box. Square corners of x mm are cut cut of the sheet metal and the edges are then folded up
Sub-topics Problems invelving maximum and minimum values: 50 asto form a box without a Jid of depth » rn. _ 3 _

Thr:ee d e:}sionai probl {a) Show that the volume of the jewelry box is given by the
gﬁg?{)%ﬁr;ﬁiiﬁ{] Optimum point formula: V(x) = 4x* — 260x% + 4000x
PFRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE {b) Detennine the value of x so that the volulﬁe ofthebox isa
Surface avea, Volume maximum. ’

RESOURCES

2. Bricks are to be painted with a special paint for use under water. The bricks are rectangular in shape
and the length of each brick is three times its breadth. The volumc of cement in each brick is 972 em®
. Itk is the height of a brick and  is its breadth:

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

L]
Do no finish reading the given statement or failing to comprehend the given statement. {a) express k in tenns of x. H
Failing o use comect fonmula, failing to differsntiate surface area and volume, (b} express the total surface area of each brick in tenns of H
METHODOLOGY x -ppesnmvmen (SO
Finding the optimuin point: {c) caiculate the dimensions of a byick which will .
Let £'(x} = 0 and soive for x to find the optimum point. minirize the amount of paint required. ‘.' h v
Examples: .

1. A cylinder, closed at both ends, is o have a volume
of (20001 ) cm® . What should its dimensions be if
its surface area is to be as small as possible?

Area = 2ntr? + 2arh 3. A rectangular water tank is to be manufactured. [t must contain 32m” of water. It has a square base

{each side equal to x netres). The top of the water tank is open and its height is A metres.
Voluine = réh

20007 = w2k {a) Determine the avea {A) of the material that will be used in terms x
20007 _ ofxand 4. E
’;:'iﬂ o 2000 (b) Prove that 4 -—-:!cz+1—iE H
T Ty . (¢) Determine, in terms of x, an expression for C, the total cost of -."' !
the matesial, if the material is bought at a price of R10 per m? . " %
A= 2t + 2nr (350 h=22=20cm (d) Detenmine the vaiues of x and 4 for which C wiltbe a -
= 2t 4 A0k ) mmimum. X
1 ]’r‘r T
A= 2rr? + 40007 The mininum surface area will be:
£ = anr — 4000772 A= 2102 + 2w(10)(20)
4. A solid cylinder is cast from 10 litves of
= 200w + 400x molten metal. This cylinder is then
Aar — 4000sr™% = 0 ... derivative =0 5 A = (600m)em? covered by a layer of rust-proof paini.
agrr - 30007 _ o Caloulate the radius and the height of
. ré . z the cylinder (in crn} such that the minimum
4ar? — 4000 = ¢ ... multiply il terms by r< (LCID) quantity of paint is to be used.
4ar? = 4000z
= 1000 ... divide all terms by 47
r=10
161 162
COMPILED 8Y FINETOWHN DiSTRICT MATHEMATICS ADVISORS: COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISCRS:

M.B. MFISI, Z.i, SHANGASE, P.T.C. ZUNGU & 5.0M. MQAD! LB, MPISI, Z.1. SHANGASE, P.T.C. ZUNGU & 5.M. MQAD!



¥t

Downloaded f'i’om Stanmorephysics.com

JOYOW 'IN'S 8 ADNNZ "D°L'd “ISYONYHS “I'Z ‘[SI2IN "9
SHOSIACY SILLYWSHLYIN LIIMISIA NMOLAKIG A GINIdW0D

30T — 0Z = (1,5 {Q00jA [E9IeA SNESUEIWSI] (q)

sfwr =
uozenby wonlF ) ot 7 = g pun § = 3 Amsqns o_-zi:'i =

085 7 = AJ100J34 [2UI PUB 038 () = 410073 ETHLL - ?0% == Kd0[eA 2aY (¥)

"HeG a1 Jo vopeIs[ao0t Ay {3)

"PURICIT J1p Sy Tjeq A YOH]M HIIM SO0IOA [BONISA A, (P)

"0 ST A120]24 JROIISA SYE YOTM 38 TR B, (9)

'S §11 JaygE [18q ST Jo 00(eA [RaRIA 24, {q)

*SPU022s oA 1511 1 BurIng [18q S jo LFoo[aA [RajeA afeoae A (e)

“BULMOLI0) o1 SIS * 36 ~ 10T = (D H
£ USASE S WTE oG 011 Y 1534 SRy 3t JNJE SPUOSS 1 (2 J{0T € Jo (Senaw ) nyAtey Ay L,

sapdurexy

Yy

n”’—aﬁuk 2 )¢ JJEd SNoBuE 50
@@yl = W40 uTIuGISul

X=X
YTy 23ueyd Jo ayes aBeiany
2dumiy>

J0 e SROIUTIUR)ISUL Y PUB 3TUY Jo 33t 9BLIVAE ST 52 0] palregel os|e aiw s1ceou0s aSAY ]

uped vamB € 3e a4 € Jo
INRPRIS 1) VAUGNDP 01 MOY PUT JAINS B JO SIS ATEA2AE S SULUIIHGP OF MOY JUIES] 942Y DM

SANRALID ST Bunejnopes
Aq psmruaIap 2 0Fata ued pue ydexd oyp Jo wped sp Aq PqLINSIP 51 93 wei[s Jo oyen SIqp
“SutBueyo 28 sHUIGL (Yon|a Je 331 2143} 1SE) MOT STULIASP o [Igasn K194 §11]

ADOTOAOHLIW

QYDA NS 3 NDNNZ "D'L'd "3SVONYHS 12 15140 "'

SHOSIATY SHLIVINIHLYIA 12191510 NAMOLINI AS Q3T1dW03

TORSAND ¢ 32idIonly 0110 UONEInb 2y PUBISIApUN O} JUIIe]

SYZUY WATICHJ/SNOLLIFIDNODSTIN/SHOu

Ao

STNINGSTY

WSIpEId GREIIAE "UONOUT) € JO GATRANG(

AOTTTMONN ANNGIHADVE /ZDATTMONI-E0TH4

. AUV INAYOOASINYRL
SFueys Jo )81 snosupuElsul ‘edueys o el 9BeIaAY | /SLIADNGD GELVITH

23unyy yo aIEy sarde-qng

AEq oy | monEIng

‘Ol Haaph e A

Z0{ *PED | EF 5 | Junyapa | (51 moss37) SATNITYD DIJOL

F

FU0I 31} JO JWN|OA UEMITXRLL 2U) SUKILNSP ()
“if JO SIEII) T SU03 Y Jo Jwajoa ot ssaxdxe  (q)
' Jo saua) ul 4 ssadxa ()

‘2 7] §1 snIpex g5eq pue 1 Fiey FYz Jo g 91 5
“TUD .F JO SHIPE1 358q B PUQ “UI0 ¥ Bt 30
2UOY I[N 1T v spuasasdes werderp sy g

N € S I3puIo ap Jo
SWN[OA SIE YIS 10} 4 JO JMEA L) PUTL 23S (q}
*(1) empel poe 2
30 STILIBY UL J9PUTLLO 910 #O () WSy 21 pury (v
T L UL? TOF ST 'PUS SUO UO PISO[D ST YIITM
‘rapuis fdws ur o vare S0BJINS JOTIANS (2103 SYL ¢




Downloaded from Stanmorephysics.com

H'{1,5) = 20 — 10{1,5)
~ vt = Sm/fs

()20 - 10t =10

20 =10¢

t =2 sec Therefore, the velocity is zero aftar 2 sec

{d) The bail hits the ground when H {t) =0

20t—5tF =0
St{4—£) =40
St=00or4—t=10
t=0ott=4¢

The ball hits the ground after 4 s, The velocity after 4 5 will be:
H'(4) = 20 - 10{4)
v{4) = —20m/s

Therefors, the ball hits the ground at a speed of 20m/s
(e} Acceleration = v'(t) = H'(t)

B = —10
wg = —10m/s?

ACTIVITIES/ ASSESSMENT
i. lr an’experiment, the number of germs in a test tube at any tiiae ¢4, in seconds, is given by the
equation g(t) = 3t + 2. Determine:

{a} the oumber of germs in the test ube after 4 seconds.
{b) the vate of change in the number of geims after 4 seconds.
{c) the rate of change in the munber of germs after 6 seconds.

2. The volume of air in a spherical balloon change with 1espect to its radius. Detennine the rate of
change when the radius is 50 mm in length.

. A soccer ball is kicked vertically into the air and its motion is represented by the equation:
Dt} = 1+ 18t — 3t%, where D = distance above the ground (in metres)
t = time elapsed {in seconds)

L

{a) Determine the inftial height of the ball at the moment it is being kicked.

(1) Fid the inétial velocity of the ball.

(¢) Detertnine the velocity of the ball after 1:5 5.

{d) Calcuiate the maximuin height of the bail.

{e} Detenning the aceeleration of the ball after ! second and explain the meaning of the answer.
{f) Calculate the average velocity of the ball during the third second,

() Datennine the velocity of the ball after 3 seconds and interprat the answer.

{h) How long will it take for the ball to hit the ground?

{i} Determine the velocity of the ball when it hits the ground.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M,B, MPI51, Z.J. SHANGASE, P.T.C. ZUNGU & 5.M. MQAD!

TEST 3: CALCULUS
FROM: PAST PAPERS
MARIKS: 25 DURATION: 30 MIN.

INSTRUCTIONS

1. Answer ALL quesiions

2. Round off correct to TWO decimal places

3. Choose relevant formula from the FORMULA SHEET
QUESTION 1 |18 Marks]

1.1 A 340 m! can of cool drink with height /1 and radius r is shown below. e
1.1.1 Detenzine the height of the can in. terns of the radius r. (3}
1.1.2 Show that the surface area of the can be written as 54 = 2rr? + srﬂ‘ (i3] A

i.t.3 Determine the radius of the can in ¢, it the surface area of the can

hias to be as small as possible, 4

1.2 A box is made fiom a rectangular piece of cardboard,

1€0 e x 40 cm, by cutting out the shaded area and
Fe I ing along the dotted lines as shown in the diagram.

1A!2.1 Express the length [ in tenms of the height k. (1) Aot 2
1.2.2 Henes, prove that the voluime of the box is : a = : ——
given by, ¥V = k{50 — h)(40 — 2k}, 3
1.2.3  For which values of h will the voluine of
the box be a maximum? ()
QUESTION 2 {7 Marks]

The flight of a cricket ball, hit by a batsman, is modelled by the equation s(t) = —i t2 + 2t + 1 where 5(t)

is the height of the ball in metres, ¢ seconds after it was bit. A (0,3; £,57) and B (5,7, 1,57} ave two points
which satisfy the aquation.

2.1 What was the height of the ball when the batsman hit it? (1
2.2 What was the average speed of the ball during the first 3 seconds? ) )
2.3 The ball was caught on its way down, at a height of .57 m.
2.3.0 ~ After how many seconds was the ball caught? (1)
232 What was the speed of the ball at the moment it was caught? )

166

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.E. WMPISI, 2.1, SHANGASE, P.T.C. ZUNGU & S.M. MOAD!
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12547

15 000 = 10 000(1 +Z=

15000 _ (Lo1"

%0 ann

2= (10n"
3

n=logLa1;

= 40,74890715609 ... number of compounding periods i.e., months

ﬁw = 3,29574226301 years ... divide compounding by 12 to convert to years
3, A company purchases a truck for R800 000, The value of the truck depreciates at 20% p.a. on the
reducing balance. How long will it take the truck’s value to depreciate to R500 000?
P = RB0OD 000 A = R500 000 i = 20%% n =7
A= P{1 - {}"... Compound Depreciation
504 640 = 800 000 {1 — 20%)*

500 000 _ "
800000 (.8)

5
= 09"

n= 1080,9;

n = 2,10628371951

Therefors, approximately 2 years and 1 month

ACTIVITIES! ASSESSMENT
1. Nzuzo invests B. 80 000 at an interest rate of 7,5% per annum compounded yearly. How Jong will jt

teke for hig investment to grow to R 100 §GQ7

2. Dstermine how many years it will take an investment of R2 000 to eam an amount of R1 920 in
interest, if the investment was made at an interest rate of 13% per annuin compounded monthiy.

3. Determine the time taken for a ceriain sum of money o double if the interest rate is 12% per annum
compounded seimi-annually.

4, R3 000 depreciates at 9% per annum on a straight — line basis to an amount of R1 872,10 overa
periad of time, Determine the depreciation time.

5. A car cost R300 000 and depreciated over a period of five years o haif its original amount,
(a) Calculate the annual rate of depreciation if it is based on the reducing balance method.
(b) How long will it then take for the car to depreciate once again to half its value? Assume that the

depreciation rate is the same as in (a).

6. Determine how many years it would take for the value of a car to depreciate to 25% of its original
value, if the rate of depreciation, based on the reducing balance method, is 16% per annum.

7. How long will it take for the value of an investinent to trebie, if interest is calculated at 22% p.a.
compounded semni-annually?

8. How long will it take for a bowling machine to halve in value if its value depreciates at 25% p.a. on

the reducing balance?

COMPILED BY PINETOWNM DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, ZI. SHANGASE, P.T.C. ZUNGU & 5.M. MGADI
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TOPIC: FINANCE, GROWTH AND DECAY {Lesson 2) | Weighting | 15+ 3 | Grade | 12

Term Week no.
Duration | kour Date
Sub-topics Future Vaiue Annuity

RELATED CONCEPTS/ | Annuity, future value, payment intervals/regular equal payments
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

MNominal and effective i rate

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

» Using compound interest fonnula for fumire value

METHODOLOGY

» _Not 1aking compounding into account ¢.g., dividing interest rate by 4 if quarterly compotnding

Annuity is a number of equal payments made at regular intervals for a certain period of time subject
1o 2 rate of interest over a period of time.

v All payments are equal

= Payments are made a5 regular intervals

= Interest rate remains fixed

»  Compouading peried for interest is the same as the payment intervals

Future value annuity — collective value of all regular equal payments made into a savings account
inciuding the interest at the end of the titne period. The amount accanulating in the fund ¢ams
compound interest at a certain rate.

For future value annuities, we regularly save the same amount of money into an account, which eams
a certain rate of compound interest, so that we have money for the futare.

*[(1+)"—1]

The forinuia used to calculate the Foture Value anmuity is: F = 7

F = future value
x = equal payments per period
. r
= interstrate = ;=
n = number of payments

Examples:
Determining the value of an investment:

i. Ciza decides to start saving money for the future. At the end of each inonth, she deposits R 900 into
an account at Harringstone Mutual Bank, which eams §,25% interest p.a. compounded monthly,

{a} Determine the balance of Ciza’s account after 29 years.
(b} How much imoney did Ciza deposit into her account over the 29-year period?
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{c) Calcwlate how much interest she eamed over the 29-year period.

x = R900 (=22 n =29 x 12 months = 348 months  F =7

L. (b) Total Deposits = 900 x 348 = £313 20

(a)

348
900[(142228) g}

%
= R1289 665,06
(d) Total Interest = Final m.nountat the end of the period — total anount deposited
= R128% 665,06 ~ R313 200 = R976 465,06

2, Thomas starts saviﬂg money in a Unit Trust fund. He inunediately deposits R800 into the fund.
Thereatter, at the end of each nonth, he deposits RE04 into the fund and continues to do this for ten

the end of the tsn-year period.
x = RBOO i= % = A =10 x 12 months + L{immediately) = 121 months ¥F =?

F= s+ -1

i
i21
800[{1+5%2) -1
TTTT =
1z

= R148132,54

Calculating the monthly payments:

age of 30. She starts to pay equal monthly amounts into a retirement annuity which pays [8% per
annum compounded monthly. Her first payment staris on her 20m birthday and ber [2st payinent is
tnade on her 50 birthday, How much will she pay each month?

18%

F = RBO OGO n =30 x 12months + 1 = 361 months === x =?

_ X[+ -1
F= '

T, 361_
8000 000 = A*52) -1l

12

8000 000 x 22 = x(214,8943376) ... multiply by the denominator on both sided

120000 = x(214,8943376) ... we only round off the final answer

120090

kvt R558,41 Therefore, Dyna will pay R558,41 each month

years. Interest is §% per annum compounded monthly. Calculate the future value of his investment at

4, Dayna has just tumed 20 years old and has a drean of saving & 000 000 by the tine she reaches the
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Calculating the number of payments:

4. Linda wants to save R30 000 to buy 2 gaming laptop. She can afford to save R3 000 every six
months, [nterest is caleulated at §0,2% p.a. compounded semi Ity. How many payments will
she have to make to have at ieast R30 000 in savings?

Semi-annually means kalf yearly or twice a year, therefore we divide the interest rate by 2.

F = R30000 x = R3 000 j = 2% =7
_ x[(1+i)"-1)
F=-r )
3 ooof( 142225} g3
30 000 = (£

ki

1530 = 3000[(1,051)" — 1 ... multiply by the denominator on both sides

0,51 = (1,051}" — 1 ... divide by 3 000 on both sides

1,51 =(1,051}" ... transpose |

n = log; 454 1,51 ... to solve for n. apply logs

n = 8,284928018 Therefore, Linda will have to make 9 payments to have at least R} Q00,

ACTIVITIES! ASSESSMENT

b Shelly decides to start saving money for her son’s future. At the end of each month, she deposits
R. 360 fnto an account at Durban Trust Bank, which eams an interest rate of 5;96% per annum
compounded monthly.

(a) Deterinine the balance of Shelly’s account atler 35 years,
{b) How much money did Shelly deposit into her account over the 35 year period?
{c) Calculate how much interest she earmed aver the 35 year period.

2. Griffen wants to mave out of his parents” house when he is one with school. He decides io save

intevest is calculated at 9% p.a. compounded quarterly.

3. In order to supplement his pension after retirement, Mpho {aged 20} takes out a retivement annuity,
He makes moenthly payments of R2 000 into the fund and the payinents star immediately. The
payments are made in advance, which means that the last payment of R2 000 is made one month

Calculate the turure vatue of the annuity when he turns 60.

4. Lerato plans to buy a car in five and a half years” tinte. She has saved R 30 000 in a separate
investment account which carns |3% per annum compound interest. If she doesn’t want to spend
tnore than R 166 00C on a vehicle and her savings account earns an imcerest rate of 11% p.a.
compounded monthly, how much 1aust she deposit into her savings account each month?

5. R500 is invesied each month, starting in one month’s time, info an sccownt paying 6% per annum
compounded monthly. The fund aceumulates to R10 000. How many payments of R508 wili be
made?

R2 500 per quarter for the next two years. How much will he have saved up by the end of two years if

before the annuity pays out. The interest rate for the annuity is 15% per annum compounded monthly,
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TOPIC: FINANCE, GROWTH AND DECAY (Lesson 3) | Weighting | 15 +3 | Grade | 12

Term Week no.,
Duration 1 hour Date
Sub-topics Future Value Annuity

RELATED CONCEPTS/ | Annuity, future value, regular equal payment
TERMS/YOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

X = equal payments, nomninal and effective interest rate
]

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

* Not taking compounding into account ¢.g., dividing interest rate by 2 for half-yearly
compounding

METHODOLOGY

Payments made in advance:

{. Hannes invest RE 000 at the beginning of each month for 4 years. No payinent is made at the end of
the last month of the four-year period. The interest rate is 9,5% p.a. compounded monthly. How
much money will he have at the end of the 4 years?

95

n=4x 12 months = 4B months i= Ty F=?

x=R1000

_ a[th+h"=1]
- t

£ ]
10001(1+ﬂ l —1]

+.5%
iz

F

= 5811767316

Amount at Tyg:
A=P{1+i)?

1
=58 117,67316 (1 + “%) = R58 577,77

12
2. In order to suppleinent his state persion after retirement, a school teacher aged 30 takes out a
retirement annoity. He makes monthly payments of R1 000 into the fund and the payinents start
immediately. The payments are inade in advance, which means that the last payment of R1 000 is
made one month before the anmuity pays out. The interest rate for the annuity is 12% per annum
compounded monthly. Calculate the future value of the annuity in bventy-(ive years™ time,

x = R1000 £=If—2% n=25x12 = 300 F=?

Fe .r((l+:)"—1]
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30
1000({1+12%

TG
12

_1]

= 187 884,626

At the and of the last month: 4 = P{1 + )"
1
=1878846,626 {1+ 22)

= R1857 635,09

_ i+
- i

27y 700
1000} 14+==~ -1
= i( 12 | t +}_12_:25__6)

A2
iz

OR F (1+0

= R1 897 £35,09

ACTIVITIES! ASSESSMENT

1. Karabo invests R750 at the beginning of each month inte a savings account for 6 years. No payment
is made at the end of the last inonth of the six-year period. The interest rate is calculated at 11,25 p.a.
compounded monthly. How mnuch ironey will Karabo have at the end of & years?

2. In order to supplement his pension after retirement, Mpho (aped 20) takes out a retirement annuity.
He makes monthly paynents of R2 000 into the fund and the payments start immediately, The
payments are made in advance, which means that the last payment of R2 000 is made one month
before the anmuity pays out. The interest rate for the annuity is 15% per annum compounded monthly,
Calenlate the future value of the annuity when he turns 60,

. Joyee invests B2 530 per quarter for 4 years. Her first payment is made immediately and her last
payment is made 3 months before the end of the 4 years. The interest rats ig §0,5% p.a. compounded
quarterly. How much eoney wili loyce have saved after 4 years?

Lad

“a

R500 is invested each menth, starting in one month’s tinie, into an account paving 16% per annum
cempounded monshiy. The fand accumulates to R10 800, How many payments of R500 wilf be
made?

R1 00 is invested every three months, starting in three month’s time, inlo an account paying 14%
per annum ¢ompounded quarterly. The fund accumulates to R25 000. How many payinents of R1 000
will be made?

-

7. R2 000 is immediately deposited into a savings account. Six months later and every six months
thereatter, R2 000 is deposited into the account, The interest rate is 16% per annum compounded
half-yearly. The future value of the savings is R100 000. How many payments of R2 000 will be
made?
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TOPIC: FINANCE, GROWTH AND DECAY (Lesson 4} | Weighting | 1543 | Grade | 12

Term Week no.
Duaration 1 hour Date
Sub-topics Present Value Annuity

RELATED CONCEPTS/ | Present value, loan
TERMS/VOCABULARY

PRICR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Reducing balance, interest rate, regular equal payments

RESOURCES

ERRORS.-’M[SCONCEPTIONS_!PROBLEM AREAS

Confuse P value with x value
Putting # on the formula instead of -»

METHODOLOGY

Present value snnuity - reguiar equal payments/instalments are made to pay back a loan (student loan
1o study, vehicle toan to buy a car, loan to buy a house) over a given time period. Money is available in
the present i..; first .noney received and pay later.

In bank loans, interest is paid on the reducing balance. The advantage of these loans is that any
additional payments into the loan will reduce the amount owed. Hence, reducing the duration of the
loan as well as saving a lot of interest.

A=P+i" )
P=A(1+ 8™ .. make I the subject of the formula

*[4-{14+0""]

The fonmula used to calcuiate the Futare Value annuity is: P = :

Examples:

1. James takes out a one-year bank loan to pay for an expensive laptop. The interest rate is 18% per
annun compounded monthly and monthly repayments of R1 650,24 are made starting one month
after the granting of the loan. Show that he borrowed an amount of R j8 000,

L)

n = lyear X 12months = 12 months i 1z

x = R1650,24 P=7

_ a{1-{1+D™"]
p= i

=iz
1650,24{1-{1+224) )
= 18
12

= R18§ 060

| 2. Malibongwe takes out a bank loan to pay for his new car. He repays the loan by means of monthly
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payments of R5 000 for a period of five years starting one month after the granting of the loan, The
interest rate is 24% per annum compounded monthly. Calculate the purchase price of his rew car,
24%

n = Syears X 12months = 60 months i= T P =7

x=R5000

-1+
p= I

243y 40
_ 5o00f1{ 120
- P

iz

= R173 804,43

3. History wants to buy a simall wine fanm worth R 8 300 000, He plans to sell his current home for R 3
400 000 which he will use as a deposit for the purchase of the farm. He secures a loan with HBP Bank
with a repayment petiod of H) years and an interest rate of 9,5% compounded monthly,

(a) Calculate what History's monthly repayments will be,
{b) Determine how much interest History will have paid on his loan by the end of the 10 years.

P = RS 5{0 000 — R3 400 000 = B5 100 00¢ = = 10 x 12 months = 120 months  # =°—f£ﬁ

1-(1+8

a) P= :
{1-{142 |
5100000 = —L,“@-L
iz

40375 = x{0,6118095902) ... multiply by denominator on both sides

40 375

= elleossenz R65 992,75

Therefore, History must pay R 65 992,75 per month to repay his loan over the (0 year period,

(b) Total amount repaid for loan = R65 992,75 x 120 = K7 919 130
Total interest paid == R7 919 130 — 5 100 000 = R2 819 130

4. Karel has to pay off a loan of R75 000. He can afford 1o pay R1500 per month with the interest rate
of 16,2% p.a. compounded monthly. How many payments will he have to make?

16.2%
= 183%
12

P = R75 000 x = R1500 n=7

p = HE-(40™

[
1 sno[k(ul*l{-"-)"“]

75000 =

16,

1z

1012,5 = 1 500[1 — (1,0135)™"] ... multiply by denominator on both sides
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0,675 =1 - ({1,013577™ ... divide by | 500 on both sides
—0,325 = —(1,0135)™™ ... transpose 1
—n = logy 0135 0,325 ... apply logs
—n = ~83,81472032
n = 83,81

Karel wifl make 84 payments (83 payinents of R1 500 and one lesser payment}.

ACTIVITIES/ ASSESSMENT

1. {a) Ziyanda arranges a bond for R 17 000 from Langa Bank. If the bank charges {6;0% p.a.
compeunded monthly, determine Ziyanda's monthly repayment if she is to pay back the bond over
9 years.
{b} What is the total cost of the bond?

2. How much can Lerato borrow from a bank if she repays the loan by means of equal quarterly
payments of R2 000, starting in three months time? The interest rate is 13% per annum compounded
quatterly and the duration of the loan is ten years.

3. Otto repays a loan over a period of 5 years by means of equal semi-annually payments of R15 000,
starting § months after the loan was granted. What is the value of the loan if the interest is 14,8% pa.
compounded semi-annuaily?

4. Brenda takes out a twenty-year loan of R400 008, She repays the loan by means of equal monthly
payments starting one month after the granting of the loan. The interest rate is 16% per annum
compounded montkly. Calculate the monthly repayments.

5. Lerato plans & buy a car for R125 000, She pays a deposit of 15% and takes out a back foan for the
balance. The bank charges 12,5% per annum compounded monthly. Calculate the monthly repayment
on the car if the Joan is repaid over the six-year period.

6. Stefan and Marna want to buy a flat that costs R 1;2 million. Their parents offer io put down a20%
payinent towards the cost of the house. They need to get 2 mortgage for the balance, What is the
monthly repayment amount if the terin of the home loan is 30 years and the interest is 7;5% p.a.
compounded monthly?

7. Dullstroom Bank offers personal loans at an interest rate of 15,63% p.a. compounded twice a year.
Lubabale borrows R 3000 and must pay R 33493 every six months until the loan is fully repaid.
{a) How long will it take Lubabals to repay the loan?

(b) How wmach interest will Lubabale pay for this loan?

177
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TEST 1: FINANCE, GROWTH AND DECAY
MARKS: 25 DURATION: 30 Min,

[NSTRUCTIONS TO CANDIDATE:

1. Answer ALL the questions

2. Choose relevant fonrula from the FORMULA SHEET

3. Round off FINAL znswers correct to TWO decimal places.
QUESTION 1 {3Marks]

1.1

Mrs. Bella deposits RS 000 into 2 savings account, Calculate how tong it will take
her to double her money if the interest rate is 6% p.a. compounded quarterly. (3}

The computers in a school’s computer lab originally cost R 70 000. These computers
were sold for R30 000 a few years ago. Calculate how loag it took the computers to

depreciate if the intersst rate of depreciation was 12% p.a. on a reducing balance. 2}

QUESTION 2 [10 Marks]

2.1

22

Gugu wants to save up to R250 000 in 5 years’ time in order to purchase 2 car.
She starts making monthly payments into an account paying 13% p.a. compounded

monthly, starting inunediately. How wmuch will she pay each monath? (6}

R2 00§ is invested each month info an account paying 16% p.a. compounded

semi-annually, starting in 6 months” time. How long will it take to accumulate R 100 0007 )

QUESTION 3 [10 Marks]

KR

32

How much can be borrowed from the bank if the repayment of the loan is made by ineans

of 30 equal monthly payments of RI 250. The intevest rate i3 14% p.a. compounded monthly.  (6)

The retirement fund does not pay cut R2,5 million when Mark retives, Insicad, he will be paid
moughly zimounts for a period of 20 years, starting one month after his retirement. If the interest
rate that he earns over this period iz calculated at 7% p.a. compounded monthly, determine the

monthly payments he will receive. 4

173

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
.B. MPISI, Z.i. SHANGASE, P.T.C. ZUNGU & 5.M. MQADI



Downloaded from Stanmorephysics.com

TOPIC: FINANCE, GROWTH AND DECAY (Lesson S) | Weighting | 15 £ 3 | Grade | 12 = 296000€1 + 9%)°
Term Week no. = R541 099,58
Duration ___Lhour Date Sinking fund = RS41 099,58 ~ R73 788,50 = R467 311,08
Sub-toplcs Sinking Fund

{c} Caleulate the required monthly deposits if the sinking fund eams an interest tate of 3% per

RELATED CONCEPTS/ | Lump sum, sinking fund annuw compounded monthly.

TERMS/VOCABULARY

F = R467 311,08 = 1% n = 7 x 12 months = 84 months
PRIOR-KNOWLEDGE/ BACKGROLUND KNOWLEDGE A{L+=1] 12
Compgund interest formula, reducing balance, straipht line basis, future value formula, compounding F= -

RESQOURCES *{a+ 228"
467 31108 = ——2 0 -

[EE]

ix
5062,5367 = x{1,472194323 ... multiply by denominator on both sides
x=R3438,77 Therefore, the company must deposit R 3438:77 each gmonth,

o X : (d) Suppose that Weilington Courier Company decides to service the truck at the end of each year for
ERORS{M lCONCEPTlONS /PROBLEM AREAS the 7-year period. R4 006 will be withdrawn from the sinking fund at the end of each year starting
Do not read question with understanding one year afier the original machine was bought, .
METHODOLOGY - {1} Caiculate the reduced value of the sinking tund as the end of the Te-year period due to these

ithe ls.
Sinking fund i money set aside in order o buy or replace outdated equipment e.g., photocopying Witidrawa

machine, computer, car and other similar asserts. This equipment is usually sold at serap vabue,

: 3 N . " The siaking turd will not only lose th ts of R4 000, it will also lose the interest earmed on
A sinking fund is nothing more than a normal savings plan or future value annuity, Simking find will not onty € Seven amoun 5 o

these amounts at the end of the seven- year period.

Regular deposits, and sometimes lump sum deposits, are made into these acoounts so that encugh

. . K " Fut { the withd) Ls:
money will have accumulated by the time a new machine or vehicle needs to he purchased, uture vafue of the withdrawals

72 50 48 36
This savings plaa is a future valoe annuity. 4000 (1 + %) + 4000 (1 + %) + 4000 (1 + %ﬁ) +4000 (1 + %) +
13% 13%3 12
To set up a sinking fund, the following wust be calenlated: 4000 (1 + -{2—) + 4000 (1 + _15_) = R38 662,26
* The value of the old equipment (scrap value/depreciation value/boalk value) — Depreciation
formuls The teduced value of the sinking fund will be: 2467 311,08 — R38 662,26 = R428 648,82

Either reducing balance: 4 = P(1 — {)" or stiaight-line basis: 4 = P(1 ~L.n)
(2} Calculate the increased monthly payment into the sinking fund which will yield the oviginal

+ The vatue of the new equipment — Inflation: 4 = P(1 + ) sinking fund amount as well as allow for withdrawals from the fund for the services.
* Amountto be saved: sinking fund = (nflated value — depreciated value [fwe add R38 662,26 to the original sinking fund amount of R467 311,08, then it will be possible to
not only receive the sinking fund amount of R467 311,08 at the end of the 7- year period, but also be
Examples: able to make the service withdrawals at the end of each year for the 7- year period.
|. Wellington Courier Company buys 2 delivery ruck for R. 296 000. The value of the truck depreciates Amount to be saved = R467 311,08 + R38 662,26 = R505 973,34
on a reducing-balance basis at 18% per annum. The conpany plans to replace this truck in seven "
years’ time and they expect the price of a new truck 1o increage annually by 9%, F= ﬂw
[Fatad
(a) Calculate the book valne of the delivery Iruck in seven years' time, 505973,34 = ﬂ&‘y
P = R296 000 i=18% n=7 A=t T
A = P{1— iy* ... reducing balance 5841,37785 = x({i,472194323
= 296 000(1 — 18%)7 x = R3967,80
= R73 788,50 ACTIVITIES/ ASSESSMENT
. . 1. Mfethu owns his own delivery business and he will need to replace his truck in 6 years’ time.
(b) Detenmine the minimum balance of the sinking fund in order for the company 1o afford a new Mfthu deposits R 3100 into a sinking fund each month, which cams 5;3% interest p.a,
truck in seven years' time, compounded mmonthly. .
Price of the new truck in 7 years: A = P(1 + i)" {a} How much money will be in the fund iy 6 vears’ time, when Mfethu wants to buy the new truck?
178 180
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(b) If & new truck costs R 285 {00 in & years™ time, will Mfethu have enough money to buy it?

2, Atiantic Transport Company buys a van for R 265 000, The value of the van depreciates on a
reducing-balance basis at 7% per annum. The company plang to replace this van in five years’ time
and they expect the price of a new van to increase amnually by $2%.

{a) Calculate the book value of the van in five years' time.

{b} Determaing the amount of money needed in the sinking fund for the coinpany 1o be able to afford a
new van in five years’ time.

{c) Calcolate the required monthly deposits it the sinking fund earns an interest zate of 11% per
znnum commpounded monthly.

3. A car wash business purchases large washing equipment for R 144 000, The cost of the new s
sxpected to rise by 18% per annuin while the rate of depreciation is 20% per atmuan on the
reducing- balance. The life span of the equipment is six years.

{a) Firul the scrap value of the original equipment,

{b} Find the cost of new equipment in six years” time.

{c} Find the vaiue of the sinking fund that will be required to purchase the new equipment in six
years™ time, if the proceeds from the sale of the old equipinent (at scrap vaiue) will be used.

(d) The business sets up a sinking fund to pay for the new equipment. Payments are to be inade into
an account paying 13,2% per annuim compeounded ionthly. Find the monthly payments, if they
are to commence one month after the purchase of the old equipment and cease at the end of the
six ~year period,

() Suppose that the business decides to service the equipment at the end of each year for the six-
year period. R4 000 will be withdrawn from the sinking fund at the end of each year starting one
year after the original machine was bought.

{1} Calculate the reduced value of the sinking fund at the end of the six -year period due to these
withdrawals.

(2) Caleulate the increased monthly payment into the sinking fund which wiil yield the original
sinking fund amount as well as allow for withdrawals from the fund for the services.,

4. Due 1o load shedding, a restaurant buys a large generator for R227 851, 11 depreciates at 23% per
annuin on a reducing-balance. A new generator is expected to appreciate in value at a rate of 17% per
annum. A new generator will be purchased in five years’ time.

{2) Find the scrap value of the old generator in five years® time.

(b} Find the cost of a new machine in five years™ time.

{¢) The restaurant will use the money received fromn the sale of the old machine (at scrap value) as
part payiment for the new one. The rest of the money will come from a sinking fuad that was set
up when the old generator was bought. Monthly payments, which started one month after the
pucchase of the old generator, have been paid into a sinking fund account paying 11,4% per
annum cosnpounded tmonthly, The payments will finish three months before the purchase of the
new machine, Calculate the menthly payments into the sinking fund that will provide the required
inoney for the purchasing of the new machine.

3. Cleaning equipment is bought for R120 000, The value of the equipment depreciates at 15% p.a. ot the
reducing balance. The inflation rate is 9% p.a. in 3 years® time. the old cleaning equipment will be sald at scrap
value. The proceeds of the sale, tepether with money saved up in a sinking fund will be used o purchase
replacement cleaning equipment,

(a) Calculate the scrap value of the old equipnent after 5 years.

(k) What will the new equipment cost in 5 years™ time?

(c) What amount should the company budget for in 5 years® time?

(d) Calculate the monthly payment to be¢ paid into a sinking fund paying 12,5% p.a, compounded
manthly, in order to have enough money to replace the eouipment in 5 years’ time.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: FINANCE, GROWTH AND DECAY (Lesson 6) | Weighting | 15 + 3 | Grade ] (2

Term Week ng,
Duration 1 hour Date
Sub-topics Qutstanding Balance

RELATED CONCEPTS/ | Loan, repayment
TERMS/VOCABULARY

PRIOR-KNOWLEDGE! BACKGROUND KNOWLEDGE

Comnpound interest formuta and future value formula

RES

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Could not differentiate between number of payments outstanding and number of payments snade

METHODOLOGY

The outstanding balance of a loan at a given moment is the amonnt that has to be paid to settle the
loae. [t is the acual remaining amoynt.

Outstandmg Balance = loan with interest to date — repayments with interest to date
= money owed (compound interest} — money paid (future value)

- n_ Xj(1+n*-1]
= P(1+1{) i .

Therefore, { .. 7t = number of payments alieady tnade.

Examyp. :5:["
P P

1. James takes out a ore-year bank loan of R13 000 to pay for an expensive lapiop. The interest rate is
18% per annum compounded imonthly and monthly repayments of R1 650,24 are made starting one
mouth after the granting of the loan.

P = R18600 i_ﬁ_ools *=R1650,24

(a) Calculats his balance outstanding afier he has paid the sixth instalment.

OB = P(1 4 pn . H™1)
1

_ & 1690,24[(1+0,015}%-1)
= 18 000(1 + 0,013) e

= R9 401,72
{b) Calculate his balance outsiznding after he has paid the ninth instalment.
OB = P(1L+i)" ~

=18 000(3 + 6,015)° —
= R4 805,83

(11
d

1650 24[{1+0,0151%-1]
0,015

COMPILED BY PINETOWHN DISTRICT MATHEMATICS ADVISORS:
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2. Yandisa takes a loan from 2 back to start the business, The monthly repayments are R30 428 a month
for 15 years. The interest rate is 9% p.a. comnpounded monthly.

x=R30 428 n =15 x 12 = 180 months i= % =0,0075 P =t

{a) Deteninine how much Yandisa initially borrowed from the bank.

1-{1+{™
p ==l (""_) ] .4+ present value fonnula

__ 30 4Z8f1-(1+0,0075)"1%0]
- 0,0075

= R3 000 000,24

{b) Detenuine the balance of the loan at the end of 5 years.
n = Syears X 12 = 60 months
. *[(1+5%—1]
OB = P(I-i-i)“——r-——-

= 3000 000,24(1 + 0,6075)60 — 2L280(1400075)%0-1]
4 ’ 0,0075
= R2 402 037,82

TOFIC: FINANCE, GROWTH AND DECAY (Lesson 7) [ Weighting_ | 15 +3 [ Grade [ 12

Term ‘Week no.,
Duration 1 hour Drate
Sub-topics Final/Last Payment

RELATED CONCEPTS/ | Full payment
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Quistanding balance,

s AT M

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

ACTIVITIES! ASSESSMENT

L. Siphokazi takes out a 20 -year loan frown the bank to buy a house which costs R850 000. Ske pays a
deposit of 12% of the selling price of the house. The bank charges an interest rate of 9% p.a.
compounded monthly,

{(a} Determine the amouat granted by the bank to Siphokazi.

{b} Calculate the monthly instalments of the loan.

{c) How mnuch interest wili she pay at the end of 20 years?

{d} Calculate the outstanding balance of the joan afier the 35™ instaiment.

2. Kevin takes out 3 bank loan to pay for his new car. He repays the loan by means of ionthly
payinents of R3 000 for a period of 6 years starting one month after the granting of the loan. The
interest rate is 18% p.a. compounded monthly.

(a) Caiculate the purchase prive of the new car.
(b) Calculate the balance outstanding afier the 20 payinent.
(c) Calculate the balance outstanding after the 60" payment

3. Nelusizo took aut a Joan of R1 500 000 to buy a house, She will repay the loan with monthly
instalments over 20 years. The interest rate is §% p.a. compounded quarterly.
(a} Calculate the monthly instalments of the loan.
(b) Calculate the balance of the loan after 12 years.

4. Lerato takes out a Joan and repays the loan by means of equal quarterly payments of R2 008, starting
i three months’ time. The interest rate is 18% p.a. compounded quarterly and the duration of the
loan is LG years.

(a) Calculate the amount borrowed
(b) Calculate the balance cutstanding after the 30% payiment has heen made.

5. Thabo pays off a loan of R80 000 over a petiod of 5 years. He makes half-yearly payments, starting 6
months afier the loan was granted and ending at the end of the 5-year period. The interest rate is
10,8% p.a. compounded half-year,

How much does he owe immediately after the L0™ payment?

Manipulation of the fornula when caleulating P, i or n

METHODOLOGY

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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Final payment is the amount made one period after the last fulf payment.

Tao calculate the final payment:
« Calculate the number of payinents of the loan (1)
» Calculate the omstanding balance afier the last full payment

Final payment = oursianding balance aficr the last full payment < {1 + i)

Examples:

1. Jill negotiates a loan of R300 000w ith a bank which has to be paid by means of R5 000, The
repayinents start ane month atter the granting of the loan. The interest rate is fixed at 18% p.a,
compounded monthly,

P = R300 000 x = RS 000 === 0,018
{a) Determine the number of payments required to settle the loan.

— -n
P= =2 (1:!} 1 e P value fonnuia
5 0O0{L=[1+0,015)""
300 000 = ZERlURaot )
8,9 =1-(1,015)7" ... multiply 300 000 by denominator and divide by 5 000
—0,1 = —(1,015)"" ... transpose ]
-1 = l0g; 015 0,1 ... multiply/divide by {-} on both sides and apply logs
- = —154,6541086

Jill wiil have 155 payments [54 payments of R5 000 and one lesser payment (0,6541086)]

(b} Calculate the balarce outstanding after Jill has paid the last R5 000,

= *a+0" -1}
0B = P(1+£}“——‘~

_ 154 _ 5000 +0.015) M -3]
= 300 000(1 + 0,015) boiE

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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=R3230,50
(c) Calculate the value of the final payment made by Jill to sattle the loan.

Final payment = outstanding balance after the lnst full papment % (1 + i)
=323050x (1+40,015)
= R3278,96

2. Gieorge has to repay a loan of R375 000, The interest rate is 14% p.a. compounded monthly. He pays
back R7 500 per month,
{a} How many payments will George have to make?

_ 14%=0,11666667

P = R375000 i = x =R7500
—_ -
p =200 P value formuta
. TSO0[1—(1+0,011666667) "]
375000 = 0011566667

0,5835 = 1 — (LO11666667) " .. multiply 375 000 by 0,011666667 and divide by 7 500
— & = —(1,011666667)™ ... transpose !

—n = log, g115888s7 0,416666667 ... multipty/divide by (-) on both sides and apply logs
—n = —75,4770656342
George will make 76 payments [75 payments of R7 500 and ! lesser payment (0,4770656342)]

(c) What will his Jast payment be?

Final payment = outstanding baiance afier the last full payment ¥ (1 + i)

= P(1+ {)® —wx 1+
= [375 000(1 + 0,011666667)"5 —

= 3 547457499 x (1,011666667)
= R3 588,84

7 8o0[(1+0,01 1666667) 75 - 1],
0011666667 1

x (1 + 0,011666667)

ACTIVITIES! ASSESSMENT

1. Lindiwe secured a loan of R85 000 from the bank. She has agreed (o repay in monthly fnstalinents of
R2 000 each, starting in three months™ time. Interest is charged at 21% p.a. compounded monthly,
{a) What is the value of the loan at the end of 2 months?
(b) How long will 5t take before the Joan is completely paid off?
(c) Calculate Lindiwe’s last instalment in the 85 month which is less than R2 000,

2. Alicia wanis to pay off a loan of 8450 000. She can afford to pay back R11 000 per month. Interest is
calcufated at 12,8% p.a. compounded monthiy.
{a) How many payments wil} Alicia have to make?
(k) What is the outstanding balance of the loan immediately after the {ast full payment?
(¢) Determine the value of the last payment, made one month after the iast full paymeat.
(d) How much interest will Alicia pay on the Joan?

L

. Petro pays back R7 360 per quarter on a loan of R 75 000, The interest rate on the Joan is 8,2% p.a.
compounded quarteriy.
(a) How many payments will Petro have to make?
{b} Calculate Petro’s last payment, made one quarter after her last payment of R7 5000.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TOPIC: FINANCE, GROWTH AND DECAY (Lesson 8) | Weighting | 15+ 3 | Grade | 12

Term Week no.
Duration 1 hour Date
Sub-topics Deferred Payments and Missed Payients

RELATED CONCEPTS/ | Defer, accumulated mterest
TERMS/VOCABULARY

PRIGR-KNOWLEDGE! BACKGROUND KNOWLEDGE

Compound interest formula, present value formula, outstanding balance

4 |

ERRORS/MISCONCEFT [ONSH;ROBLEM AREAS

Confuse P vaiue with x valoe

METHODOLOGY

1 Deferred Payment

In many situations, the repayment of a toan begins one month after the loan has been granted.
However, circumstances arise where the repayments are deferred for an agreed period of time.
Tix defer a payment is to make an arrangement (o pay later, These are delayed payments,

NOTE: If you skip an instalment/payment, the loan will accumulate the interest at the tine the
payment is not made.

Example:

A car that costs R 130 000 is advertised as follows: “Ne deposit necessary and first payment is due
three months after the date of purchase’. The interest rate is 18% p.a. compounded monthly.

Peter bought this car on 1 March 2019 and made his first payment on. 1 June 2019, Thereadter, he
made another 53 equal payments on the first day of each month. Calculate his monthly repaymeats,
19%

i=—=0,015

P = K130 000 2

The amount owed after two months: 4 = P{1+{)"
= 130 0081 + 0,015)2

= R133929,25 ... amount owed by Peter for skipping 2 months

2[1-(1407"

Monthly instalment; P = -

... present value forimula

#[1-{1+0,015)~59]

13392925 = oS

2008,93875 = x{0,5524580822) ... multiply by denominator on both sides

x = R3 636,36

COMPILED BY PINETOWN DISTRICT MATHEMATICS ALVISORS:
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2. Missed payments happen due to financial difficulty and as soon as the situation improves, payments
wiil resuime.

The loan wil! accumulate the interest at the time the payments are not made.

To calculate the new peyment;
* Calculate the balance cutstanding immediately after the last payinent
» Calculate compound interest of this outstanding balance

Example:

Jatnes takes out a loan of R100 000. He is to repay the loan by means of equal payments, starting one
month after the loan was granied. The loan is to be paid in 4 years, at an interest rats of 10% p.a,
compounsded monthly,

P = R100 000 0%

i= <z =0.008333 .,

n =4 x 12 = 48 months
{a) What is his monthly payment?

P = 2[1-{1+i)~"]

7 «++ present vajue formula

_ 104, ~40
100 000 = 20700

100

12

100 000 x 27 = x(0,3285680008)

x=R2536,26

(b} James lost his job and is unable to make the 20%, 21 and 22™ payments. He wishes to still repay the
loan by the end of the original 4 years, What will his new monthiy payment be?

08 = P14+ 0" —TEE D ter the 1% payment

1%
2536,26[{ 1420} 1)
=%
E ¥

_ 105,19
=104 000 (1 +-;2—) -
= R65 099,21

A= P(1+)" .. compound interest of the outstanding batance {3 months not paid}
- 109%y°
= 6509921 (1 + 1)
= R66 740,29

A[1-(1+H™™)

New payment: P = 1

-+« present value fonnula

{1—-(1-&“"" e
1

66 740,29 = i—m?-L .. left with 26 months as 22 months of 48 have been catered for

=
66 740,29 x ‘—f;‘: = x{0,1940784496

x = R2 865,69 ... new instalment

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADYISORS:
W.B. MPISI, Z.1. SHANGASE, P.T.C. ZUNGU & 5.M, MQADI

187

ACTIVITIES/ ASSESSMENT

L. Edward takes gut & loan of R§40 000 from the bank to start his own business. The loan is paid off by
monthly instatments for a period of ten years after it was granted. The repayment started 12 months
atter the loan was granted. The interest rate is calculated at 18% pa. compounded monthly.
Calculate the monthly repayments,

r

- Magda takes out a home loan of R100 000. She will repay the home loan by means of equal monthly

payments starting 6 months afier the foan was granted and ending 20 years after she took out the loan.

The interest rate is 9,8% p.a. compounded monthly.

(a) Caiculate her monthly payment.
{(b) Calculate the outstanding balance on the loan immediately after the 100™ payment.

3. Francois takes out a loan of R50 60, over a period of 2 years to renovate his home. The loan is to be
* tepaid by means of equal monthly payments, starting one month atter the loan was granted. The
interest rate is caleulated at 14,5% p.a. compounded monthly.

(a) Caleulate bis inonthly payment.
(b} Francois is unable to make the 11", 12", 13™, and 14™ payments. He still wants to repay the loan
by the end of the eriginal 2 years. Calculate his new menthly payment.

4. Lesego is granted a loan of R150 000. Payments are to be made half-yearly, starting 6 nonths atter

the loan was granted and ending 5 years after the loan was pranted.

(a) Calculate her hatf-yearly payments
(b} Lesego misses the 3™ and the 4™ payments. Calculate her new monthly payment if she silt wants
to repay the loan in the original time.

COMPILED 8Y PINETOWN DISTRICT MATHEMATICS ADVISORS:
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TEST 2: FINANCE, GROWTH AND DECAY
MARKS: 25 DURATION: 30 MIN.

instructions to Candidates:

1. Answer ALL questions

2. Round off FINAL answer correct to TWO decimal places.
3. Choose relevant formula trom the FORMULA SHEET
QUESTION 1 |8 Marks|

M. Brighton is a businessman in Pretoria; South Africa. In view of load shedding by Eskom, He decided to
buy a farge generator for R 235 652. It depreciates at 12% p.a. on a reducing balance. He wants to buy a
new generator in 5 years’ time, The old generator will be sold at a scrap value after five years. He setsup a
sinking fund in order to save for the new generator. The proceeds from the sale of the old generator will be
used together with the sinking fund to buy the new generator.

1.1 Determine the scrap value of the old machine in 5 years’ time. 2

1.2 Ifthe price of new machine increases by 17% per annum, determine how much a new
machine will cost in 5 years' time. 2

1.3 Detennine the equal monthly payments made into the sinking fund if the Interest eamed is 13,2%
p-a., compounded monthly and the first payment is wade at the end of the moath. 4

QUESTION 2 |17 Marks|

2.1 Clive applies for a stedent loan of R120000 to cover the costs of his first two years at
University. The loan is approved at an interest rate of 14, 25% p.a. compounded monthly.
He prefers to repay the loan in 24 equal monthly payments. These payments start | month
after receiving the loan, Calenlate;

2.1.1 his monthly repayments. 4

2.1.2  the outstanding baiance immediately after his !6d payment has been made.

2.2 A loan of R50 GO0 is repaid over a period of 5 years by equal monthly payments,
at an interest rate of 5.8% per annun compounds monthly. [f payiments stan 6

months after the loan is granted, what monthly payments are required to repay the loan? 5

2.3 Miphe deposits R2 080 into a savings account at the end of every quarter for 16 years,

The account offers an interest rate of 8.5% p.a. compounded quartecly. Due to financial difficulty, he is
unable to make his last two payments. How much will he have in his account after | 6years? 5

189
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TOPIC: DATA HANDLING (Lesson 1) | Weighting | 20 +3 | Grade {12
Term Week ao.

Duration 1 haur Date

Sub-topics Ungrouped Data

RELATED CONCEPTS/ | Five-Number-Summary, Box-and-Whisker diagram, outlier
TERMS/YOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Measure of Central Tendency, Measure of Dispersion, stein-and-leaf plot, Bar graph

RESQURCES

ERRORS!MISCONCEPTIONSJ’PROBLEM AREAS

e (onfusing bar greph and a histogram

» Failing to understand relationship between quartiles and percentiles

* Failing to differentiate between position and value of the quartile

» Failing to differentiate between variance and standard deviation on the cajculator

METHODOLOGY

Calculator skills are very important in this chapter. Methods for SHARP and CASIO caleulators are
shown but practical demonstration imay be required.

Statistics is the branch of Mathematics dealing with collection, organization, presentation, analysis, and
interpretation of data. Data can either be discrete or continuous.

Biscrete data is counted (number of tearners i1 a clags, number of people in the household)
Continuous data is measured {height of a persen, time in a race)

UNGROUPED DATA

Ungrouped daia can be represented in different fonms, ¢.g., frequency tables, bar graphs, pie chants,
stem-and-[eaf, eic.

A MEASURE OF CENTRAL TENDENCY (also referred to as insasures of centre or central
location) is a sunmary measure that attempis to describe a whole set of data with a single value that
represents the middle or centrs of its distribution. There are three main neasures of central tendency:

1. Mean is the suin of the values of each observation in data set divided by the number of observations.

¢ The mean can be used for boith continucus and discrete aumneric data.
¢ The mean is influenced by the outliers and skewness of data,

Formula: X = %{ ... ungrouped data

£ = Mean % x = sum of the data values and n = sample space

2, The median is the middle value in the distribution when the values are arranged in sscending or
descending order. The median divides the distribution in half,

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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* Median is less affected by outliers than the mean. Use the median position to detenmine the
estimated median,

3. Mode is the most commonly occurring valuefitem in a distribution.

* The mode has the advantage over the median.and mean as it can be found in both quantitative
and qualitative data.

* There can be more than one mede in fie disitibution, thus one single measure of central tendency cannot
be identified.

An outlier is an extremely high or extremely low value in a data i.e., data point that is very far from
ather points.

Always include an outlier in your calculations, unless a question a question specificajly states that you
have to omit it.

MEASURES OF DISPERSION

In statistics, dispersion (also called variability, scatter, or spread} is the extent to which a distribution is
stretched or squeezed. Common examples of statistical dispersion are the variance, standard
deviation, and interquartile range,

1. Variance is the average of the squazed differences from the mean.

—FYE
Formula: Variance{ ¢2) = H—x“-'ﬂ-

2. Standard deviation is a statistic that measures the dispersion of a dataset relative o the mean. it shows how
much data is spread out areuwnd the mean,

* Low standard deviation indicates that the values ate closer to the mean of the data.
* High standard deviation indicates that the values are spread out, data peints are further from
the mean, thus the move spread out the data, the higher the standard deviation.

The standard deviation {SD} is calculated as the square root of the variance.

Formai: $D(s) = EE;—E—E

3. The interquartile range (IQR) is a measure of variability, based on dividing a data set into quartiles,

Quartile are the values that divide a list of numbers into quarters, The values that separate parts are
called first quartile (01), second quartile ((2), and third quartile (J3).

IR =Q; -,
FIVE NUMBER SUMMARY AND BOX AND WHISKERS PLOT

The five-number summary includes five items:
i. The minimum

2. The lower quantile (@}

3. The median (Q3)

4, The upper quartile (Q5)

5. The inaximum

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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For the five-number smnmary to exist, the data must meet the folbowing two requirements:
* Pata must be univariate
+  Data must be ordinaf, interval, or ratio.

BOX AND WHIKERS PLOT

The box and whiskers plot is a visual representation of the five-number swinmary
¢ X > @, data is positively skewed/ skewed to the right .. (@5 is the Median)
* X < (@, data is negatively skewed! skewed to the left

Example:
Data below represents marks (out of 50) of learners in a Mathematics Test:

[7 38 10 17 4 26 20 22 ¢ 17 20 38 10
22 20 9 44 38 17 10 22 20 9 44 5

Represent the given datz in a frequency table, bar graph and stem-and-leaf.
Detenvine the mean, median and the mode.

Calculate the standard deviation of the test maiks,

Write down the Five-number swnmary of the data.

Draw box-and-whisker diagram, using intervals of 5.

Comunent on the skewness of the data.

SRl -

Firstly, wrile data in ascendingorder: 5 9 9 9 10 10 10 17 (7 {7 17 20 20
20 20 22 22 22 26 38 38 38 44 44 44

1. Frequency table:

Marks | Tally | Frequency
5 / !
9 #Hi 3
14 i 3
17 i 4
0 Hil 4
22 i 3
26 / 1
38 Y 3
44 i 3
n=25

Test Marks

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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Stem-and-ieaf:

IO N .Y

B0 OO L

B S OD

B0 OO
LN
B~
2
[
o

2. Mean: Use calculator = 21,92 Median = 20 Mode = 17 and 20

3. Standard deviation: use calculator = 11,97

4. Five-Number-Summary:

59 9 9 10 10 10 {7 17 17 17 20 20
20 20 22 22 22 26 3% 38 38 44 44 d4

Minimoum =5, 0y =220 =10, Medien =20, Qy="27"=32 and Maximun = 44

5. Box-and-Whisker:

TO BE DRAWN

6. Stanndard deviation is less than the median, therefore, data is negatively skewed.

ACTIVITIES/ ASSESSMENT

1. The Kwazuiu-Natal Comrades marathon run annually between the cities of Durban and
Pietermaritzburg is the world’s largest and oldest ultracnarathor race of approximately 89 km.
Below is the summary of number of wins by some athletes to date:

4 5 9 3 5 3 2 7T 4 3 3 5

(a) Calculate the mean for this data.

{b) What is the mode for the number of wins per athiste?

() Draw a box and whisker plot for this data.

{d) Comment os the distribution of the data in terms of skewness.
{c.} Calculate the standard deviation for this data (one decimal place),

() How many athietes lie outside the first standard deviation interval?

() Why is number of wins 9 an outlier? Give a mathematical reason 1o jusiify your answer.

{h) Draw 2 box and whisker piot for the data highlighting the outlier,

193
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2. The ordered data below lists the fees (in thousands of Rands) paid by 30 students for their first vear
of study at university.

i1 e 120125 1313 13,43 1305 132 0325 13328

1325 13235 134 1335 137 13.7 i4 142 142 4.5
145 15 155 156 16,1 17.3 75 17,8 19 19.7

(a) Cateulate de mean and standard deviation of the given data.

(b) Draw the box and whisker diagram for the given data.

{c) Comument on the skewness of the data,

3, The following data set has a mmean of 14,7 and a variance of 10,01,
18 11 12 a 16 11 19 14 b 13

Catculats the values of a and b.

4. There are 184 siudents taking Mathematics in a first-year university class. The inarks, out of 104, in

the half-yearly examination are nennally distributed with a mean of 72 and a standard deviation of 9.

{(2) Whatjpercentage of students scored between 72 and 90 marks?

(b} Appr

5. The box a
clubs ov

pimately how many students scored between 45 and 63 marcks?

d whisker plots below represent the distarces run by athletes from two difterent running
a period of one month.

CLUBA }-—_'

T
3\51.34"41 E t 5 :sfo'u i'a"mﬂo
{a} What features are the same for both clubs?
(b} It seeuns that there is no significant difference in the perfonnance between the two clubs. I3 this
conclusion valid? Support your answer with reasons,
() Comment on the distribution of distances for Club A if the mean is 76.
{d) Deterinine whether the minimum or maximuim values for Club A are outhiers.
{e) Does Club B have any outliers? Explain.
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TOPIC: DATA HANDLING (Lesson 2) [ Weighting | 20 + 3 | Grade l12
Term Week no.

Duration 1 heur Date

Sub-topics Grouped Data

RELATED CONCEPTS/ | Madal class, midpoints of intervals, ogive (cumulative frequency curve}
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Frequency, histograim

# ] : A Frra oewnt o

ERORS!M[SCONCEPT IONS/PROBLEM AREAS

= Confusing a bar geaph with a histogram.
» Confusing position and the value of the median
* _Failing to read inodal class corgectly

METHODOLOGY

GROUPED DATA
Grouped data is data that has been grouped together in categories. Histograms, bar graphs and
frequency tables are some of the tools to use to reprasent grouped data

«  About grouped data, measures of central tendency are not exact values but estimated ones.

* Inacase of s mode, leamers are expected to only deternine the modal class and not estimated
mode.
Moedal class is the group/classfinterval with the highest frequency.

»  Median position fonnula will help to identify the interval in which the median lies,

Mediang, iy = Lzﬂ, where n is the total frequency
¢ Estimated mean can be cateulated using the midpoints of intervals.

I= %, whetze x is the class midpoint and f is class frequency

Example:

Alex timed 21 people in the sprint race, to the nearest second. The information is represented in the
frequency table below:

SECOND FREQUENCY
5 -55 2
36-60 7
61 - 65 8
66 - 70 4

1. Write down the modal class,
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Remember that modal class is the one with the highest frequency. Therefore, the modal class 15 61 - 65
3. Determine the esiimated mean,

Estirnated mean can be caleulated using the midpoints of intervals, therefore, we need a table

SECOND | FREQUENCY MIDPOINT Frequency » midpoint
{f) INTERVAL ix) (f X x} = fx
51=355 2 53 106
56-60 : 7 58 406
6l —65 ] 63 S04
66 - 70 4 68 172
2} 1288
Midpolnt - lowar Itllt.‘t—;uppar tmit e, 51:55 =53
cg = BfE
Estimated Mean: ¥ = T
=128 - 61,33
21
3. Determing the estimated median.
Median,, on = 1'-%1

= _212+ t = 11 and the sstimated median is in the range 61-6,

OGIVE (CUMULATIVE FREQUENCY GRAPH)
Ogive is a graphical representation of cumulative frequency.

Cumulative frequency distribution is the sum of the class and ali classes below it in a frequency
distribution,

DRAWING OGIVE (CUMULATIVE FREQUENCY GRAPH)

Complete the cumulative frequency cobumn

Plot the points of the cutnulative column on the upper limit of the intervals

Join the points for an ogive

Grounding on the lower limit of the first ¢lass must also be drawn.

Please take note that interpreation of drawn ogive to determine estimated quartiles, mean,
and tedian is very iinportant,

LR T B N

Example:

The speeds of 55 cars passing through a certain section of a road are monitored for ane hour,
The speed Limit on this section of road is 60 m per howr. A histogram is drawn to represent of thig data.
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1. Identify the modal class of the data.
50 < x <60 OR 50 £ x <60 OR between 50 and 60

2. Use the histogram to:
2.1 Draw and complete the cutnulative frequency table,

CLASS FREQUENCY | CUMMULATIVE
FREUENCY
20<x=<30 1 1
Wa<z=4b 7 8
40 <x 550 13 21
50 < x=<&0 17 38
0 <x=70 9 47
70 < x =80 3 32
80 <x <90 2 54
=< x 5100 t 35

2.2 Draw an ogive {(cumulative frequency graph) of the above data.
86 7 e r—

L 1T 1

20

Cumulative Frequencyf
Kumulatiews frekwensie

¢ 10 0 3¢ &40 50 &0 YO

Speed in Kin per hour/
Xpoedin hm pey nur

3 The traffic department sends speeding fines 1o all motorists whose speed exceeds 66 km per hour,
Estimate the number of motorists who will receive a speeding fine.
55 — 44 = 11 & = 11 motorists
55 43 and 55 - 45 also accepted.
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ACTIVITIES/ ASSESSMENT

L. The following histogram represents the distance run by 2 few Comrades Marathon runners who
didn’t complete the 89 km race.

Frequency
2,

30 20 =0 a0 &0
Distance in km

{a} Redraw and comglete the following table:

CLASS FREQUENCY | CUMMULATIVE

INTERVAL FREQUENCY
O<x=<1i0
10 < x = 20
20 << x <30
30 < x x40
40 < x = 50
Sl < x =< 60
60 << x £ 70

(b) Calculate the estmated mean.

() State the modal class,

(d) Draw the cuinulative frequency curve for this data.

{e) Determine estimates for the quastiles.

{f) Draw a box and whisker diagram if the minimum distance is 10 km and the maximum distance is
70 kin.

{h) Comment oi the distribution of the data in tenms of skewness.

2, A company has 132 employees in their Pelokwane branch. The distance (x) i kilometres which they
travel to work each day, is suinmarised in the following frequency table:

DISTANCE (in kins) | FREQUENCY
5<x<10 i2
10 <x<15 29
15 < x < 20 48
20 <x <25 27
25<x =30 03
30 <x <35 3

{a) Determine the estimated mean distance covered by the employees.

{b} Determuine the standard deviation for the data, to two decimat places.

(¢} Draw an ogive for this data on a set of axes provided in the answer book.

{d) Deterinine the inedian distance travefled, showing on the graph where your answer is read off.

{¢) By referring to the relationship between the mean and median, discuss the distribution of the data.
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3. Residents in Kaysna complained to the Police department that too many drivers were exceeding the
speed limit of 60 kun/h an a busy road near a school. The department recorded the speeds of drivers
along this road over one week, The speed limit js 60 km/h.

The following cumulative: frequency curve represents the findings of the Departinent.

1 U [T
EHAITEIIHI

£t
==

Comolative requency

(a) How many drivers were there in total?

(b) How many drivers exceeded the speed limit of 60 km/h?
{¢) How wany drivers were within the speed limic?

{d) What is the median speed for this dam?

(¢} How many drivers had a speed of less than 80 kuvh?

{f) What percentage of drivers had a speed above 100 ki/h?
{e} Compiete the following table;

SPEED {in FREQUENCY | CUMMULATIVE
lan/h) FREQUENCY
30 =x <40 12
40 <x <50
SD<x <60
60 < x <70
TR =< x <80
80 < x <90
Y0 = x << 100
100 = x < 110
110 == x < 120
120 = x << 130

(h) Calculate an estimated mean speed.
(i} Caleulate an estimnated value for the standard deviation of this data,
(Hint: Use the midpoinis of the cless intervals as the x-values o enter in your calculator)
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TOPIC: DATA HANDLING (Lesson 3) | Weighting | 20 + 3 [ Grade B
Term Week uo.

Duration 1 hour Date

Sub-topics Scatterplots: Least Squares Regression Line

RELATED CONCEPTS/ | Bivariate, scatterplot, correlation, line of best fitfregression line
TERMS/YOCABULARY

PRIOR-ENOWLEDGE/ BACKGROUND KNOWLEDGE

Dependent variables, independent varizbles, y-intercept, gradient, straight line, outlier

RESOURCES

SES

fey

ISCONCEFTIONS/PROBLEM AREAS

ERRORS/M

+ Confuse dependent variable with independent variable
»_Could not relate teast squares regression line with real life context

METHODOLOGY

Scatterplot is a plot of bivariate data plotted along two axes, one variable on the x-axis and the other on
the y-axis.

Bivariate data is a data for two variables {usually two types of related data}. The other variable is a
dependent and the other is independent variable,

[t is important to identify the dependent and independent variables in case they are not indicated in
the information.

Scatterplots are used to compare two sets of data that might have a relationship ot correlation.
Correlation is a measure of how things arc related.

The data in a scatterplot conld foltow a linear, quadratic or exponential trend,

When data follows a linear trend, a line of best fit can be drawn on the scatterplot diagram.

Lire of best fit is the strajght line that best represents the relationship between two variables in a linear
trend, it is also called the least squares regression line.

The equation of the least squares regression line is written in the form: $ = a + bx, where
a =y — intercepr o = gradient
The tine of best fit or least squares regression line always passes through the point: (%; 7)

Therefore, to draw the least squares regression line, plot the p-intercept and mean pc-im {X:¥) and
draw the straight line through these points.

A caleulator can be used to determine the vaiues of (Z; ¥) and the values of g and 6. Always include

outliers in your calculations, unless a question states that you have to omit them.
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Example:

Consider the following scatterplot of information obtained by a publishing company that recorded the
aumnber of books sold over a period of 12 months.
The results ate recorded in the following table:

2 {3 4 15 16 |7 |8 |9 |1&]11]12
0122 |20 |38 |46 | 10048 162 61174 (88186

Ne. of Months
No. of Books Sold

(a) Represent the data in a scatterplot.

s
3

T
T
in i
TH

3258

%@

T

Number of books sold

I
I RRARRATE

£)
1
TT

(b) Detenmine the vatues of (%; ¥ if the owilier is excluded.

= 1+2+3+4+5+7I~13+9+10+11+12 = 6,5454545‘1‘ = 6,5

=i

? - ‘.I.04-22-!-20+33+45+::+62+61+?4+83+36 - 50'45454‘545 2 50,5

NOTE: Qutlier was not included becawse it is too far away from other points.
{c) Détenmine the equation of the least squares regression ling if the outlier is excluded.

Use a calculator: CASKO fx — 82E5 PLUS
MODE =222 AC » SHIFT1 5= ltogetthevalugof a — AC - SHIFT1i -5
2 to get the value of b.
o = 5,315%23567
~ § =15315923567 + 6,896170344x

and b = 6,896178344

{d) Draw the least squares regression line on the scatterplot.
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(e} Write down outlier{s), if exists.

(6; 100)

ACTIVITIES! ASSESSMENT

1, A medical rcher recorded the growth i the number of bacteria over a period of 10 hours.
The resulesfare recarded in the following table:

ime in hours 01 2 3 4 596 7 |8 19 |1011t}
Mumber of Bacteria |5 110 {75 [13 |10 (20130 [35]5 |65 |80}

(a} Dralf a scatterplot to represent this data,

(b} Staq} the type of relationship (finear, quadratic or exponential) that exists between the number
of I burs and the growth in the numiber of bacteria.

{c) Arelthere any outliers? Write them down if they exisz.

2. The table below shows the average mainienance cost in rands of a certain model of car compared to
the age of the car in years.

Age (x) | 3 3 3] 8 9 1§
Cost (¥) | 1000 | 1500 ; 1600 | 18000 | 2000 | 2400 ) 2600

{a) Draw the least squares regression line.

{b) Determine the equation of the least squares regression line. Round a and b to two decimal places.

{c) Use your equation to estimate what it would cost to maintain this model of car in its 15" year,

(dy Use your equation to estimate the age of the car in the year where the maintenance cost totals
over R 3000 for the first tine.

el

The table below represents the distance in metres requited by a car to apply brakes and reach a
standstill when it is traveiling at a given speed.

Speed km/h 20 [40 |60 |80 163 [ 120 {140
Breaking Distance | 6 16 |30 |48 W |80 11¢

(a) Draw a scatter plot to represent this data.
() Explain whether a linear, quadratic or ¢xponential curve would be a line or curve of best fit,
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(c) Detenmine the equation of the regression line.
() Draw the regression line on the scatterplot diagram.
{e) Use your regression line to estinate the breaking distance at a speed of 130 kim/h

4. The ages and kilometres on the clock of ten second hand cars are given in the table below,

Age in years (x} 1 12 3.5 |4 5 5 |6 65 |7 {8
KM in th ds(yy |15]33 150 |65 173 [93 ]84 {to0|os {110

{a} Represent this data by means of a scatterplot,
(b} Detenmine the equation of the lzast squares regression line,
() Sketch the least squares regression line on the scatterplot.

5. The table below shows the acidity of eight dams near an industriai plant in Limpopo and their
distance from it.

Distance (Jom) 4 34 17 60 6 52 42 31
Acidity (pH) 30 |44 133 170 32 |68 [52 [4.8

(a) Draw a scatterplot to represent this data.

(b) Determine the equation of the regression line.

{¢) Draw a line of best fit on the diagram.

{d) Use your line of best fit to predict the acidity of the damn at a distance of 25 kilometres.

6. A Gauteng motor cownpany did research on how the speed of a car affects the fuel consumption of the
vehicle, The following data was obtained: )

Speed in kin/h A0 75 115 {85 110 ;95 120 | 100 | 70
Fuel consumption in £/100km | 135 [10 $84 (02 178 (8% [88 18,6 {102

{a} Draw a scatter plot to represent this bivariate data,
(b) Suggest whether a linear, quadratic or exponential function would best fit the data.

(c) What advice can the company give about the driving speed in arder to keep the cost of fuslto a
minithum?
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TOPIC: DATA HANDLING (Lesson 4} | Weighting | 20 + 3 | Grade |12
Term Week no.

Duration | hour Date

Sub-topics Correlation

RELATED CONCEPTS/ | Correlation coetficient, positive correlation, negative comrelation
TERMS/VOCABULARY

FRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Straight line, calculator usage, least squares regression line, gradient

RESOURCES

Wt . o

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

No virtual ynderstaniding of correlation coefficjent

METHODOLOGY

Correlation is a measure of how things are related ic., the strength of the linear relationship between
two variables in a scatierplot. 1t depends on how close the data points are to the line of best fit.

When the poiats are teo close to the least squares regression line, the relationship between two
variables is strong and if the points ave far away from the line of best fit, the relationship between the
variables is weak,

Cotrelation between two variables can be positive, negative and the gradient of the line of best fit
indicates whether the association is positive or negative.

Cortrelation coefficient (v} is a value that gives an indication of the strength of the linear relationship
between two variables. It is a nuimerical value between — 1 and }, where a coefficient of +1 indicates a
perfect positive correlation and a coefficient of -1 indicates a perfect negative correlation.

Corretation coefficient can be caleutated using a calculator.

The following table provides different examples of » and how to interpret these values.

Ifr = interpreiation
1 Perfect Positive Linear Correlation
9.5 Streng Positive Linear Correlation
0,5 Moderate Positive Linear Corelation
0,2 Weak Positive Linear Correlation
Between —0,2 and 0,2 No Correlatlon whenr =0
—02 Weak Negative Linear Correlation
=~{.5 Moderate Negative Linsar Correlation
=09 Strong Negative Linear Correlation
-1 Perfect Negative Linear Comrelation
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Example:

The data below shows the marks obtained by ten grade 12 leamers fiom each of the 2 different
mathematics classes.

Class A 16 k13 20 |38 |40 130 135 122/401:24
Class B 43 10 44 |56 |60 |48 175 (60163 ]38

{8) Calculate the comrelation coefficient.
MODE — 2 — 2 > Enter data points = AC = SHIFT - 1 -5 = 3ir = (,6624986603
o= 4,66

{b) Conusnent on the strength of the relationship.

Moderate Positive Correlation

ACTIVITIES/ ASSESSMENT
1. A taxi driver recorded the number of Kilometres his taxi travelled per trip and his fuel cost per

kilometre in Rands.
Examine the teble of his data below and answet the questions that follow.

Distance{x) [3 |5 |7 9 11 313 |1i5 17§20 [25 130
Cost (y) 28 1251246(242 |24 |2361232 {23 ;225 (22212

(a) Draw a scatter plot of the data.

{b) Use your calculator to determine the equation of the least squares regression line and draw this
line on your scatter plot. Round a and b to twa decimsl places in your final answer.

{c} Using your calculator, determine the correlation coefficient to two decimal places.

{d; Describe the relationship betwesn the distance travelied per trip and the fuel cost per kilomeire,

{e} Predict the distance travelled if the cost per kilometre is R ;75.

2. The table shows the number of kilometres still to po after different ten-minute periods. Caloulate the
correlaiion coefficient and cormment on the strength of the linear association,

Class A 16 36 20 |38 |40 130G |35 |22]40)24
Class B 45 70 44 [56 |60 148 |75 (60|63 138

3, A survey was conducted indicating the number of bees that visited flowers over a period of 12 days.
The infennation is represented in the table and in the scatter plot below.

No. of Flowers 4 10 7 12 11 6 2 5 11119 |8 3
No. of Bees 30 22 20 |38 [65 [166 |48 |62 |61 |74 (88 156

(a) Write down the coordinates of the outlier,

{b) Represent the data on a scatterplot.

(¢) Determine the equation for the least squares regression Jine.
{d) Calculate the correlation coefficient if the outlier is excluded.
(e} Conunent on the trend of the data.

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPISI, Z.1. SHANGASE, P.T.C. ZUNGU & 5.M. MOADY

4, The table below gives the years of experience of employees in the 1T Department of 2 company and
their monthly salaries.

No. of Flowers 4 [0 7 12 |1 6 2 5 |11[9% |8 3 ]
Neo, of Bees 30 22 20 [38 [65 {16048 |62]61 |74 {88 86 |

(a) Represent the data by means of a scatterplot.

(1) ldentity the cutlier in the data set.

(c) Determine the equation of the least squares regression line.

(d) Detenmine the correlation coefficient.

{e) Estitnate the monthiy salary that a person who has 15 years of experience would eamn.

{f) Detenuine the least squares regression line and the correlation coefficient if the outlier is
removed from the data set.

{2) Use the least squares regression line in (f) to predict how much a person would earn if they
have 15 years experience.

5. The table befow compares the number of hours spent by 7 Mathematics learners and the tearners’
performance in the test.

[ Hours [1 3 |5 s 8 10 11
[Marks (%) |35 [s5 [60 |65 75 [70 8o

(a} Represent the data in a scatter plot.

(b Identify the outlier,

(c} Detennine the equation of the line of best fit for the data.

(d) Hence, draw the line of best fit on the scattet plot.

() Determine the correlation coefficient of the data. Hence, coimnent about the strength of the
relationship between the two variables.
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TEST: DATA HANDLING
MARKS: 25 DURATION: 30 MIN,
INSTRUCRION

L. Answer ALL questigns
2. Unless staied or otherwise, round off answers cosrect to TWO decimal places
3. Youmay use an approved scientitic calculator

QUESTION 1 [9 Marks]
The ages of 500 people attending a concert are given in the table below.

Agein Years | Numnber of People | Cumulative
Frequency

0=A4<10 20

10=4<2p 130

W=A<3) 152

=4A<40 92

40 = A <50 56

S0£A<8) 18

60 = A4<70 2
L.1 Complets the cunulative frequency column above. (2)
1.2 Draw an ogive (cumulative frequency graph) of the above daca. [£))
1.3 Use your cumnulative frequency graph to estimate:
1.3.1 the median age (L}
1.3.2 the percentage of peaple at the concert who are [6 years and older. &)

QUESTION 2 [16 Marks]

2.1 Mrs Smith has two classes, each having 30 leamers. Their final marks (out of 100} are represented in
the box-and-whisker diagram below:

- — T
Chs T

| [l Il 1] ] 1 i ] ]
i

1 R S L C L 1 ;
20 30 46 50 60 ¥ 8O 90 100
2.L1.1 Determine the interquartile range of Class B, {2)
2.1.2  Explain the significance in the difference of the length of the boxes in the diagram, {2)

2.1.3 Mrs Smith studied the results and made the commment that there was no significance difference in
the performance of the two classes. Give TWO reasons you think Mis Simith wil} use to prove her
statement, 2}

207
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2.2 Eight couples entered a dance competition. The performances were scored by two judges. The scores
{out of 20} are given in the table below.

COUPLE |1 |2 |3 |al5 {6 |7 |8
JUDGEL (18|14 [6 |8 [5 {12]18]14
JUDGEZ2 [1516 |3 |5 |5 |14|8 |15
2.2.1  Represent the data in a scatterplot, (2)
222 Detenrine the equation of the least squares regression line of the scores given
by the judges. &y
2.2.3  Hence, draw the line of best fit, 2)
224 Detennine the conelation coefficient of the data. Hence, comment about the strength of the
relationship between the two judges. . (33
208
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TOPIC: COUNTING AND PROBABILITY (Lesson 1) | Weighting | 1533 | Grade {12
Term Week no.

Duration 1 hour Date

Sub-topics Revision

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE
Venn Diagramns, Tree, Diagrams, Contingency Table, Independent Events
]

ERRGRS/MISCONCEPTIONS/PROBLEM AREAS

Failing to inderstand that Venn diagram must total to sample space.

Puiting events as they are without subtracting intersection from given events.
Do nit start with the intersection of all events.

METHODOLOGY

P{4or B) = P{A) + P(B) — P(A and B}

Alternative Notation: P(AU B) = P(4) + P(B) — P(AN B), where P{A n B) = 0

Mutually Exclusive Evenits are events that cannot happen in the same trial.
PlAdor B) = P(A)+ F(B), where P(A and B) = 0

Alternative Notation: FP{4 U B) = P{A) + P(B),where P(ANB) =10

Complementary events are two mutually excivsive events that iogether contain alt the outcomes in the
sample space.

»  Complementary events are mutually exclusive
« And P(A) + P(B) = 1 {Exhaustive).

P(not A) = P(B)} OR P(notd) = 1 — P(A)
P(notd} can be written as P(A")

Venn diagrams are a useful tool for recording and visualising the counts and it may be used for any
number of events.

Tree diagrams are useful for organising and visualising the different possible outcomes of a sequence
of events. Drawing a tree diagram provides a systematic way of generating all the possible outcomes

A contingency table is another tool for keeping a record of the counts or percentages in & probability
problem.

Independent events are events where the outcome of the second event is not affected by the outcoines

of the first event.
If event A and event B are independent, then P(Aand B) = P(4) x P(B)

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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ACTIVITIES/ ASSESSMENT

1. Let A and B be two events in a sample space. Suppose that P(A) = 0.4; P(A or B} = 0.7 and P{B) = £.

{a) For what value of k are A and B mutually exclusive?
{b} or what value of k are A and B independent?

2. in arandom experiment it was found that: P(A) = 0.25; P{B) = 0.5 and P{A or B) = 0.625

{a} Calculate P(A and B}
(b} Determine, giving reasons, if events A and B are:

1) tnutaally exclusive or inclusive.
2) complementary

). Atraschool for boys there are 240 ieamers in Grade 12. The fotlowing inforination was gathered
about participation in school sport.
* 22 boys play nigby (R)
38 boys play baskethall {B)
96 boys play cricket (C)
16 boys play all three sports
22 boys play rugby and basketball
26 boys play cricket and basketball
26 boys do not play any of these spons
Let the nunnber of leamers who play rugby and cricket only be x

- & & B & B

(a) Draw a Venn diagram to represent the above tafonnation.

(b) Detenuiine the number of boys who play rugby and cricket.

(¢) Detennine the probability that a leamer in Grade 12 selected at random;
1} doss not play cricket
2} participates in at least 2 of these sports.

4. There are 20 boys and 15 girls in a class. The teacher chooses individual leamers at random to
deliver a spsech.

(a} Draw a tree diagram to represent the situation if the teacher chooses three learners, one after the
other. Indicate on your diagram ALL possible outcomes.

(b) Caleuiate the probability that all three learners chosen are pirls.

(c) What is the probability that 5 learmers chosen are of the samme gender?
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TOPIC: COUNTING AND PROBABILITY (Lesson 2) | Weighting | 15+ 3 [ Grade | 12
Term Week no.

Duration | hour Date

Sub-topics Fundamental Counting Principles

RELATED CONCEPTS/

TERMS/VOCABULARY

FRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Muitiplication, #(E), possible outcome

RESQURCES

5 f o B - K %mm
ERRORS/MISCONCEPTIONS/PROBLEM AREAS
Can’t differentiate between n(E) and P (E)

METHODOLOGY

The Furdamental Coenting Principle is the guiding rule for finding the mumber of ways to
accemplish two or more tasks.

The fundamental counting principle states that if there are m possible outcomes in event A and #
possible ouicames in event B, then total possibie number of owtcomes for both events is m X 7.

Examples:
1. A take-away has a 4-picce [unch special which consists of a sandwich, soup, dessert and drink for
R 25;00. They offer the foilowing choices for:
Sandwich: chicken trayonnaise, cheese and tomato, tuna mayonnaise, ham and lettuce
Seup: winato, chicken noodle, vegetable
Dessert: ice-creain, picce of cake
Dirink: tea, coffec, Coke, Fanta, Sprite
(a) How many possible meals are there?
Number of possible meals =4x3x 2 x 5 =120
(b} If a partivular psrson wishes 1o have Coke as a drink. How 1nany possible weals can be chosen?
Number of possible meals =4 x 3x2x | =24
2. Khanyi has 3 pairs of shoes, 4 trousers and & jerseys, Use counting principles to
Determine liow many different combinations he has.

Mumnber of different combinations =3 x4 x 6= 72

3. Beent wanis to buy running shoes. There are two types (road tuRting or trail ronning shoes), 9 brands
and 4 colours available at the shopping centre. How tnany choices des Brent have?

Number of choiées = 2x 9x4="72
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ACTIVITIES/ ASSESSMENT

1. Tarryn has five different skirts, four different tops and three pairs of shoes. Assuming that al] the
colours complement each other, how many different outfits can she put togethet?

2. A party pack of three items can be made up by selecting one item from each of the following choices:

Choice |: Smarties, Astros, Jelly Tots, Wine Gums
Chotce 2: Coke, Fanta, Sprite, Ginger Beer, Créme Soda
Choice 3: Doughnut, Chelsea Bun, Cheese Roll

How many different party packs can be made?

1. Ronald has two pairs of Jeans and five t-shirts and three hats. How many different outfits does
Ronald has?

4. Thembi has three lipsticks, six shades of eye shadow and two tubes of mascara in her drawer.
{a) How many looks can she create if she uses only one of each?
(b} How many looks can she creats if she loses one lipstick?

5. The Menu at Mama Mary's Kitchen offers three starters, four main dishes and five desserts,
The Menu at Tauriq’s Bistro offers four starters, six main dishes and eight desserts.
(a) Find the difference in the number of choices custormers have between the two restaurants if they
select pne starter, one inain dish and one dessert.
(b) Another restaurant advertises: *More than 300 options on our Menu!®*. How can they make this
claim if they only offer starters, main dishes and desserts?

6. During the time of registration of a student at the University of South Aftica, three subject groups are
presented to him for the B, Com course that he wants to foilow.

SUBJECT GROUP A | SURJECT GROUP B SUBJECT GROUP O
Accounting Financial Management | Applied Mathematics
Andit Financial Math i Physics

Taxation Office Management Chemistry

Statistics Psyohology Biocheimisty
Mathematics Physiology

(a) if a student decides 1o choose one subject from group A and one subject from group B, how many
different combinations are possible?

(b} If one subject is chosen frotn each of the three subject groups and you know that you will
definitely not choose Biochemistry and Chemistry, how many combinations will there be to
choose fromn?
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TOPIC: COUNTING AND PROBABILITY (Lesson 3) | Weighting | 1533 | Grade | 12
Term Week no.

Duration [ hour Date

Sub-topics Furdamental Counting Principles

RELATED CONCEPTS/ | Repeat, options
TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Events, exponents

RESOURCES

f L & g ;
I - 1 WhRE P .
ERRORS/MISCONCEPTIONS/PROBLEM AREAS

METHOBOLOGY

Fondamnental Counting principle is used to solve problems, when a problem involves two or more
separate events.

NOTE:
* [n all events, the arder of events matters
» Sometimes repetition is allowed and sometimes not.
* Make sure you understand the difference between ‘repetifion allowed’ and “repetition not
allowed®

REPETITION ALLOWED
[a cases where repetition is allowed:
Number of possibilities = n”

n = number of options to choose from
r = number of times chosen from the options

Examples:

1. A schoot plays a series of 6 soccer inatches. For each match there are 3 possibilities: a win, a draw or
a loss. How many possibie results are there for the series?

Solution
*  There are 3 outcomes for each match: win, draw or lose.
& There are 6 matches, therefore the number of events is 6.
» There are 3 possible outcomes for each of the 6 evens.

- the total number of possible gutcomes for the series of matches is:
3X3Xx3x3IXINI=235=729
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2. How many different ways are there of predicting the results of 5 rugby matches where each match
can end in either 2 win, lose or draw?

Sehution
* 3 owvicomes
= 5 matches
* 3 possible outcomes for each of § matches
+ total different ways of predictingis 3 X 3x3x 3% 3 =3 = 243

3. A code consists of 3 vowels, followed by two prime numbers [ess than 10. How many codes can you
form if you may use a vowe! or a prime nuinber more than once?

Solution:

There are 5 vowels in total {&, €, i, 0, u)

Thete are 4 prime nuabers less than 1842, 3, 5, 7}

Therefore, vowels are 5 x 5 x 5 {choose from 5 vowals 3 times)

Prime numbers are arranged as 4 x 4 {choose from 4 prime numbers 2 times)
. the total number of codes that can be formedis S x $x 3x4 x 4=2 000

f
RE PE'II‘ITION NOT ALLOWED

i
| 4. A thipe-letter code consists of vowels. How many 3-letter codes can be formed if vowels are not used
morejthanionce?

Solutiof:
first letier will be chosen from § vowels aud 4 vowels are left
second letter will be chesen fro1 1 4 vowels and 3 vowels are left
Th; third letter wili be chosen from 3 vowels and two vowels are left untouched
efore, number of 3-letter codes =5 x4 x 3 =60

5. A code consists of 3 vawels, foliowed by two pritne numbers less thar 10, How many codes can be
tarmed if it is not allowed to use a vowel or a prite number nrore than once?

Solution:
5x4x3x4x3=720
Yowels x Numnbers

ACTIVITIES! ASSESSMENT

1. How many different ways are there of predicting the results of six soccer matches where each match
can end in either & win or a losa?

2. A party pack of three itemns can be made up by selecting one item from each of the following choices:
Choice 1: Smarties, Astros, Jelly Tots, Wine Gums
Choice 2: Cake, Fanta, Sprite, Ginger Beer, Créme Soda
Choice 3: Doughnut, Chelsea Bun, Cheese Roll
How many different party packs can be made?

3. In a multiple-choice question paper of 20 questions the answers can be A, B, C or D, How many
different ways are there of answering the question paper?
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4. How many three-digit numbers can be made from the digits | to 6 if:
(a) repetition is not allowed?
(b) repetition 15 atlowed?

5. A debit card requires a five-digit personal identification number (PIN} consisting of digits from 0t 9
How many possible PINs are there?
{a) if digits may be repeated
{b} If digits may not be repeated

6. A password is to be made up using any 3 digits from € to 9 and any 2 leters of the alphabet. The
digits may be repeated as welt as the letters of the alphabet.
How many different passwords can be fonned?
(a) if the digits may be repeated as well as the fetters of the alphabet.
(b) If the digits may not be repeated as well as the letrers of the alphabet
{2) The digits and letters may be repeated but the number 0 and the vowels must be excluded.
{d) The digits and letters inay not be repeated and the number 0 and the vowels must be excluded.
{¢) The digits may be repeated but must be prime numbers and the letters may be repeated excluding
the first five letiers and the last five letters.

7. Using the digits 1,2, 3, 4, 5, 6 and 7, how many two-digit nunbers can be fonned
(a) if digits may be repeated.
(b) if repetition of digits is not allowed.

8. Congider the word NKULULEKO.
(a) How many ways can the letiers of the word be arranged if the letters may be repeated?
(b) How many ways can the letters of the word be arranged if e letters may not be repeated?
(c) How imany 5 letter words can be formed from the letters of the word if letters may be used more
than once?
(d) How many 5 letter words can be fonned from the letters of the word if letters may be used once?

9. Eight athletes take part in a 400 m race. In how many different ways can the first three places be
arranged?

10. Ahead boy, a deputy head boy, a head girl and 2 deputy head girl must be chosen out of a student
cauncil consisting of 18 girls and 18 bays. In how many ways can they be chasen?

11. Twenty different people enter a golf competition. Only the first six of them can win prizes. in how
many different ways can the prizes be won?

12. Pool talls zre numbered from 1 to 15. You have only one set of pool balls. In how many different
Ways Can you arrange:
{a) alt 15 balls. Write your answer in scientific notation, rounding off to two decimal places.
(b) four of the 15 halis.
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TOPIC: COUNTING AND PROBABILITY (Lesson 4) | Weighting | 15 + 3 | Grade | 12

Term Week no,

Duration | hour Date

Sub-topics Fundamental Counting Principles: Factorfal and Arrangement with
Restrictions

RELATED CONCEPTS! | Factorial

TERMS/VOCABULARY

PRICR-KNOWLEDGE! BACKGROUND KNOWLEDGE

Descenditsg order, n{E)

RESQOURCES

ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Writing a factorial as a product of a natural number and 2 tactorial e.g., 8} As2 x 4! [F 8! [s divided by
4!

METHODOLOGY

Factorial Notation (1) is when a series of descending natural nuinbers are multiplied tegether till, we
getto L.
Examples:

[. Eight athletes take part in a 400 m race. [n how many different ways can all § places in the race be

arranged?

Solution:
Any of the 8 athletes can come first in the race. Now there are aniy 7 athletes lefi to be
second, because an athlete carmot be both second and first in the race. Afier second
place, there are only 6 athletes Jeft for the third place, 5 athletes for the fourth place, 4
athletes for the fifth place, 3 athletes for the sixth place, 2 athletes for the seventh place
and 1 athlets for the eighth place. Therefore, the pumber of ways that the athletes can
be ordered is as follows: Bx Tx 6 x5 x4x3x2x1=81=40320

The number of atrangements of # different things taken in x ways is: 1!

2. How many ways can the [etters of the word ACTION be ananged? Letters may not repeat.
Solution:
There are 6 letters in the word ACTION. We will stast with 6 options and then reduce it by
1 for each digit after that: 6x 5 x4 x 3 x2x I =61 =720

L@
3. Detennine m

i (Lot _ 11 OR
T BRTX6NSA4%INZNL | BRIXGXS 1680

_ 4l
T TTITT

. Calculator may be used

ARRANGEMENT WITH RESTRICTIONS
RESTRICTIONS ON POSITION

Exampl

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS;
M.B. MPI5I, 2.1, SHANGASE, P.T.C. ZUNGU & 5.0. MQADI

216



il

Downloaded from Stanmorephysics.com

1. A code consists of 3 vowels followed by 2 prime nunbers less than 10. The code must statt with an E
and end with 3. How many codes can be formed if a vowel or a mumber

{2) may be used more than once (may be repeated),

E 3

which is 1(option) x 5 {(options) x 5 (options) x 4 (options) x 1 {option}
VOWELS NUMBERS
Ix5x5x4x1=1(00
{b) May not be used more than once (may not be repeated),
Ix4x3x3x1=36
2. How many ways can the letiers of the word EQUATIONS be arranged if:
(2) the first letter roust be E?
Ix8x7x6x5x4x3x2x1=]1x8!=40320
(1) the first letter must be E and the last letiers must be §7
1xa7w6x5nd4x3udxlxl=1x1x71=5040
{c} the second letter must be a Q@ and the seventh letter must be an 07
Txladx5xdx3xlx2xl=1x1xT7I=5040
{d) the first leiter must be a vowel?
SAExTx6x5x4x3x2x1=5x8'=201 600
(e) the first and the fast letters must be a vowel?
SxTx6x5x4x3x2xixd=5x4x7"=100800
3. If you take the word "BASSOON’, how many letter arrangements can you make if:
{a) repeated letters are treated as different?
Tx6x5ndx3x2x1=71=5040
{b) repeated letters are treated as identical?
If repeated letters are treated as identical characters, there are two $%s and two O’s, This is similar to
the previous worked example except now we have more than one letter repeated. When more than one

letter is repeated, we have to divide the total aumber of possible arrangements by the product of
the factorials of the number of times each jetter is repeated.

il
o= 1260

(c) the word starts with an O and repeated letters are treated as identical?

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
M.B. MPIS], Z.). SHANGASE, P.T.C. ZUNGU & S.M. MOAD)

If the word starts with an "Q’, there are stili 6 letters left of which twe are 5’s.

2= 360
21

{d} the word starts and ends with the same letter and repeated letters are treated as identical?

If the word starts and ends with the same letter, there are two possibilities because there are two §°s
and two O's,

2! 21
Therefore, nuinber of arrangements = 60 -+60 = 120

GROUPINGS
4. In how many ways can seven boys of lifferent ages be seated on a bench if:
(a) the youngest boy gits next to the oldest boy?

If the yoengest and oldest boys are treated as a single object, there are six different objects to
arrange so there are 6! different arrangements. However, the youngest and oldest boys can be armanged
in 2! different ways and still be together:

X6 =1440

(b) the youngest and the oldest boys must }t sit next to each other?

The amrangements where the youngest and oldest must not sit together is the total number of
arrangements minus the aumber of arrangements where the oldest and youngest sit together.
Therefore, there are:

=20 X 61} =3 600

5. A group of eight peaple consisis of four ¢ouples: four men and four women. Each couple consists of
aman and 4 woman. These eight people are 1o be seated on a bench. How many possible seating
arrangeinents ace theze if

() All the men have 1o sit together?

MiMOMaMy W0 W, Wi W
1 2 3 4 5

41X 51=2880

{b) All the men have fo sit together and ail the women have to sit together?

MiM:Maby W W WLy
1 2

XA XA=1152

{c) Each couple has to sit together?
Mi;Wp MoW; MaWa MiaW: MW A M x2n2x 21 =384

{d) They have to alternate between men and women?

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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M W% M W M W M W ORW M W M W M W M
4 4 3 3 2z 2 1 1 4 4 3 3 2 2 1 1

4 X4 A2=1152

ACTIVITLES! ASSESSMENT

i.

2.

A

o

Three Mathemnatics books and five Science books are 1o be arranged or a shelf.
{a) In how many ways can these books be arranged if they are treated as separate books?
{b) Tn how many ways can these books be artanged if they are reated as identical books?

There are two different red books and three different blue books on a shelf,

{4} In how many different ways can these books be arranged?

{b) If you want the red bocks to be together, in how many different ways can the books be artanged?

{c) If you want all the red bocks to be together and all the biue books to be together, int how many
different ways can the books be arranged?

. Comsider the word WINNING.

(a) How many word arrangeinents can be made with this word if the repeated letters are treated as
different latiars?

{b} How many word arrangements can be made with this word if the repeated letters are treated as
identical?

{c) How many word arrangements can be made with this word if the word starts and ends witl: the
same letter?

{d} How many word arrangements can be made with this word if the word starts with W and ends
with the G?

{e} How many word arrangements can be made with this word if the word starts with the letter §?

{f) How many word arrangements can be made with this word if the word ends with the letter N?

There are two different Mathematics books, three differsnt Natural Sciences books, two different
Life Sciences books and four different accounting books on a shelf, In haw many different ways can
they be arranged ift

{a) she order does rot matter?

(b} all the books of the same subject stand together?

(¢) the two Mathematics books stand first?

(d) the accounting books stand next to each other?

- Three girls and three bays are to be seated in the front row at assembly.

How many differant ways

(a) can these six learners be seated?

(b) can they be seated if two particular feamners must be seated together?

(¢) can they be seated if all the girls must be seated together and all the boys must be seated together.
(d) can they be seated if they have 10 alternate between girls and boys?

. A band is planning a concert tour with one performance in each of the cities: Johannesburg, Pretoria,

Durban, Bloetnfontein, Cape Town and Port Elizabeth.

How many different way can they can they plan their tour if

(a) there are no restrictions?

(b) the first performance must be in Johannesburg end the last perfarmance must be in Cape Town?

(¢} the performance in the non-coastal cities (Jchannesburg, Pretoria and Bloemfontein) must be
grouped topether?
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TOPIC: COUNTING AND PROBABILITY (Lesson 5) | Weighting | 15+ 3 | Grade | 12

Term Week no.

Daration | hour Date

Sub-topics Fundamental Counting Principles: Application to Probability
Problems

RELATED CONCEFPTS!

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Probability formula, factorial, arrang

t using factorial, commpletnentary events

RESOURCES

4 .
ERRORS/MISCONCEPTIONS/PROBLEM AREAS

Forgetting 1o divide by the sanple space the outcome of the arrangement
Could not relate complementary events to reai life context

METHODOLOGY

The probability may be deterimined using the fundamentat counting principle. The probability of the
event, E, is the total number of amangements of the event divided by the total oumber of arrargements

of the sanple space.
_ Number of favourable outcoes 1w(E} +E is the event
Probabill ty T Mumber af possibie outcomes - Rr{£) =5 is the smmple space

{ Examples:

1. Every client of a certain bank has a personal identification number {PIN) which consists of fowmr
randomly chosen digits from 0 to 9.

{a) How many PINs can be made if digits can be repeated?

If digits can be repeated: you have 10 digits to choose from and you have o choose four times,
Therefore, the number of possible PINs = 10 x 10 x 10 x 10 = 10* = 10 000 = n(3}.

{b) How many PINs can be made if digits cannot be vepeated?

{f digits cannot be repeated: yau have 10 digits for your first choice, nine for your second, eight
for your third and seven for your fourth.
Therefore, the number of possible PINs =10 x 9 x 8 X 7 =5 (40

(¢) ifa PIN is made by selecting four digits at random, and digits can be repeated, what is the
probability that the PIN contains at least one eight?

Let B be the event that at Jeast one eight is chosen, Therefore, the complement of B is the event
that no eights are chosen, It #o sights are chosen, there are only nine digits to choose from.
Therefore, ninot B} = 9 x 9 x 9 x 9 = 9% = 6561
The total number of arrangements in the set, as calculated in (a), is 10 000 {sample space}.
Therefore: P(BY = 1 — P(not B)

=1 n{not B) _ 4561

u($)___ 10000
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(d) Ifa PIN is made by selecting four digits at random, and digits cannot be repeated, what is the
probability that the PIN contains at least one eight?

Let B be the avent that at least one eight is chosen. Therefore, the complement of B, is the event
that no sights are chosen.
[f no eights are chosen, there are only 9 then 8 then 7 then 6 digits o choose from as we cannot
repeat a digit once it is chosen. Therefore, n(not B)= 9 x8x 7 x 6 =324
Therefore, P(B) = 1 - P(not B}
- l_ﬂ(no:m =1 024 — 189
nis) 10000 &25

2, Vehicle number plates in the Free State province begin with three letters of the alphabet {excluding
the vowels) followed by any three digits from 0 10 9. All the number plates have FS at the end.
Letters and digits may be repeated in a number plate,

(a) How many different number plates are available in the Free State provinge?

Number of letters: 21 (vowels excluded)
Number of digits: 10
~number of different number plates = 21 x 21 x 21 X 103 10 x 10 = 9 261 000 = nis)

(b) What is the probability that a number plate stars with an E?
P (begins with E) = 0, vowels are excluded

{c} What is the probability that a number plats has a G as the second letter?

2LMINZ1x10x 10X 10 1
P (second letter G) = B Trrrra ey

{d) What is the probability that the last digit of a number plate will be a 57

P {last dlglt 5) = ZIX2Ix 21X 10xI0x] = 1

9 261 000 10

{e) What is the probability that a number plate will have orly one 57

First calculate the possible number of different arrangements with only one 5.
The first digit can be 5 OR the second digit can be 5 OR the third digit can be 5.
(Ix9xN+E@x1xN+F(IxIx )=81+&} +8]

2iX21x21x{B1+81+A1) 243
e =2
9261 000 1000

< P (only one 5) =
(f) How many differsnt nomber plates wil} be avaitabls if the letters are not repeated?
21x21x19x10x {0 x 10=7 980 Q00

3. Consider the letters of the word NEEDED. The repeated letters are identical.
What is the probability that the word arrangement formed will start and end with the same letter?

n(s) =L =¢n

3Rt
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Statandend WithaDiD v s eoe e D=y

Startand end withan E: B —omen coeee weeen oo E= l_:.: =12
4412 _ 16 _ 4 ’

=~ P{start and end with the same letter) = TR T

ACTIVITIES/ ASSESSMENT

1. A photographer places eight chairs in a row in his studio in order to take & photograph of the debating
teatn. The team consists of three bays and five girls.

(a) lo bow many ways can the debating team be seated?
(b) What is the probability that a particular boy and a particular girl sit nexi to each other?

2. Seven boys and six girls are to be seated randomly in a row. What is the probability that:

{a) the row has a boy at each end? :

(b) the row has boys and girls sitting in alernate positions?
(¢) two particular gizls land up sitting next to each other?
(d) all the girls sit next to each other?

3. A password is formed wsing three leners of the alphabet, excluding the letters A, E, [, O and U and
using any three digits, excluding 0. The numbers and Jewers can be repeated, Calcutate the probability
that & password, chosen at randomn:

(a) starts with the letier B and ends with the number 4.
{b) has exactly one B.
{¢) has at least one 4,

4. Consider the letters of the word MATHEMATICIAN., The repeated letters are identical. 1f the letters
are arranged in any order without repetition to form different words, what is the probability that the
word fonned will:

(a} start and end with the same letier?
(b) end with the lectar N?

5. A number plate is made up of three lettess of the alphabet {excluding F and $) followed by thiee
digits from 0 0 9. The numbers and lettets can be repeated.
Calculate the probability that a randowmnly chosen number plate:

(a) starts with the letter D and ends with the digit 3.
{b) has precisely one D,
{c) contains at least one 5,

6. Determine the probability of getting a ten-digit cell-phone number if the first digit is even, none of
the first three must be 0 and none of the digits may be repeated.

7. Vehicle registration number piate in Gauteng province begin with two letters of alphabet followed by
wo digits {0 to 9 and then two lenters of the alphabet. Vowels ars excluded. Al} the number plates
have GP at the end, e.g., BD25CFGP, Letters and digits may be repeated.

{a) How many different number plates are available for vehicte registration in Gauteng province?
(b} What is the probability that a number plate has C as the fitst letter?

COMPILED BY PINETOWN DISTRICT MATHEMATICS ADVISORS:
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{c) What is the probability that 2 number plate has four Cs?

{d) What is the probability that the second digit on a mumber plate will be a 37

{e) What is the probability that a number plate will have only ons 3?7

{f) How many different number plates will be available if the numbers may not repeat?

8. In the 13-digit identification (}0}) numbers of South African citizens:

* The first 3ix numbers are the birth date of the person in YYMMDD format.

¢ The next four digits indicate gender, with 5000 and above being male and 0001 to 4999 being
fernale.

s The next twmber is the country [D; { is South Africa and 1 is not.

v The second fast number used to be a racial identifier but it is now 8 for everybody.

» The last number iz & controt digit, which verifies the rest of the number.

Assume that the control digit is a randomly generated digit fromn 0 to 9 and ignere the fact that leap

years have an extra day,

a) Calenlate the total number of possible 1D munbers.

b) Calcutate the probability that a randomly generated ID number is of a South African male born

during the 1980s. Write your answer correct to iwo decimal places.

9. The digits 1, 2, 3, 4, §, 6, 7, § and 9 are used to generate a four-digit codes randomly. Any digit may
be vsed any aumber of times. Caleulate the probability that

(a) the code will consise only of even digits
(b) the digits of the code will all be different
(c) the cods will consist of different even digits

10. The digiis 1 to 7 are used to make four-digit codes.

(a) How inany different codes are possible if digits may not be repeated?

(1) What is the probability of having code less than 4 000 and divisible by 5 if digits may not be
repeated?
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TOPIC: COUNTING AND PROBABILITY (Lesson 6) | Weighting | i5+3 | Grade | 2

Term Week no.

Duration 1 hour Date

Sub-topics Fundamental Counting Principles: Application to Probahikity
Problems

RELATED CONCEPTS/

TERMS/VOCABULARY

PRIOR-KNOWLEDGE/ BACKGROUND KNOWLEDGE

Probability fonnula, factorial, arangement

using factorial, complementary events

RESOURCES

ERRORS/MISCONCE.

PTIONS/PROBLEM AREAS

METHODOLOGY

Forgetting to divide by the sample space the outcome of the arrangement
Could not relate complementary events to real Jife confext

design. Calculate:

1

Arrangernent = T

Artangement=3!=§

L. A cutlery set has 3 spoons, 4 knives and 5 forks. Each of the spoans, forks and knives are similar in

{a) how many different arrangements of the set there are
27720 = n(s)

{b} how many different arrangements thete are, 5o that each of the three cutlery types are together

{c} the probability of selecting an arrangement where there is no grouping of cutlery iiemns at ali.

# {no grouping of cutlery) = ! — P {grouping of cutlery)}
6 27

=1- = 20 = 2 = 09997835498
{d) The probability of selecting an arrangament where two forks are ptaced first, and two forks are
placed last.
Arrangement = msTl.n = 280
. 280 1
Probability = el i 0,0101¢10101
ACTIVITIES/ ASSESSMENT

jeans, a pair of takkies and a cap?

1. Ryan packs his suitcase for his heliday with 3caps, 3 shirts, 3 pairs of jeans and 2 pairs of takkies:
{a) How many different outfits can he put together if when he dresses, he must wear a shirt, a pair of

Ryan reaches his destination and hangs all the 5 shirts and the three pairs of jeans (each item
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separately) an a different hanger, on the rzil in the cupboard.
(b) How many different arrangements are possible?
{c} What is the probability that the shirts ars all henging together next 1o each other in the cupboard?
(d) While on holiday Ryan decides 1o buy a pair of sandals in addition to his outfit items, on a given
day what is the probability that Ryan will wear a pair of sandals or a pair of takkies?

2. Eight different pairs of jeans and 5 different shirts hang on a rail,

{a} In kow many different ways can the clothes be arranged on the rail?

(b) In how many ways can the clothing be aranged if 21f the jeans hang rogether and ali the shirts
hang together?

{c} What is the probability, correct to three decimal
with a shirt at one end and a pait of jeans 4t the

places, of the clothing being arranged o4 the rail
other?

3. Tarryn has five different skirts, four different tops and three paics of shoes.
(a} Assuming that all the colours complement each other, how many different outfits can she put
together?
{b} In how many different ways can the clothing be arranged if tops are together?
(¢} What is the probability that there is no grouping of skirts at ali?
(d) Calculate the probability tha the arangement starts with a gkirt and end with a pair ot shoes.
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TEST 2: PROBABILITY
MARKS: 25 '
INSTRUCTIONS

DURATION: 30 MIN

L. Answer ALL questions
2. Unless stated or otherwise, round off answers correct to TWO decimal places
3. You may use an approved scientific calculator

QUESTION [ [9 Marks)

There are 7 different shirts and 4 different paits of trousers in a cupboard, The clothes have to be hung

on the rail.

1.2 In how many different ways can the clothes be arranged on the rail? (3

1.2 in how many different ways can the clothes be arranged if all the shirts are to be hung next to cach
another and the pairs of trousers are to he hung next 10 each another on the rail?

1.2 What is the probability that a pair of trousers will hang at the beginning of the rail and a shirt will
hang at the end of the rail? {3)

QUESTION 2 [1 Marks]
2.1 In Gauteng number plates are designed with 3 alphabetical Jeteers, excluding the 5 vowels, next to one

anather and then any 3 digits, fiom 0 to 9, pexi to one another. The GP is constant in all Gauleng number
plates, for example, BBV 023 GP, Leners and digits may be repeated in a aumber plate,

2.L.I How many unique numnber plates are available? (2)

2.1.2 What is the probability that a car's number plate will start with a Y7 (3r

2.1.3 What is the probability that a car’s number plate will contair: only one 7? {3)

2.1.4 How many unique number plates will be available if the letters and nuinbers are not repeated? (3}
2.2 Consider the word CONCENTRATION (Repeating letters are regarded as identical)

2.2.1 How many different arrangements of the letiers of this word are possibie? 2)

what is the probability that the word will start and

are artaaged randoinly,
3

2.2.2 It the letters of this word
end with the same [etter?

225 225
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